MATHEMATICS 201-NYC-05
Vectors and Matrices

Martin Huard
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X1V - Vector Spaces and Subspaces

1. Describe the zero vector (the additive identity) for the following vector spaces.
a) R* b) C (—o0,0) M, d) R,

e)V :{(x, y):x,yeR, x>0} with the following operations :
(xl,y1)®(x2,y2)=(x1x2,y1+y2)
kO (%, y,) = (%" ky,)

2. Describe the additive inverse of a vector for the following vector spaces.
a) R* b) C (—o0,) )M, d) P,

e)V :{(x, y):x,yeR, x>0} with the following operations :
(xl,y1)®(x2,y2)=(x1x2,y1+y2)
KO (%,¥:)= (%" ky)

3. Determine whether the given set, together with the indicated operations, is a vector space. If
it is, prove that each axiom is satisfied, if it is not, identify the axioms that fail.
a) M, with standard operation

b) R® with standard operation
c) Pswith the standard operation

d) The set {(x,y):x>0,y >0} with standard operations
a l
e) The setof all 2x2 matrices of the form [1 b} with standard operations

f) Theset {ax*:aeR].

g) R? with the following operations : (x,,y,)®(X,, ¥, )= (X +X,, ¥; +Y,)
KO (%, ¥1) = (kx, ¥i)

h) R? with the following operations : (x,, y,)®(X,,Y,)=(%,0)
kQ(X1 y1)=(kx1 kyl)

i) R* with the following operations : (x,, yl) (X, ¥,) = (XX, 1Y5)

(Xl’yl):(kxl kyl)

j) R? with the following operations : (x,,y,)®(X,, Y,) = (X +X,, Y, + Y,)

ko (%, Y1) = (k. k?y,)
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4. Consider the set V whose only element is moon, that is, V = {moon} . Is this set a vector

space under the following operations?
moon @ moon = moon
k ©(moon) = moon for every real number k

5. Determine whether the subset W of R®, with the standard operations, is a vector space.
Justify your answer. (Hint: Show that W is a subspace of R?).

a) W={(ab,0):abeR} b) W ={(a,11):aeR}

c) W={(ab,a+b):abeR} d)W ={(a,b,ab):a,beR}
e) W={(ab-ab):abeR]} AW ={(x,y,2):x-2y+2=0}
9) W={(xy,2):2x+y-z-3=0}

hy W={(xy,z):x=2t,y=—t,2=5t, teR}
) W={ueR®:0 Lw=(2,-15)}

6. Determine whether the subset W of M,, with the standard operations is a vector space.
Justify your answer.

a) W :{2 2}:a,b,c,d ez}

b) W isthe set of 2x2 matrices A such that det(A) =0

c) W isthe setof 2x2 symmetric matrices A
d) W isthe set of diagonal 2x2 matrices.

e) W:{a b}:a,b,CER}
0 c
e o !
f) W= ‘a+b+c+d=0
c d

7. Determine whether the subset W of C(—oo,)is a subspace of C(—0,). Justify your

answer.
a) The set of nonnegative functions: f (x)>0

b) The set of all even functions: f (—x)= f(x)
c) The set of all odd functions: f (—x)=—f(x)
c

d) The set of all constant functions: f(x)=c, ceR.
e) The set of all functions such that f (0)=0
1

f) The set of all functions such that f (0)
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ANSWERS
000 .
1. a) (0,0,0,0) b) f (x) =0 C) 0 0 0 d) p(x) = 0+0x+0x* + 0x
e) (1,0)
2. 8) 0=(uy,U,,u,u,) b)(—f)(x) =~ (x) ) A:{aﬂ %z aﬂ}
-U:(—u U —u _u) a‘Zl a22 a‘23
o > ¥ ’ -A=|:_aﬂ —ay, _a13:|
_a21 _azz _aza
d) p(x):a0+a1x+a2x2+a3x3 e) U=(x,Y,)
—p(x)=—a, —a,x—a,x* —a;x° -g:(xil,_yl)
3 a) LetA{au a, a13:|’B:|:b11 b, bm}andc{cu Cp 013}
aZl a‘22 a‘23 b21 b22 b23 C21 C22 C23
1.
A+B={a1lerll B, + B, a13+b13}isa2><3matrix
a21 + b21 a22 + b22 a23 + b23
2 A+B:|:a11+b11 a12+b12 ais+b13}:{b11+an b].2+a12 b13+313}:B+A
aZl + bZl a22 + b22 a23 + b23 b21 + a'21 b22 + a22 b23 + a23
3. A+(B+C): a11 a12 a13}+|:b11+cn b12+C12 b13+C13}
_a21 a22 a23 b21 + CZl b22 + C22 b23 + C23
_jaut(by+ey) a, (b +C,) A+ (by+cy)
_321+(b21+C21) azz"'(bzz"'czz) a23+(b23+c7_3)_
_[(autby) vy (ap+by)+e, (as+hs)+e,
_(a21+b21)+c21 (a22+b22)+022 (azs"'bzs)"'czs_
— _ail +bll a‘lZ +b12 a‘l3 +b13:|+|:cll C12 Cl3:|
_a21 + b21 a22 + b22 a23 + b23 C21 C22 C23
=(A+B)+C
4. 0 0O
A+O,, = a; A, a; N
a, a, a, 0 0O
_ a,+0 a,+0 a;+0 |8 8 8 A
a,+0 a,+0 a,+0 a, Ay, Ay

Fall 2007

Martin Huard



Math NYC XIV - Vector Spaces and Subspaces

S |:a11 a;, a13}+{_a11 —a, _a13}
Ay 8y Ay -8, —8, —ay
a, —a; a13_6‘13:|:{0 0 0}

Ay —ay 8y, —ay a23 - azs 0 00

I
£
!
£

7 (@+q
k(A+B)= o
(A+B) (8 +b,) (s +by)

_ ka11+kb11 kay, + kb, ka,+kb,

| ka, +kby,  kay, +ka,, ka, +ka,
=_kA+kB

8. K+1)A= (k+|)a11 (k+|)aiz (k+|)a13
(keDA=] s K+] K+

_( +1)a, (k+1)a, (k+1)a,

_[kay +lay,  kay, +la, ka+lay,

_kf;121+la21 ka,, +1a,, ka, +la,,
:kA+IA

9. k(1 k(1

 k(la,,) (azz) k(lay,) |

(ka, (ka, (kl)ay]

_(kl)a21 (kla, (k )23

=(kI)A

10. 1A=Faﬂ 1a12 1a13:|=|:ail a12 a13:|:A

1a21 1a22 1a23 a'21 a'22 a23

6.
kA{kal1 } isa 2x3 matrix
)
)

ka,, ka22
k(a,+b,) (%+%q
(a21 + b21

b) Let G=(uy,U,,U;), V=(V;,V,,V;) and W=(w,w,,w,)
= (U, +V,, U, +V,, Uy +V, ) e R

V= (U +Vy, Uy +Vy, Uy +Vy ) = (VU Vy + Uy, Vg +Uy ) =V + T

w N
o
+ o+ o+

(VW) = (U + (VY ) Uy + (V, + W, ) U + (Vv + W, )
= ((uy +vy) + Wi, (U +V, )+ Wy, (U +V, ) + Wy )
=(U+V)+W
4 a+0=(uy,u,,u;)+(0,0,0) = (u, +0,u, +0,u; +0) = (uy,U,,U,) =T
S G+ (-U) = (uy, Uy, Uy ) +(=Uy, —Uy, ~Uy ) = (U, — Uy, U, —U,, U, —u,) =(0,0,0) =0
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ki = (ku,, ku,, ku, ) € R?

K(T+V) =K (U, +V;,U, +V,, Uy +Vs)
= (k (U +v,) k(U +v; ) K (Us +5))
=(kul+kV1,kU2+kV2,ku3+kV3)
= kU + kv

8. (k+1)d = ((k+1)u, (k+1)u,, (k+1)u,)

= (ku, +u,, ku, +lu,, ku, +1u, )
= ki + 10

k(10) =k (Iuy, lu, lug ) = (K1) uy, (K1 u, (K ug ) = (k1) G

10. 10 = (1u,,du,,1u, ) = (u;,u,,u;) =0

c) Let p(x) =a,x’ +a,x* +a,x+a, q(x)=b,x*+b,x* +bx+h, and
r(x) = ¢, x> +C,X* +C,X+C,

Fall 2007

1.

2.

P(X) +0(X) = (8, +b, ) x* +(a, +b, ) X’ +(a +b, ) x+(a, +by, ) is a 3" degree

polynomial

P(X)+q(x) =(a,+b,) x> +(a, +b,) x* +(a, +b,) x+(a, +b,)

=(b,+a;)x° +(b, +a,)x* + (b, +a,) x+(b, +a,)
=q(x) +p(x)

P(X) +(q(X) +r(x)) = a,x* +a,x* + a,x+a, + (b, + ¢, ) X* + (b, +¢, ) X* + (b, + ¢, ) x+ (b, +¢,)
= (a5 +(by+¢,))X° + (8, +(b, +¢,) ) x* +(a, + (b, +¢,) ) x+ (8, +(by + )
=((a,+h,)+¢;)x* +((a, +b,)+¢,) x> +((a,+by) + ¢, ) x+((a, +1y) + )
=(a,+b,)x*+(a, +b, ) x* +(a1+b1) +(@ +1g ) +C%° + ¢,X% + ¢, X + €,
= (p(X) +a(x))+r(x)

p(x)+0=(a,+0)x* +(a, +0)x* +(a, +0)x+(a, +0)

=a,X° +a,X* +aX+a,
=p(x)

P(X)+(-p(X)) =(a, — ;) x* +(a, —a, ) x* +(a, —a, ) x+ (a8, +a, )

=0x®>+0x* +0x+0
=0
kp(x) = ka,x® + ka,x? + ka,x + ka, is a 3" degree polynomial
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T k(p(x)+q(x))=k((a,+by)x*+(a, +b,) x* +(a +1, ) x+(a, +by )
= (ka, + kb, ) x* +(ka, + kb, ) x* +(ka, + kb, ) x + (ka, + kb )
= ka,x® +ka,x* +ka,x + ka, + kb, x> + kb, x + kb, x + kb,

=kp(x) +ka(x)
8. (k+1)p(x) =(k+1)ax’ +(k+1)a,x*+(k+1)ax+(k+1)a,

= (kagx® + ka,x* + ka,X + kay ) + (1a,x® +1a,x* + la,x + lay )
=kp(x) +Ip(x)
9 k(Ip(x)) =k (lagx® +la,x* +la,x + lay ) = klax* + kla,x* + kla,x + Kla, = (kI ) p(x)
10. 1p(x) =1a,x’ +1a,x* +1a,x +1a, = a,x* + a,x* + a,x +a, = p(X)

d) Axiom 5 is not satisfied, there is no -G in the set such that G +(-0)=0 because
-t = (1)U =(—u,,—u,) is not in the set.
Axiom 6 is not satisfied because if k <0 then ki =(ku,,ku,) is not in the set, ku, and

ku, being <O0.
1 1 + 2
e) Axiom 1 is not satisfied since A+B = % + P _| Bt is not
1 a, 1 b, 2 a,, +0,,
in the set.

00
Axiom 4 is not satisfied since {0 O} is not in the set.

—a; -1

Axiom 5 is not satisfied since -A:{ } is not in the set.

—a,

Axiom 6 in not satisfied since kA=
k  kay,

k k
% } is not in the set if k =1

f) Let p(x) =ax®, q(x)=bx> and r(x)=cx’.
L p(x)+q(x)=ax’+bx’ =(a+b)x® is in the set
2. p(x)+q(x)=(a+b)x* =(b+a)x’ =q(x)+p(x)
3. p(x)+(q(x)+r(x))=ax’+(b+c)x’ =(a+(b+c))x* =((a+b)+c)x°
=(a+b)x*+cx’ = (p(x) +q(x))+r(x)
p(x)+0=(a+0)x* =ax’ =p(x)
p(x)+(-p(x))=(a—a)x* =0x"=0
kp(x) = kax® is in the set
k(p(x)+a(x))=k((a+b)x*)=(ka+kb)x® =kax® +kbx® = kp(x) + kq(x)

N o g &
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8. (k+1)p(x)=(k+1)ax’ =kax® +lax’ = kp(x) + Ip(x)

9. Kk(Ip(x)) =k (lax®) = klax® = (kI) p(x)
10. 1p(x) =1ax® = ax® = p(X)

g) The set is not a vector space since axiom 8 fails. For example, let k =1, | =2 and
U=(11).
(k+|) 0=(1+2)0(11) =((1+2)11)=(3,1)
(kou)e® )=(10(11))@(20(11))=(11)®(2,1)=(3,2)
Thus (k+1)ou ;t(k@u)@(l a).
Axioms 4 and 5 also fail.
h) The set is not a vector space because axiom 2 fails. For example, let U = (1, 2) and

v=(21).
GOV =(12)®(2,1)=(10)
VO =(21)(12)=(2,

Thus GOV #VDU.
Axioms 4, 5 and 8 also fail.
i) Axiom 4 fails since G @®0=(u,-0,u,-0)=(0,0) =0 if G0
Axiom 5 and 7 also fail.
J) Axiom 8 fails

(k+1) 0 =((k+1) uy (k+1) u (k1) uy)

= (Kuy + 2kluy + 17y, ku, + 2Klu, + 17U, kU, + 2Klug +1°u, )
(kou)®(Vak ou)e(lou)
#(

kou)®(lou)
Axiom 5 also fails.
4. Yes. ltissimilar to the vector space V = {6} .
5. a)Yes 1.0+V=(u,U,,0)+(v,V,,0)=(u +V,u, +Vv,,0)eW
2. ki =k (u,u,,0)=(kuy,ku,,0) eW
Thus W is a subspace of R®
b)No 1.0+V=(u,L1)+(v,,11)=(u,+V;,2,2)gW
0) Yes 1.0+V = (U, Uy, Uy +Uy )+ (Vy, Vo, Vg +V, ) = (U +Vy, Uy + V5, (Uy V) + (U, +V, ) ) €W
2. ki =k (u;,U,,u; +U,) = (kuy, ku,, ku, +ku, ) eW

Thus W is a subspace of R®
d) No 2. ki =k (u,,u,,uu, ) = (kuy, ku,, kuu, ) eW since (ku,)(ku,)=k?uu, = ku,u, if
k=1.
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e) Yes 1.0+V = (U, Uy —Uy, Uy )+ (Vv = V3, Vy ) = (Uy +Vy, (Uy 4V, ) = (U +V, ) Uy +V, ) €W
2. ki =k (uy,u, —uy,u, ) = (kuy, ku, —kuy,u, ) eW

Thus W is a subspace of R®
f) Yes If ¢ cw then u,—2u,+u,=0 and if VeW then v, -2v,+v, =0.

1.0 +V = (Up, Uy, Ug ) + (V5 Vy, V) = (Uy V3, Uy 4V, Uy +V,)
Since (u, +V,)—2(u, +V, ) +(Us +V3) = (U, —2u, + U3 )+ (v, =2V, +V5) =0+0=0
then U+VeW.

2.kt =k (uy,u,,uy) = (kuy, ku,, kus )
Since ku, —2ku, +ku, =k (u, —2u, +u,)=k0=0

then ki eW .

Thus W is a subspace of R®
g) No If GeW then 2u, +u, —u, =3 and if VveW then 2v, +v, —v, =3.

L0+ = (U, Uy, Ug )+ (V3 Vy, V3 ) = (Uy + V3, Uy +V,,Us +V,)
Since 2(u, +V, )+ (U, +V, ) —(Us +V; ) =(2u, + U, —U; ) +(2v, +V, -V, ) =3+3=6

then G+V eW .
h) Yes If GeW then 0 =(2t,—t,5t) and if VW then vV =(2s,-s,53).

1.U+V =(2t,—t,5t)+(2s,-s,59)
=(2t+2s,~t—s,5t+55) =(2(t+s),—(t+s),5(t+s))eW

2.k =k (2t,~t,5t) = (2kt,—kt,5kt ) = (2(kt),—(kt),5(kt)) e W

Thus W is a subspace of R®
1) Yes If G,veW ,then Gew=0 and Vew=0
u

1.G+VeW since (G +V)Ww
k

Thus W is a subspace of R®

6. a) No. We do not always have closure under scalar multiplication.
11 1

For a example if k =% and A= eW , then =2

11 11| (3

10 00
b) No. Let A{ } and B:{0 J. Then det(A)=det(B)=0 so A BeW.

}gw

N= N

10
Since det(A+ B) =‘ ‘ =1, then A+B ¢W , so we do not have closure under

addition.
c) Yes. Let A and B be symmetric matrices, A" = A and B" =B.

1. (A+B) =A" +B" = A+B, hence A+BeW
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2. (kA)" =kA” =KA, hence kAeW
Hence W is a subspace of M,,.

all 0 bll O -
d) Yes. Let A= and B= be in W.
0 a, 0 b,

a,+b, 0 }EW

1. A+B=
0 a,, +h,,

k 0
2. kA= 2 eW
0 ka,

Hence W is a subspace of M,,.

o) Yes 1. A+B{au alz}{bu bu}{aubu a12+b12}ew

0 a, 0 b, 0 a,, +h,,
k k
2. kA — k ail a12 — ail a12 EW
0 a, 0 ka,

Hence W is a subspace of M, .
f) Yes 1. A+B={ail aﬂ}[b“ blz}z{a“ﬁb“ a12+b12}ew since
a21 a22 b21 b22 a21 + b21 a'22 + b22
ail+b11+a12+b12+a21+b21+a22+b22:(a11+a12+a21+a22)+(b11+b12+b21+b22):0
k k
2. kA:k[ail a“}:{ % aﬂ}ew since
a21 a22 ka22 ka22
kay, +ka,, +ka,, +ka,, =k(ay, +a, +a, +a,)=0
Hence W is a subspace of M,,.

7. a) No. We do not always have closure under scalar multiplication.
For a example if k =-1, then —f (x) gW since — f(x)<0

b) Yes. 1. (f+g)(x)eW since (f+g)(—x)=f(-x)+9(-x) =F(x) +g(x) =(f +9)(x)
2. (kf)(x) eW since (kf)(—x) =kf(—x) = kf (x) = (kf)(x)

c) Yes. 1. (f+g)(x)eW since (f+g)(—x)=F(=x)+g(=x) =—F(x)—g(x) =—(f +g)(x)
2. (kf)(x)eW since (kf)(—x) =kf(—x) = —kf (x) =—(kf)(x)

d) Yes. 1. (f+9g)(x)eW since (f+g)(x)=f(x)+g(x)=c+d isa constant.
2. (kf)(x)eW since (kf)(x)=kf(x)=kcis a constant.

e) Yes. 1. (f+g)(x)eW since (f+g)(0)=f(0)+g(0)=0+0=0.
2. (KF)(x)eW since (kf)(0)=kf(0)=k0=0.
1

f)No. 1. (f+g)(x)eW since (f+9g)(0)=F(0)+g(0) =1+1=2.
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2. (KF)(x) W since (kf)(0)=kl=k =1 if k=1.
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