MATHEMATICS 201-NYC-05
Vectors and Matrices
Martin Huard

Fall 2007

X111 - Planes in R’

1. Find, if possible, an equation for the plane in

b)
c)
d)

e)

9)

h)

)

K)
1)

i) vector form

il) point-normal form

iii) general form
Passing through P(5,-1,2) and parallel to the vectors i =(2,7,-4) and v =(2,-15).
Passing through the points P(-2,1,5), Q(-2,1,-3) and R(1,1,4).
Passing through the points P(1,0,6), Q(-3,4,7) and R(2,0,12).
Passing through the point P(2,-5,5) and having i = (1,—2,1).
Passing through the point P(3,-1,8) and containing the line
L:(x,y,2)=(-125)+t(11-2) teR.

X=06+4t
Containing the lines L, :<y=2-t teR and L, :%2:3_7)/:2—1.
z2=4+3t
Containing the lines L, :(x,y,z)=(-1,2,4)+t(4,-13), teR and
L, :x;2=3—_y= z-1.
3 2

Containing the lines L, :(-1,2,2)+t(2,1,-3) teR and L, :%2: y—1:2—;Z.

Passing through the point P(3,-2,5) and perpendicular to the line
L:(x,y,2)=(-122)+t(3,21) teR.

Containing the line L, :%3 =y+5=2z and perpendicular to the plane

mr:2X-4y+z7-1=0.
Passing through P(2,-1,4) and parallel to the plane 7 :3x-4y+z-5=0
Passing through P(2,-3,5) and parallel to the xz-plane.

m) Passing through P(-1,1,5) and containing the intersection of the planes

n)

X=6+5s+3t
7 15X+y+9z=62 and 7,:{y=-10+8s+t s,teR.
Z=-2+3s+t

Parallel to the yz-plane and passing through the point P of intersection between the
line L:(x,y,z)=(-133)+t(315),teR andthe plane 7 :2x—4y+z-10=0.
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2. Consider the following planes.
i X=2y-2-4=0
7,1 (% y,2)=(0,2,-1)+r(-1,33)+t(110) steR
X=-2+4s-2t
ey =5-3t s,teR
Z=5+2s+4t
7y 2(x-1)+3(y-5)-4(z+1)=0
a) Find the angle between the planes 7, and r,, the planes 7, and z, and the planes
7, and 7, .
b) Find which planes are parallel or perpendicular with 7, .
c) Find, if possible, the intersection of the planes 7, and =, , the planes 7, and , and

the planes =, and r,.

d) Find the relative position of each pair of planes.

e) Determine the distance from each plane to the point P(1,2,-3).

f) Determine the distance between the pair of planes 7, and =, .

g) For each of the points A(1,7,2), B(15,9,-7) and C(1,1,1), determine to which plane (if
any) they belong.

h) Find the point on each plane that is closest to the point P(1,4,2).

i) For each plane, find the equation of the line passing through the point P(1,2,-3) and
perpendicular to the plane.

3. Prove that the distance from the origin to the plane 7 :ax+by +cz+d =0 is given by
Idl

Jat+b?+c?

4. Prove that the distance from P,(x,, y,.Z,)to the plane z:ax +by +cz+d = 0 is given by

d(0,7) =

_|ax, + by, +cz,d|

d(P,,z
(P, ) va’ +b? +¢?

5. Prove that the distance between the parallel planes 7, :ax+by+cz+d, =0 and
7, ax+by+cz+d, =0 isgiven by
|d1 _d2|

va?+b?+c?

d(ﬁliﬂz):

6. Consider the line L :XT_l =2;2y =7+1

a) Find the equation of the plane perpendicular to L passing through P(2,-1,3).
b) Find the intersection between L and the plane found in (a).
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7. Consider the plane 7:2x-3y+z-3=0.
a) Find the equation of the line passing through the point P(3, -1, 5) and perpendicular

to the plane = .
b) Find the point Q on the plane 7 that is closest to the point P(3,-1,5).

c) Find the distance between P and the plane = .
d) Find the equation for the line passing through the point P(3, —1,5) and parallel to the

planes 7 and 7, :Xx—-y+3z-5=0.
e) Find the equation of the plane parallel to z and passing through the point P(3, —1,5).

Answers
1 a) (i) (xv,2)=(5-12)+s(2,7,-4)+t(2-15) steR
(i) 31(x—5)-18(y +1)-16(z—2)=0 (iii) 31x -18y —-16z -141=0
b) (i) (x,y,z)=(-2,1,5)+s(0,0,-8)+t(3,0,-1) steR
(i) —24(y-1)=0 (iii) y-1=0
c) (i) (x,y,z)=(1,0,6)+s(-4,41)+t(1,0,6) s,teR
(ii) 24(x —1)+ 25y -4(z-6)=0 (i) 24x + 25y —4z2 =0
d) (i) (x—2)-2(y+5)+(z-5)=0 (i) x-2y+2-17=0

(i) (x,y,2)=(2,-5,5)+s(2,1,0)+t(-1,0,1) steR
e) (i) (x,y,z)=(3,-18)+s(1,1,-2)+t(-4,3-3) steR

(i) 3(x—3)+11y+1)+7(z-8)=0 (iii)3x +11y +82 54 =0
f) L, and L, intersectat P(2,3,1) (i) (x,¥.2)=(2,31)+s(4,-13)t(3,-2,1) s,iteR
(ii) 5(x +1)+5(y —2)-5(z -5) (iii)x+y-z-4=0

g) L, and L, do not intersect, thus there are no planes containing the lines L, and L, .
h) () (x,y,2)=(-12,2)+s(3,-1,0)+t(2,1,-3) steR
(i) 3(x+1)+9(y-2)+5(z-2)=0 (iii)3x+ 9y +52 - 25 =0
i) (i) 3(x-3)+2(y+2)+(z-5)=0 iii) 3x+2y+2-10=0
(iii) (x,y,2)=(3,-2,5)+s(-2,3,0)+t(-1,0,3) steR
i) (xy.z)=(-3-50)+s(2L%1)+t(2,-41) steRr
(ii) 3(x+3)—(y+5)-102=0 (iii)3x -y —-10z+4 =0
k) (i) 3(x—2)-4(y+1)+(z-4)=0 (iii) 3x—4y+2-14=0
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4.

(2]

(i) (x,y,2)=(2,-1,4)+5s(4,3,0)+t(-1,0,3) steR
) (i) (x,y.2)=(2,-1,4)+s(1,0,0)+t(0,01) s,iteR
(i) 0(x - 2)— (y+1) 0(z-4)=0 (iii) y = -

m) 7, "7z, :(X,y,2)=(4,2,0)+t(-16,1), thus taking the points (420) and (3,8,1) from
m, Nz, we have (i) (x,y,2)=(-115)+s(51,-5)+t(4,7,-4) steR
(i) 31(x+1)+31(z-5)=0 (iiiyx+z-4=0
) 7~ L={(8618)} (i) (x,y,2)=(8,6,18)+s(0,1,0)+t(0,0,1) steR
(ii) A(x—8)+0(y —6)+0(z-18)=0 (iii) x=8

. a) 69.5° 0°  90°

b) 7,/ 75 and =, L7x,.

¢) mnmyi(xy,2)=(-2,-2,0)+t(-4,-3.1) teR VNaY M%)
ﬁlmm,:(x,y,z):(%,l—f,o)ﬂ(%,%,l) teR

d) z, /l =, and distinct, all other pairs are intersecting, with
mOy (%Y, 2)=(—%,-2,0)+t(1,7,-3), 7 N7, (XY, 2)=(%,%,0)+1(11,2,7),
Ny (% Y,2)=(%,4,0)+t(1L,7-3), 7,n 7z, (% y,2) =(£,%2,0)+1(0,4,3),

N, (X% Y,2)=(350)+1(11,2,7)

T e
g) Aer, Berx, and Ber, C is not on any of the planes
h) (2.33) G228 G453 (%.%.%)
i) X_1:2;2y:_z_3 R x-1=2Y-7-3 ALl ¥2 o 28
We have i =(a,b,c). Letus take R(-<,0,0).

PP o  LYCY:X) ]

i Ja?1b?+c?  Jal+b?+c?

We have fi = (a,b,c). Letus take R(—<,0,0).

d(P,7)= ‘RP °n _‘(XOJF%’yO’ZO)'(a’b’C)‘:|axo+byo+czo+d|

1A Ja? +b? +¢? JaZ +b? +¢?
We have fi = (a,b,c). Let us take Pl(—%,o,o) and P, (—%2,0,0).

d(z,.7,) PP |[-%+%00@be]  |d,-d,
T, 7T, )= — = =

v [l va? +b? +c? va? +b? +c?
. a) 3x—2y+2z-11=0 b) (£,4,3)

e b) (2,%.2) ) 5
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== -=-7-5 e) 2x—3y+z-14=0
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