MATHEMATICS 201-NYC-05
Vectors and Matrices
Martin Huard

Fall 2007
Review Exercises
SOLUTIONS
2 -2 3
. . -1 2 2 2 -1 .
1. Consider the matrices A=|1 5 -1], B:{ } and C:{ } Evaluate, if
-3 41 1 6
0 -2 1
possible. (For f, g, and h, use your answer from (e)).
2 -2 3| _
-1 2 2 0O 8 -3
a) BA={ } 1 5 -1|= }
-3 4 1 -2 24 -12
0 -2 1| -
-1 -3 - 2 -2 3
. -1 2 2
b) BB-3A=|2 4 -3/11 5 -1
-3 41
2 1 - 0 -2 1

10 -14 -5| [6 -6 9 4 -8 -14
={-14 20 8 |-|3 15 -3|=|-17 5 11
5 8 5 0 6 3 5 14 2

2 1)1 2 2 1 0 3
1 6(-3 41 -19 26 8

_ -1 -3
. -1 2 2 2 -1
d)tr(3BB" +C)=tr| 3 2 4|+
3 41 1 6
- 412
(9 13] [2 -1
=tr| 3 +
13 26} 1 GD
29 38
=tr
{40 84D
=29+84=113
2728 5 g2 3 |2 3
e) det(A)=[1 5 -1=2 - +0 =2-3-(4)+0=2
0 o 1] P22 Ys -

g)det(5A°)=5°—L =5 -1

26



Math NYC Semester Review - Solutions

h)det (AA" ) = det(A)det( A" )=det(A)det(A)=2" =4

i) det(adj( A)) = det([cof (A)]T ) = det (cof (A))

3 -1 -2
=-4 2 4

-13 5 12

2 4 -4 4 -4 2
=3 + _

5 12| |-13 12 -13 5
_3.444-2.6-4

2. A square matrix A is called skew-symmetric if A" =—A.
a) Prove that if A is invertible and skew-symmetric, then A™ is skew-symmetric.

To prove: (A‘l)T =—A"t

T

Ls=(A")

~(A)’
= (—A)'1 since A is skew-symmetric (A" =—A)
—_At
=RS
b) Provethat A", A+B and KA are skew-symmetric if A and B are skew symmetric.
To prove: (AT )T =-A
LS=(A")
=(-A)' since A is skew-symmetric
=—AT
=RS
To prove: (A+B)" =—(A+B)
LS =(A+B)
=A" +B'
=—A-B since A and B are skew-symmetric
=-(A+B)
=RS
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To prove: (kA)" =—(kA)
LS = (kA)'
=KkA'
=k(-A) since A is skew-symmetric
—_(kA)
=RS
c) Provethat A— A" is skew symmetric.
To prove: (A— AT )T =—(A-A")
LS=(A-AT)
(K]
A A
(a0
=RS
d) Prove that (A- AT )71 is skew symmetric if A— A" is invertible.
To prove: [(A AT) } -(A- AT)

LS =

(A-
=(A A)}

-1
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Semester Review - Solutions

3. Prove that if A and B are nxn matrices such that A> = B? = (AB)2 =| then AB = BA.
Since , since A>=AA=1 and B=BB =1 then A and B are invertible with A= A and

B'=B.

Since (AB)’ = (AB)(AB)= I, then AB is invertible and (AB)"

To prove: AB =BA
LS = AB
=(AB)"
— BflAfl
=BA
=RS

4. Let A be a matrix such that A®=1 .
a) Prove that A is invertible.

A =1
det( A%)=det(1)

[det(A)] =1
det(A)=1
Thus, since det(A) =0, then A is invertible.
b) Prove thatA™ = A’
Al =
AAT=AT since A is invertible
A2=A"
5. Solve the following systems of linear equations, if possible.
Q) 2x— y+ 2z=1
X+ y—32=4
5X— y+ z2=0
X+4y-11z =11

2 1 2 12
1 1 -3 R, > 2R.-R, 3 -8
c 4 R>2R,-5R| L
14 11| |Re22RR

2 -1 2
R, >R,-R, [0 3 -8
R,>R,-3R,[0 0 0
00 0

3

Fall 2007 Martin Huard

O O N FP OO0 o N
[{o}
I
N
~

R —>3iR,
R, > iR

2

=AB.

o O B L

o O vk

O O wlN Ne

O O
w

i

|oo

—

N
wlor |~

O

I
w|— w
—t



Math NYC

Solution: (3+3t,7+5t,t)
b) 4x-y +2z=3

Semester Review - Solutions

2X—-5y+ 2z =9
2X+4y+ 7 =-6
4 -1 2|3 4 -1 2| 3
R, > 2R, -R,
2 -5 1|9 0 9 0] 15
R, > 2R,—R,
2 4 1|-6|——=|0 9 0]|-15
4 -1 2|3 1 2 13 ¢ =t
R =R S S
R,>R,+R,|0 -9 0|15 0 1 02| c,=3
RZ_)%RZ
0 0 0/0]———=[0 0 0]O0] ¢ =%-1t
Solution: ($-4t,—3,t)
C) 2Xx— y+ z - 5t=12
6Xx+3y—-2z+3w+ t=1
2X+5y -4z +3w+1lt= 8
2 -1 1 0 5|12 2 -1 1 0 5|12
R, > R,-3R,
6 3 -2 3 1 0 6 -5 3 16|-35
R, > R,—R,
2 5 43 11|8)———|0 6 -5 3 16| 4
2 -1 1 0 5|12|R—>4iR[1 £ L 0 2|6
R, >R,-R,|]0 6 -5 3 16 |-35|R,—»tR, (0 1 2 1 3 2
0 0 0 0 0J31|RRb>%4R,|O0 O 0 0 O0]1
No solutions
d 3x- y+2z=9
5x— y+3z=16
2Xx+3y—- z=11
3 -1 219 3 -1 2|9
R, - 3R, —5R,
5 -1 31|16 0 2 -1|3
R, > 3R, -2R,
2 3 -1|11 0 11 -7|15
3 -1 2|9|R—->3R [1 & 213
R, »2R,-11R,|0 2 -1| 3 |R,—»>iR,|0 1 & |2
0 0 3|-3|R,>3#R,|0 0 1]1

Solution: (3,2,1)
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6. Solve the following systems of linear equations using (i) Cramer’s rule (ii) the inverse.
X—-y+ =1
a) 5x +3z=14

X+3y—- z=4
i — Cramer’s Rule
S L0y 3 5 3
det(A)=5 0 3=33 ]J—(—1)‘1 JJO:—27—8:—35
1 3 -
L 100y 14 3
det(A(1))=[14 0 3=‘3 ]J—(—l)‘4 JJ+0=—9—26=—35
4 3 -1
s 10 14 3| |5 3
det(A(2))=|5 14 3 =3‘ ]J— +0=-78+8=-70
L4 4 -1 |1 -1
3 -1 1
0 14 5 14 |5 0
det(A)=5 0 14:3‘ ‘—(—1) + ‘:—126+6+15:—105
1 4| 1 3
1 3 4
X_det(A(l))__?,5_1 y_det(A(Z))__7o_2
det(A) -35 det(A)  -35
det(A(3)) —
z= e( ()): 105:3 Solution: (1,2,3)
det(A) -35
ii - The inverse.
-9 8 15 -9 —--1 -3
cof (A)=|-1 -3 -10 adj(A)=| 8 -3 -9
-3 -9 5 15 -10 5
oS 1 3
1 35 35 35
-1 -8 3 9
= J = = = =2
det(m) I L s 3
7 7 7
% w5 = 1] |1
X=A"=|2 2 2|14|=|2
AR EARE

Fall 2007 Martin Huard 6



Math NYC Semester Review - Solutions

2X+y+4z= 8
b) 2x-y+ =-16
3x +5z2= 2
i — Cramer’s Rule

2 1 4
14 21
det(A)=2 -1 ozs‘ ‘—0+ 1‘:12—4:8
1.0 2 -
3 05
SR P 8 1
det(A(1))=|-16 -1 ozz‘ ‘—0+ JJ:8+8:16
-1 0 |16 -
2 0 5
2 8 4
8 4 [2 4
det(A(2))=|2 -16 0_—2‘ ‘—16‘ +0=-64+32=-32
2 5 35
3 2 5
2 1 8
8 2 1
det(A(3))=[2 -1 -16|= 3‘ ‘—0+2 ]J=—24—8=—32
-16 2 -
3.0 2
_det( (1) 6 _, :det( (2))__32:_4
det(A) 8 Y= aet(A) 8
det(A(3)) -
Z= et(A ()) 32 _ 4 Solution: (—6,4,4)
det(A) 8
ii - The inverse.
-5 -10 3 -5 -5 4
cof (A)=| -5 -2 3 adj(A)=|-10 -2 8
4 8 -4 3 3 -4
5 5
8 8 2
= adj(A)=| & 1 -1
det(A) P
8 8 2
2 8] [s
X=A"=% 1 -1-16|=4
73 dll2] (e
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3 _
7. Consider the matrix A= [5 4 }

a) Find the inverse of A using the adjoint.

cof(A):E —35} aolj(A):[_A'5 ﬂ det(A)=17
A_l:detl(A)adj(A):ﬁ ﬂ

717

b) Express A~ as a product of elementary matrices.
3_110R1—>1R11_71%0 £ -
5 4]0 1 15 01 -

—_— 4

1 3
R, >R, ~5R|

T L gt Y
2172011_53 5 1o =2

1
RﬁRﬁ%R{O .

A'=E,E,E,FE

2 &1 10 1]/0 &| -5 1]|0 1
c) Express A as a product of elementary matrices.
A=E'E,'E;'E,"

= 2o 3s o sl 3]

2 01
8. Consider the matrix A={4 1 2]|.
330
a) Find the inverse of A using the adjoint.
-6 6 9 -6 3 -1
cof (A)=| 3 -3 -6 adj(A)=| 6 -3 0
-1 0 2 9 -6 2
2 01
1 2 4 1
det(A)=|4 1 2/=2 -0+ =-12+9=-3
30 3 3
330

Fall 2007 Martin Huard
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1
2

At=

b) Express A and A as a product of elementary matrices.

[ 1T 1
o O — T 1T 1
1
P —— O O 4 O o o O A o o
© 4 O o d 0 o g ™
O «+H O Il © 4 o o +d4 o
T}
“wo o T <9 = © 4 0o 4o o o o
L 1
Il Il Il Il Il Il
- ~N ™ <t n (o]
L LLl L L L L
— 1 1
_001__001_ o O 1_307__3
N
— —
O 4 O o 4 o o I''© © 9 T < «
1_2001_27__ e l_Zn/__ ol O —«H ?_n/__Q_u
e N O
N O Q_u_?_ o O Q_V_Z 1_Zn/_._ nJ_.U “aa O
o «d m
O - ™M O d O 4O d O dH O
- < ™
I — |
— O O — O O O 4 O +€H o o
I | L 1
e o o o - O o o’
o ¥e & e
| | o |
_h_ R2R3 R3 ?___3 Rl
o o
T ) ) )
© 4 o [0l [0l '
— O o
— N O
o «d m
N < ™
1
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9. A coin bank has only nickels, dimes and quarters. The value of the coins is $2. There are
twice as many nickles as dimes and one more dime than quarters. Find the number of each
coin in the bank.

5x+10y+ 25z =200

X—2y=0

y-z=1

5 10 25200 5 10 25| 200

1 -2 0| 0 |[R,L»5R,-R|0 -20 -25|-200

01 -1]1 o 1 -1 1
5 10 25| 200 |R —>%R [1 2 540

R, »20R,+R,|0 -20 -25|-200|R, >5#R,|0 1 2|10

0 0 -45[-180|R,>#R,|0 O 1] 4

z=4,y=5x=10
Thus there are 10 nickels, 5 dimes and 4 quarters in the bank.

10. Suppose a man has three modes of transportation to work: he can walk, drive his car, or take
the bus. If he walks one day, then he will either take the car the next day with a probability
of Zor take the bus with a probability of 1. If he drove one day, then he will walk the next

day with a probability of 1 and take the bus with a probability of . If he took the bus one
day, then he will walk the next day with a probability of $, drive with a probability of $ and
take the bus with a probability of 1.

o
O N

a) Find the transition matrix. A=

1
2

b) If he drives on Monday, find the probability that he will walk, drive or take the bus on

Wl wlo
Wl Wl wl-

Wednesday.
0 2 3||0] |2 0 2 3||2] |%
X,=[% 0 41]=|0 X,=|3 0 %]l0|=|3
11 1|0 1 11 1|1 1
3 2 3 2 3 2 3 2 3
Walk: ¢ Drive: Bus: 3
c) Inthe long run, how often will he walk, drive and take the bus?
(1-A)X =0
1 24 =210 1 2 =0 1 =2 =10
28 R, > 3R, +2R, 28 2
2 1 F|0 2 2|0/R,>R+R,|0 2 210
o R, »3R;+R, ; —_—
> 5 510 -2 310 0 0 0JO

Fall 2007 Martin Huard 10
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Math NYC
1 3 5|0 z=t
R, —>3R,|0 1 £|0| y=3t
0 0 0|0 x=3t
St+2t+t=1
4T
t—12 Thus X :(%’%'%)
31
Walk: 3 Drive: 3} Bus: £

11. Find the equation of the parabola passing through the points A(1,4), B(2,12) and

C(-3,32).
y =a+bx+cx’ A=1+x+Xx°
12 =1+ 2X + 4x?
32=1-3x+9x?
1 1 1| 4 1 1 14 11 1|4
R, >R, —-R
1 2 4|12 0 1 3|8|R,>R,+4R[0 1 3|38
R, > R,—R —_—
1 -3 9(32|————=|0 -4 8|28 0 0 20|60
1 1 1|4 c=3
R, >4R,[0 1 3|8 b=-1
0 0 1|3 a=2
Thus the parabola is y =2 —x+3x".

12. Let ABC be a triangle and E a point on the segment BC dividing it in a ration of 1 to 3. Let
D be the midpoint of AC. Join A to E and B to D, and let P be the point on intersection of
the segments AE and BD. In what ration does P divide AE and BD?

Let AP =kAG and FP =IFE.

We have
BE=1BC
AD=1AC

A1 p1 C

Let us express AP in terms of AB and AC in two different ways.

Fall 2007 Martin Huard 11
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AP =kAE AP = AD +DP
=k(AB+BE) =1AC +IDB
:kﬁj%kﬁ =%A—C+I(ﬁ+ﬁ)
:kKE+§(Bﬁ+Ké) =%K§+I(%KE+K§)

=% AB+£AC =(4-11)AC +1AB

By the basis theorem, we have the equations

3k _
=1

uations, we have

k= I

FNIT
NI
NI

Combining these

@D
o]

w
=

ol A=
|

N[
=]

~ X x
I
gl N e

thus k=2 and I =2.

Hence, P divides AE in a ration of 4 to 1 and divides DB in a ration of 3 to 2.

13. Let ABC be a triangle and M, N and P the midpoints of AB, BC and CA respectively. Prove
that if O is any point (inside or outside the triangle) then

OA+OB+0C =OM +ON +OP
O—A+@+@:(O—M+m)+(O—N+@)+(@+ﬁ)
=OM +ON +OP+4BA+1CB+1AC
=W+W+@+%(E+@+§A)
—=OM +ON +OP +10
—OM +ON +OP
14. A Boeing 737 aircraft maintains a constant airspeed of 500 miles per hour in the direction

due south. The velocity of the jet stream is 80 miles per hour in a northeasterly direction
(N45°E). Find the actual speed and direction of the aircraft relative to the ground.

[A 3" =4 +[31 + 2] cose

J
— 5002 + 802 —2-500-80 cos 45°
| —199831
) A H A+J H — 447
g5
L sin45_sing $=173°
AY 447 80 '

Thus the plane has a speed of 447 miles per hour in a S7.3°E direction.
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15. A river flows from west to east. There are ferry terminals on the north and south shores, the
north dock being 15° east of north (i.e.N15°E) from the south dock. The ferry captain knows
from experience that in order to reach the dock on the north shore from the south shore dock,
she has to steer N30°W.

a) If the ferry travels at 12 km/h, what is the speed of the current?
sin45°  sin75°

U
pi|-ee

Speed of current is 8.78 km/h

b) If the trip takes ¥ hour, how far apart are the dock?
Sin607 _sin 75 [7]=10.76 kmv

Il

Thus the distance between the docks is $10.76 = 2.69 km

16. Consider the vectors G = (-2,5,5), V = (1,-1,2) and W= (5,-12).
a) Evaluate 20 —3v
20 -3V =2(-2,5,5)-3(1,-1,2)=(-7,13,4)

—

b) Find the vector projection of U onto W.
: dew -5 51 -1

roj. i =—w=—;(5,-1,2)=| —,=,—

POk = et 30( )(663j

c) Findthe angle between U and w.

W -5
coséd = 0~97.1°
||u IWII 54330
d) Find the area of the triangle having sides U and V.
i ] k
A=1uxv|=1]-2 5 5/=1|(15,9, 3H_£
1 -1 2
e) Find the volume of the parallelepiped having sides U, Vv and w.
-2 5 5
P -1 2 (1 2 1 -1
V=[s(Vxw)[=|1 -1 2 :—2‘ ‘—5‘ ‘+5‘ ‘:|0+40+20|:60
5 1 9 -1 2 5 2 5 -1

17. Consider the points A(2,-1,3), and B(3,-1,5), C(-2,2,3) and D(-1,0,5).
a) Find the vector projection of AB onto AC.
— —  (1,0,2)«(—4,3,0
prOJaAB_AB -AC AC = ( i )
AC-AC (—4,3,0)+(—4,3,0)

(-4.3,0)- 3 16 -12 j

— 430):( 0
25 25" 25

Fall 2007 Martin Huard 13
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b)

d)

18. Consider the plane 7 :2x+y—-5z+1=0 and the line L:

Semester Review - Solutions

Find the angle between AB and AC.

AB.AC -4
COS@—HE‘ ‘EH_\@@ 0~=111
Find the volume of the tetrahedron ABCD.
1 0 2
vz%ﬁ.(/?cxﬁ)‘:% 4 3 0:%1i 2“(’*2‘_2 iH:%|6+10|:§
31 2 -

Find the equation of the line (in parametric form) passing through D and parallel to

AB.
X=-1+t

U=AB=(10,2) l:4y=0
z=5+2t

Find the equation of the plane (in general form) parallel to AB and AC , and passing
through D.

—6x—8x+3z=—6(—-1)-8(0)+3(5)=21
m.6x+8y—-3z=-21
Find the equation of the plane perpendicular to AC and passing through D.
fi=AC =(-4,3,0) ~4x+3y =-4(-1)+3(0)+0(5)=4
7 4x-3y=-4

x-1 2y+1
4

3-z2

a) Find the equation of the line (in symmetric form) perpendicular to 7z and passing

through P(1,1,-3).

x-1 z+3

u=(2,1,-5 —=y-1l=—

( ) 2 y -5

b) Find the equation of the line (in parametric form) parallel to L and passing through
P(1,1,-3).
X=1+3t
u=(32-1) y=1+2t
z=-3-t
Martin Huard 14
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c)

d)

9)

h)

Fall 2007
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Find the distance between the line L and the line found in (b).
Since the lines are parallel, we have

R(12.9) o - (0.00)
2(1’1'_3)
ik
el e 2
AR xu] I3 2 -4 J(3.-183)] 3202 _ 3
e b 2 leonl 2w o
Find the intersection, if possible, of the plane z and the line L.
x =1+3t 2(1+3t)+(F+2t)-5(3-t)+1=0
Li=qy=7+2t 13t=2
z=3-t t=2
Intersection: (1+3%,3+2%,3-2)=(4,3,%)
Findztbti equation of the plane z in vector form.
y=s 7:(%Y,2)=(%,00)+s(%,1,0)+t(3,0,1)
X=—%-1s+3t

Find the equation of the plane 7, (in general form) perpendicular to L and passing
through P(1,1,-3).

A, =(3,2,-1) 3x+2y-z=3(1)+2(1)-(-3)=8

7, 3X+2y-7=8
Find the angle between the plane 7 and the plane 7, found in (f).

cos@ = ”|ﬁrll| |r|;22|” = \/3|_(1)f|/ﬁ 0 ~50.6°
Find the point Q on the plane = that is closest to the point P(1,1,-3).
R(0,-1,0) PQ = proj, PR = F%Rﬁﬁ fi
s L
(xy.2) =2 (21-5)+(11-3)=(.5.4)
Q%)

Martin Huard
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i) Find the point Q on the line L that is closest to the point P(1,1,-3).

PReU
u

R(L%,3) RQ = proj, RP =
PR=(0,%,6)

0=(32-1)

Ueu

-9
“1y-12+3)=—2(3,2,-1
(x-1,y-1,z+3) 14( )

-9
(x¥,2) =7, (32-1)+(L1-3) = (% %)

Q(ﬂ Fik Q)
14114114

J) Find the distance from the point P(1,1,-3) to the plane .

R(0,-1,0) PR-A| |19 10430
- d = — = =
PR =(-1,-2,3) IA] 30 30
k) Find the distance from the point P(1,1,-3) to the line L.
i j kK
R(15.3) PRxU=0 2 6|=(%182)
PR=(0,%,6) 3 2 -

PRxd| [(3.18.3) sv202 34707
ol ke e o

I) Find the equation of the plane (if possible), in general form containing the lines L and

il

X+5 -2
L=y
0=(32-1) L
u,=(32-1) ’
145 #-2

P(L#.3)elL, Since —=» -3 then Pel,

Thus L and L, are parallel and distinct.

P, (-5,2,0) I L

55 M=0xPP, =3 2 -1-(415%)

PP, =(-6,3,-3) -6 & -3
FX+15y-87=(-5)+15(2)-0=% Plane: 7x—30y —397 = ~95

Fall 2007 Martin Huard 16
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m) Find the equation of the plane (if possible), in general form containing the lines L and

X+4 z+10
L3:%:y+%: J; :
u=(32-1)
oL
0, =(2.1,3) I

Tofind LML, we have
L:(x,y,2)=(1%,3)+t(3,2,-1)
Ly :(xy,z)=(-4,%,-10)+5s(2,1,3)
(L2£.,3)+t(3,2,-1)=(-4,2,-10)+
t(3,2,-1)+s(~2,-1,-3) = (-5,-2,~13)
3 2| -5 3 —2|-5
R, > 3R, 2R1
2 1| - ]R—)11R+R20 114
R, =>3R, +R
0 -11|-44 0 0O

5(2,1,3)

1 -3|-13
1 2|3

R—>iR|0 14 t=:1
0 00

(xy,2)=(1,%,3)+(3,2,-1)=(43,2)
Thus LNL, = P(4, 3, 2) so the lines are nonparallel and intersecting.

i j kK
n=0xt,=3 2 -
2 1 3
Plane: 7x-11y-z=2

19

= (7,-11,-1) 7x-11y-2=7(4)-11(3)-2=%

19. Is the set V a vector space with the following operations?
a) V=R’ (U, U, ®(Vy,V, ) = (U =V, U, — V)
k©(ug,u,)=(kuy, ku,)

No, Axiom 2 fails: Counter example with t =(1,2) and V =(3,4)
(L,2)®(3,4)=(1-3,2-4)=(-2,-2)
(34)®(1,2)=(3-14-2)=(2,2)

Thus (1,2)®(3,4)#(3,4)®(1,2), thatis GOV =V DU .

Fall 2007 Martin Huard
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b) V = R?

Fall 2007

Yes. Le
1.
2.
3.

Semester Review - Solutions

(U, u,)® (v, v, ) = (U +Vv, +L,u, +v, +1)
ko (uy,u,)=(k+ku, -1,k +ku, -1)
td=(u,u,), V=(v,Vv,) and W=(w,w,) bein R?.
GOV =(u+v,+1u,+v, +1)e R?
GOV =(u+V, +LU, +V, +1) = (v, U, +LV, +U, +1) =V DU
UD(VOW)=(u,u,)® (v, +W, +1LV, +W, +1)
= (U + (v, + W, +1) + LU, + (v, + W, +1)+1)
= ((uy+v, + 1)+ W, +1, (U, +V, +1)+w, +1)
= (U +Vv, +L U, +v, +1) D (W, w,)
—(G@v)ew
0=00(u,u,)=(-1-1)
0®0=(u,u,)®(-1,-1)=(u —h&u—4+n (u,, )
-u=(-1)o(u,u,)=(-1-u,-1,-1-u,-1)=(-2-u,,—2-u,)
u®—d=(u,u,)®(-2-u,-2 u)
=(u,-2-u +Lu,-2-u, +1)=(-1-1)=0
ko(u,u,)=(k+ku -1k +ku, -1) e R

(k+D)ou=(k+1)o(u,u,)=((k+1)+(k+1)u, -1, (k+1)+(k+1)u, 1)
= ((k+ku, =1)+(1+1u, = 1) +1, (K + ku, =1) + (1 +lu, —1) +1)
=(k+ku, -1,k +ku, -1)® (1 +lu, 1,1 +1lu, -1)
=(kou)e(lou)

ko(UeV)=ko(u+v,+Lu,+Vv,+1)
= (k+k(u+v, +1) =L +1(u, +v, +1)-1)
= ((k+ku, —1)+(k+kv, ~1)+1, (k +ku, 1)+ (k + kv, =1) +1)
= (k +ku, 1k+ku ,—1)®(k+kv, -1,k +kv, -1)
=(kou)e(kov)

(k1) @t = (Kl +Klu, 1,k + klu, ~1)

=(k+k(1+lu,-1)-Lk+k(I+lu,-1)-1)
=ko(I+lu, -1,1+lu,-1)
=ko(lou)

10. 100 =10(u,,u,) =(1+u, -L1+u, -1) = (u,u, ) =0
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20. Is the set V with standard operations a vector space?
a) V={A:Aissymmetric, AcM,,}

Yes Vis nonempty since 0V, 0" =0.
Let A, BeV . Then AT =A and B" =

1. A+BeV since (A+B) =A" +B" =A+B
2. kAeV since (kA)T = kA" =kA
b) V ={A:Aisnilpotent, Ac M, , | (A is nilpotent if A2 =0)

0 1 00
No. Let A{O 0} and B:L 0}. Then A?=0 and B*=0,s0 A,BeV but

0 1 ) » |1 0
A+B= gV since (A+B) = #0
1 0 0 1
c) V :{A: A is lower triangular, A e szz}

Yes  Visnonempty since OV .

0 0
Let A{aﬂ }ev and B{b“ }ev
a'21 a'22 21 b22

1. A+B{aﬂ+b11 0 }ev

a21 + b21 a22 + b22

k 0
2. kA=[ % }ev
ka,, ka,,

d) V={p(x):p(1)=p(2), p(x)ePr,}.
Yes Visnonempty since p(x)=0€V since p(1)=0=p(2).
Let p(x),q(x)eV . Then p(1)=p(2) and q(1)=q(2).
L (p+a)(x)eV since (p+a)(1)= p(1)+a(1)=p(2)+a(2)=(p+a)(2)
(

p
2. (kp)(x) eV since (kp)(1)=kp(1) = kp(2) = (kD) (2

21. For each of the subsets W in R?,

i) Is W is a subspace of R*?
ii) Give a geometrical interpretation of W.

a) W={(x,y,2):2x-3y+2=0, xy,zeR}

Yes W is nonempty since 0 eW

Let G=(x,Y;,z)eW and V=(X,,Y,,2,) W .
Then 2x, -3y, +z, =0 and 2x, -3y, +2,=0

LoU+V=(X+X, Y, +Y, 2 +2,)eW
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since 2(X, +%,)=3( Y, + ;) + (2 +2,) = (2% =3y, +2,) +(2X, =3y, + 2,)
=0+0=0
2. ki = (kx,ky,, kz,) eW since 2(kx )—3(ky,)+kz, =k(2x -3y, +2,)=k0=0
Geometrically, W is the plane 2x-3y+2z=0.

b) W={(x,y,2):2x-3y+2-8=0, x,y,zeR]}

No. If G=(4,0,0)eW and k=0,
then ki =(0,0,0) ¢W since 2:0-3-0+0-8=0
Geometrically, W is the plane 2x—-3y+z =8.

c) W={(a3a-4,a+1):acR}

No. If i=(0,-4,1)eW and k=0,
then ku :(O, 0,0) ¢W since we would need to have
a=0 3a-4=0 a+1=0 which is impossible.
a=3 a=-1

Geometrically, W is the line x = %4 =z-1.

d) W={(2a-b+c,a+b+c,3a+2c): a,b,ceR}

Fall 2007

Yes W is nonempty since 0 eW
Let G=(2a,—b +c,a +b +c,3a +2c)eW and
V=(2a,-b,+c,,a,+b,+c,,38,+2¢,) eW V=(X,,Y,,2,) eW .
1. U+V=((2a,-b+c)+(2a,-b,+c,).(a +b +c)+(a,+h, +c,),
(33, +2c,)+(3a,+2c,))
=((a,+a,)— (b +b,)+(c,+¢,).(a,+a,)+(b, +b,)+(c, +c,),
3(a,+a,)+2(c,+c,)) eW
2. ki=(k(2a,—b +c,)k(a,+b +c,) k(3 +2c,))
=(2(ka,)—(kb, )+ (kc,), ka, + kb, +ke,,3(ka, ) +2(ke, )) eW

To give a geometrical description of W, we need to find a basis for W.
Since(2a-b+c,a+b+c,3a+2c)=2a(2,13)+b(-110)+c(112)

then if B={(2,1,3),(-1,1,0),(1,1,2)} we have W =span(B).
¢,(213)+c,(-110)+c,(11,2)=(0,0,0)

2 -1 1|0 2 -1 1|0
R, > 2R,-R,
1 1 1|0 0 3 1|0

R. -5 2R. -3
3 0 2022 BRIG 4 ]

Martin Huard
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2 -1 10 12 1]0] o=t
R —>3
R,>R-R[0 3 1]0 0 1 L|o| ¢ =4t
R, > 3R,
0 0 00 0 0 0[0] c¢==t
If t=1, then (1,1,2) =2(2,1,3)+1(~121,0)

By the +/- theorem, if B, ={(2,1,3),(~110)}, then span(B, ) =span(B)=W .
Since B,, is linearly independent, if forms a basis for W.
i j k
ﬁ=(2,1,3)><(—1,1,0): 2 1 3 =(—3,—3,3)
-1 10
Ergo, W is the plane x+y-z=0.

22. Find all values of t for which S is linearly independent.
a) S={(235),(-Lt,-1),(-1-Lt)}
c,(2,35)+¢,(-1t,-1)+c,(-1-1t)=(0,0,0)

2 -1 -1|0] 2 -1 -1 1|0
R, - 2R, -3R,
3t 1|0 0 2t+3 1 0
R, > 2R, ~5R,
5> -1 t |0] 0 3 2t+5 |0
2 -1 -1 o0
R,«<R|0 3 2t+5|0
0 2t+3 1 |0
2 -1 -1 0
R, »3R,—(2t+3)R,|0 3 2t +5 0
0 0 -—4t*-16t-12|0
Ri—3R, 15 3]0
R —>3R 0 1 2510 provided —4t* 16t 12 0

R1 - —4I2—16I—12 Ri 00 1 0
Thus if —4t> —16t 12 0 then the solutions is ¢, =c, =¢, =0
and if —4t> -16t-12=0 then ¢, =t, c,==2t, c =3t
Hence S will be linearly independent if —4t* —16t—12 #0
t? +4t+320
(t+3)(t+1)=0
t+-3,-1

b) S ={3x"+x+4,2x" —x,X* +tx+2t}

G, (3%% +X+4) 4, (2X° =)+ ¢y (X* +tx+2t) =0
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3 2 100 32 1 10
R, >3R, R,

1 -1 t|o0 0 -5 3t-1|0
R, 3R, —4R,

4 0 2t|0 0 -8 6t—4|0

3 2 1 0
R, —>5R,-8R,|0 -5 3t-1 |0
0 0 6t-12|0
R—>R 1 2 4|0
R,>ZR, [0 1 /0 provided 6t—-12 =0

R, >=zR|/0 0 110

6t-12

Thus if t # 2, then the solutionsis ¢, =c, =¢, =0
and if t=2 then ¢, =t, c,==2t, ¢ ==t
Hence S will be linearly independent if t = 2.

23. Do the following sets S span V ?
a) S={(2,-4.1),(12,-3),(5,-14,6)} V =R

Let (a,b,c)eR’.
c,(2,-4,1)+c,(1,2,-3)+c,(5,-14,6)=(a,b,c)

2 1 5 |a 2 1 5 a
R, > R,+2R,

-4 2 -141|b 0 4 -4|b+2a
R, > 2R, —R,

1 -3 6 |c|——=|0 -7 7 |2c-a

2 1 5 a
R, >4R,+7R,|0 4 -4 b+2a
0 0 O |10a+7b+8c

There is no solution if 10a+7b+8c=0. Thus S does not span R>.

2 11|13 2|4 1 . .
b) S= , , V =S,, (The set of symmetric 2x2 matrices)
-1 3|2 1||1 4 '

a b
Let Az{b C}ESZ2

2 -1 3 2 4 1] [a b
c, +C, +C, =
-1 3 2 1 1 4| |b c
2 3 4]a 2 3 4 a
R, > 2R, +R
-1 2 1|b 6 | a+2b
R, - 2R, 3R,
3 1 4]c 0 -7 -4|-3a+2c
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N

2 3 4 a R —>1R [1
R, >R,+R,|0 7 6| a+2b |R,>1iR,|0
0 0 2|-2a+2b+2¢|R,—>1R,|0

1

i1a
1 2
Ta+4b

O - dw
= o

—a+b+c
c,=—-a+b+c, c,=a-4b-2c, ¢c,=a-24b-3c
Thus Sspans S,
0) S ={x* = 2x+1,x*+x*,X° + X* + x+1} V=P,

Since n(S)=3<dim(P,)=4, then S does not span P,

24. Are the following sets S bases for the vector space V?
a) S={2-13),117)(-241)}, Vv =R®
c,(2,-1,3)+c,(117)+c,(-2,4,1)=(0,0,0)
2 1 2|0 2 1 -2]0
-1 1 4 |0|°? ? 0 3 610
110

2 1 -2 |0|R >R [1
R, »>3R,-11R,|0 3 6 |0|R,—>1iR,|0
0 0 -42|0|R,»>£R,|0

[ NS
N
o

c,=C,=¢=0

Since S is linearly independent and n(S)=3=dim(R®), then S is a basis for R°
b) S={-351),(2-712)}, V =R*

No since n(S)=2#dim(R*)=3.
) S={E+1Lx* -1 x? +x+1Lx° —x—1f, V=P,?

No since n(S)=4=dim(P,)=3

T T P

2 -1 4 -1 3 3 5 5 0 0
C, +C, +C, +C, =
2 3 4 3 -1 1 1 -2 00
2 4 3 510 2 4 3 510
R, - 2R, +R,
-1 -1 3 510 0 2 9 15 1|0
R, >R,—R
2 4 -1 110 0O 0 4 4|0
R, = 2R, -3R,
3 3 1 -210 0 6 -7 -19|0
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2 4 3 5|0 2 4 3 510
02 9 15|0 02 9 150
R, >R, +3R, R, > R, +5R,
——0 0 4 4|0|——|0 0 4 410
0 0 20 260 00 0 610
R—>sR[1 2 2 %0
R,>3R, |0 1 ¢ %£10
S, 2 2 c,=C,=C,=¢,=0
R,>Z2R,0 0 1 110
R,>%iR,[0 0 0O 1]0
Since S is linearly independentand n(S)=4= dim(szz), then S is a basis for
M2,2
25. Find a basis for Span(S) if
a) S={1234)(4321)L111)}
1 2 3 4 1 2 3 4
R, > R,-4R,
4 3 21 0 5 -10 -15
R, >R, —R,
1111 0 -1 -2 -3
1 2 3 4 1 2 3 4
R, »5R,-R /|0 -5 -10 -15|R,»>#R,|0 1 2 3
0 0 0 O 0 000

Thus a basis for span(S) is B; ={(1,2,3,4),(0,1,2,3)}

Note: If you used the +/- theorem, then you obtain B ={(1,2,3,4),(4,3,2,1)}
b) S={+1x°-1x*+x+1x* —x—1}

cl(x2+1)+c2(x2—l)+c3(x2+x+1)+c4 x —X- 1) 0

1 11 1]0 11 1 110
0 01 -1/0/R,>R,-R|0 0 1 -1 o]
1 -11 -1]0 0 -2 0 2|0
1 11 1]0 111 10
R,<>R,/0 -2 0 -2|0[R,>=R|0 1 0 1|0
0 0 1 -1/0 001 -1[0

c, =t, ¢, =t, ¢, =—t, ¢, =—t
If t=1, then (x2—x—l):(xz+1)+(x2—1)—(x2+x+1)

By the +/- theorem, if B, :{(x2 +1),(x* -1),(x* +x+1)} , then
span(S)=span(B,).
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¢, (X* +1)+¢, (X =1)+ ¢ (X +x+1)=0

1 1 1|0 1 1 110
0 0 1{0|—»..—»|0 1 0]0 (from previous solution)
1 -11|0 0 0 1|0

Since By is linearly independent, then it is a basis for span(S) :
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2 -1 -2 1 3 3] [0 o0
C +C, +C, =
-1 1 1 -1 3 4/ |00
2 -2 3]0 2 -2 3|0 2 -2 3|0
R, > 2R, +R,
—1130R_)2R+R10090R3—>R3—2R20090
-1 1 3 0R3 2R3 0 0 9|0|R,»9R,-5R,|0 0 0]0
1 -1 a|o|f2RRyG o 50 0 0 0|0
1 -1 20
2 c,=0
R—>iR [0 0 10 o4
R,—>1R,[0 0 00 2
c =t
0 0 0/0
2 1 2 -1
If t=1, then =—
1 -1 -1 1

-1 1|3 4
Since B is linearly independent (the two matrices are not multiples of each

2 113 3
By the +/- theorem, if B :{ }{ }} then span(S)=span(B,).

other), then it is a basis for span(S).

26. Find a basis for the vector space W and give the dimension.
a) W={(t—s,t+2s,-3t):t,seR}

(t—s,t+2s,-3t)=t(1,1,0)+5s(-12,0)
If B={(11,0),(~1,2,0)} then W =span(B). Since B is linearly independent (the
two vectors are non-parallel) then B is a basis for W and dim(W) =2.

b) W ={deR®:0 L(5,43)

Let G=(x,y,z)eW. Then Ge(54,3)=0 z=t
5X+4y+3z=0 y=s
x=32t-1t

Hence U =(2t—4£s,s,t)=21t(3,0,-5)+%5(4,-5,0)
If B={(3,0,-5),(4,-5,0)} then W =span(B). Since B s linearly independent
(the two vectors are non-parallel) then B is a basis for W and dim(W) =2.
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r+2s+3t r-s
c) W= ‘t,seR
r-s r+3s+4t
r+2s+3t r-s 11 2 -1 3 0
=r +5S +t
r-s r+3s+ 4t 11 -1 3 0 4
112 - 3 0
If B= : : then W =span(B).
1 1/|-1 3||0 4
11 2 - 3 0 00
C, +cC, +C, =
I R P P
0
0
0

1 2 3 - Ri1 2 310
1 -10 R2_>R2 R -3 3|0
1 -10 R3_)R3 R -3 -3]0
1 3 4|02 ! 0 1 110
1 2 3|0 1 2 3]0 .t
R,—>R,~R, [0 -3 =30 01 1|0 °
R, > 3R, c,=—t
R,—»3R,+R,J0 0 0 |0[—*—-20 0 0]0 .
0 0 010 00 o0|0] *

3 0 11 2 -1
It t=1, then = + , hence by the +/- theorem, if
0 4 11 -1 3
112 -1 _ o
B :{[1 J[ 1 3}}’”‘9” W = span(B)=span(B, ). Since B, is linearly

independent (the two matrices are not multiples of each other) then B, is a basis
for W.
d) W ={p(x)eP,:p(3)=0}
Let p(x)=a+bx+cx’ eW.
Then p(3)=a+3b+9c=0. Thus c=t
b=s
a=-3s-9t
Thus p(x)=-3s-9t+sx+tx* =t(x’ —9)+s(x-3)
If B={x*~9,x~3} then W =span(B). Since B is linearly independent (the two
polynomials are not multiples of each other) then B is a basis for W and
dim(W)=2.
e) W ={(2a+4b,—a—2b,3a+2b+4c):a,b,ce R}
(2a+4b,—a—2b,3a+2b+4c)=a(2,-1,3)+b(4,-2,2)+c(0,0,4)
If B={(2,-13),(4,-2.2),(0,0,4)} then W =span(B).

Fall 2007 Martin Huard 27



Math NYC Semester Review - Solutions

c12 ~1,3)+¢,(4,-2,2)+¢,(0,0,4) =(0,0,0)

4 00 2 4 0|0 1200

1 -2 0 02:2E+R10 0 0 OEZ%RRlo 0 1/0

0 4l0|=2%% 1o 0 1]0 10 0 o]0
c,=0
c, =t
¢, =2t

If t=1, then (4,-2,2)=2(2,-1,1)+0(0,0,4) hence by the +/- theorem, if
By ={(2,-11),(0,0,4)}, then W =span(B)=span(B, ). Since B, is linearly
independent (the two vectors are nonparallel) then B, is a basis for W.
f)W ={(2a+2c,a+3b,b+c):a,b,ceR}
(2a+2c,a+3b,b+c)=a(2,1,0)+b(0,31)+c(2,0)
If B={(2,1,0),(0,3,1),(2,0,1)} then W =span(B).
¢,(210)+c,(0,31)+c,(2,0,1)=(0,0,0)
2 0 2|0 2 0 2|0
1 3 0/0|R,>2R,-R|0 6 -210
01 1j0 01 1|0
2 0 2|0]R—>%R[1 0 1]0 c,=0
R,»>6R,-R,|]0 6 -2|0|R,»>%tR,|0 1 3|0 c,=0
0 0 8|0]R,—>%R,|0 0O 10 c,=0
Since B is linearly independent then B is a basis for W and dim(W) =3.
Q)W ={deR’:01(2-13)andd L(0,2,1)}
Let G=(X,y,z)eW. Then Gie(2,-13)=0 2Xx—y+3z=0
Ue(0,21)=0 2y+2=0

2 -1 3|0|R,>iR[1 2
0 2 1|0|R,»R,|0 1
Hence U =(t,#t,t)=t(7,2,-4)

If B={(7,2,-4)} then W =span(B). Since B is linearly independent then B is a
basis for W and dim(W)=1.

N Njw

27. Find the coordinate vector for w in the vector space V relative to the basis S.
a) W=(-5-6,24), V=R®andS=1{2-14)(124)(-3-34).
c,(2,-1,4)+c,(1,2,4)+c,(-3,-3,4)=(-5-6,24)
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2 1 -3|-5 2 1 -3] -5
R, - 2R, +R,
-1 2 -3|-6 0 5 -9|-17
R, = R, — 2R,
4 4 4 |24|2>—2—"2{0 2 10| 34
2 1 3| 5]R—>IR 1 L 2|
R, >5R,—2R,|0 5 -9 |-17|R,»1iR, [0 1 2|
0 0 68]|204|R,»>4R,(0 0O 13
c;,=3¢=2 ¢-=1
W, =(1,2,3)
b) W=(2-710), V=R®and S={3-15)(123)(2-1-1).
¢.(3,-15)+¢,(12,3)+¢,(2,-1,-1)=(12,~7,10)
3 1 2|12 31 2 |12
R, > 3R, +R,
-1 2 -1|-7 07 -1]-9
R, = 3R, —5R,
5 3 -1|10|>—=2—"20 4 -13|-30
31 2|12 TR->iR[1 L 2|4
R,>7R,—4R|0 7 -1| -9 [R,—»iR, [0 1 2 |=2
0 0 -87|-174|R, »>=R,[0 0 1|2
c;=2,¢=-1¢=3
W =(3,-1,2)
c) w=(4-353), V =Span({3-14,0),(01-2,4),(2,211)}) and
S ={(3-14,0),(0,,-2,4),(2,2,1.1)}.
¢,(3,-1,4,0)+¢,(0,1,-2,4)+¢,(2,2,1,1)=(4,-3,5,3)
3 0 2|4 3 0 2|4
-1 1 2|-3|R,>3R,+R [0 3 8 |-5
4 -2 1|5|R,—>3R,-4R|0 -6 -5|-1
0 4 13 0 4 1/3
30 2| 4 30 2] 4
R,>R,+2R, |0 3 8 | -5 0 3 8|-5
R, = 11R, + 29R,
R, >3R,-4R,|0 0 11 |-11 0 0 11|-11
0 0 —29| 29 00 0|0
! 0 %] 3
Rl_)§R1 0 1 % _Ts c;=-1
R2—>%1R2 0 1] c,=1
R2uRig 0 0o G=2
W, =(2,1,-1)
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d W=9x*-x+11, V=P, and S:{x2+x,x2—1,2x2—3x+4}.
G, (X* +X)+C, (X* —1)+c,(2X° —3x+4) =9x" —x+11

1 1 219 1 1 1 9
1 0 3|-1|[R,»R,-R |0 -1 -5|-10
0 -1 4 |11 0 -1 4| 11
1 1 2 9 11 2|9 C3=%
R, > -R,
R, >R,-R,|0 -1 -5|-10 0 1 5(10 C2=%5
- Rs_)%Rs
0O 0 9 21 0 0 1 % c,=6
Ws =(6,73,3)

28. For each of the given sets A and B in R®,
i) Find a basis for span(A) and give a geometrical description.

il) Find a basis for span(B) and give a geometrical description.
iii) Find a basis for span(A)+span(B) and give a geometrical description.
iv) Find a basis for span(A)mspan( ) and give a geometrical description.

a) A={(2-13),(4,-26),(151)} B={(12-1),(311),(0,5-4)}
(i) c(2,-13)+c,(4,-2,6)+c,(151)=(0,0,0)
2 4 1|0 2 4 1|0
R, > 2R, +R,
-1 -2 5|0 0 0 110
R, = 2R, -3R,
3 6 1|0 00 -1]0
2410Rl lRllz%o c, =0
R, >11R, +R 0 0 11)0| 2R 00 1|0 c,=t
00 0/0/221% g 0 0|0 c, =—2t

If t=1, then (4,-2,6)=2(2,-1,3)+0(15,1). By the +/- theorem, if
Bypan(s) = {(2,-13),(1,5,1)}, then span(A)=span( cpen(A ) Since B, |
linearly independent, then B, is a basis for span(A).

i ]k

i=2 -1 3/=(-16,111).

1 5 1

Geometrically, span(A) is the plane 16x -y -11z =0.
(i) ¢ (L2-1)+c,(3,L1)+c,(0,5-4)=(0,0,0)
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1 3 010 1 3 0 |0]
R, > R,-2R,
2 1 5|0 0 5 5|0

11 4|oB2RTR g 4 4]0
1 3 0]0 13 0]0] ¢ =t
R, >5R,+4R,|0 -5 5|0|R,>=R,|0 1 -1|0| c,=t
0 0 0]O0 00 010 c,=-3t
If t=1, then (0,5,—4)=3(12,-1)—(3,1,1). By the +/- theorem, if
Bopan(s) = {(1.2,-1),(3, 1)} , then span(B) = span(B

linearly independent, then B

Span(B)). Since Bspan(B) is

an(e) 15 @ basis for span(B).

i
A=l 2 -1=(3-4,-5).

Geometrically, span(B) is the plane 3x—4y -5z =0.
(ii)) Let S={(2,-13),(15,1)(12-1),(311)} .
Then span(A)+span(B)=span(S)
¢, (2,-13)+¢,(L51)+c,(12,-1)+c,(3,11)=(0,0,0)
3

2 1 1 3|0 2 1 1 0
R, > 2R, +R,
0 11 5 5|0

R2>2R "3RIy 1 5 70

2 1 1 310
R, >11R,+R,(0 11 5 5 [0
0 0 -50 -72|0

-1 5 2 1|0
31 -11|0

1 1 1 3 ¢, =t
R-ozR |1 3 5 3|0 C 36t
3~ 25

R,>&R,/0 1 2 2|0 o -1t
R,—>zR,J0 0 1 2|0 2 f’22
SRR ¢, = 2t

If t=1,then (3,1,1)=%(2,-1,3)-%(151)+%(1,2,-1). By the +/- theorem, if
={(2,-13),(1,5,1),(1,2,-1)}, then

Bspan(A)+span(B)

span(A)+span(B)=span(S):span(B . Since B is

span( A)+span(B) )

is a basis for. span(A)+span(B)

span(A)+span(B)
linearly independent, then B_, »). c.an(s)

Geometrically, span(A)+span(B) is R°.
(iv) Let (x,y,z)espan(A)nspan(B) .
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Then (x,y,z)=¢,(2,-13)+c,(1,51)
(x,y,2)=¢,(1,2,-1)+c,(3,11)
Hence c,(2,-1,3)+c,(1,5,1)=c;(1,2,-1)+c,(3,11)
¢,(2,-1,3)+c,(151)-c,(1,2,-1)-c,(3,1,1)=(0,0,0)
2 1 -1 3|0 2 1 -1 3|0
R, > 2R, +R,
-1 5 -2 -1|0 0 11 5 510
R, = 2R, -3R,
31 1 -1|0 0 -1 5 710

R, >1IR,+R,[0 11 -5 -5/0
0 0 50 720

21130]

1 1 -1 -3 C, =t
R=22RIL 2 3 2|0 sy
| _ 37 25
R,>4R, |0 1 £ 2 .
R,>&R/|0 0 1 %Z|0o] * °*
- €, =%t
Thus (x,y,z)=2t(2,-1,3)-%t(1,5,1) = %1(39,-47,61)
If B ayospen(s {(39 ~47,61)} , then span(A)mspan(B):span(Bspan(A)mspan(B)).
Since Bspan(A)mspan( is linearly independent, then B, . . is a basis for.

span(A)~span(B).
Geometrically, span(A)nspan(B) isthe line £ ==-=%.
b) A={(12-1).(24-2),(-1-21)} B={(312),(29,-7).(1L-8,9)}
(i) Since (-1,-2,1)=-(1,2,-1)
(2,4,-2)=2(1,2,-1)
Then by the +/- theorem, if B, ={(12,-1)}, then span(A):span(Bspan(A)).

Since B is linearly independent, then B Is a basis for span(A).

span(A) span(A)

Geometrically, span(A) isthe line x=%y=-z.
(i) ¢(312)+¢,(2,9,-7)+c,(1L-8,9)=(0,0,0)

3 2 110 3 2 10
R, »3R,-R,
1 9 -8/0 0 25 -25|0
R, »3R,-2R
2 -7 910 0 -25 25 |0
3 2 110 R 1R, 1 2 1 0] c=t
R, >R +R,(0 25 —25/0) " |0 1 -1/0] c=t
- - = _)_
0 0 0 |0]-—5-200 0[0] c=-t
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If t=1,then (1,-8,9)=(3,1,2)—(2,9,~7). By the +/- theorem, if

Bpan(s) ={(312),(2,9,-7)}, then span(B)zspan(Bspan(B)). Since B,,s IS
linearly independent, then B_,, , is a basis for span(B).
i j ok
i=|3 1 2|=(-252525)=-25(1-1-1).
2 9 7
Geometrically, span(B) is the plane x—y -z =0.
(i) Let S={(12,-1),(312),(2,9.-7)} .
Then span(A)+span(B)=span(S)
¢ (L2,-1)+¢,(3,1,2)+¢,(2,9,-7)=(0,0,0)
1 3 2 OR2—>R2—2R{1 3 210
2 1 9 OR—)R+R1 0 5 510
-1 2 -7/0/-4——2]0 5 5|0
1 3 2/0 13 21[0] c,=t
R, >R,+R,[0 -5 5 o]RZ—WlR{o 1 -1]|0| c,=t
0 0 010 0 0 0|0 c=-5t

If t=1,then (2,9,-7)=5(1,2,-1)-(3,1,2). By the +/- theorem, if

B = {(1:271),(31.2) then
span(A)+span(B):span(S):span(BSpan( A)ﬂpan(B)). since B, x).span(s) 1S
linearly independent (two nonparallel vectors), then B, . ... is @ basis for
span(A)+span(B)
ik
=l 2 -1=(5-5-5)=5(1-1-1)
31 2

Geometrically, span(A)+span(B) is the plane x—y—-z=0.
(iv) Let (x,y,z)espan(A)nspan(B) .
Then (x,y,z)=c,(1,2,-1)
(x,y,2)=¢,(312)+¢,(2,9,-7)
Hence ¢, (1,2,-1)—c,(3,1,2)-c,(2,9,—7)=(0,0,0)

1 -3 -2]0 1 -3 2|0
R, >R, -2R,

2 -1 -9]0 0 5 5|0
R, >R, +R

-1 -2 7 |0|————|0 -5 5|0
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1 -3 =210 1 -3 —2]0] c,=t
R, >R,+R,|0 5 -5|0|R,>LiR,|0 1 -1|0| c,=t
00 0]0 0 0 00| c=-5t

Thus (x,y,z)=-5t(1,2,-1)

If Bpan(a)spun(e) = {(1,2,-1)}, then span(A)span(B)= span(Bspan( A)mpan(s)).

Since B | is linearly independent, then B ) IS a basis for.

span( A)nspan(B span( A)nspan(B

span(A)span(B).
Geometrically, span(A)nspan(B) isthe line x=1y=-z.

29. For the given matrices A, find a basis for the row space, for the column space, for the
nullspace, and find the rank and nullity.

0 -1 4
a) A=
{o 2 J
0 -1 4 0 -1 4]JR—>-R [0 1 -4
R, > R, +2R,
0 2 1]-—*—=0 0 9|R,>1iR,[(0 0 1
By ={(0,1,-4),(0,0,1)}  rank(A)=2

Bes ={(-1.2).(42)}

Solving AX =0 we obtain z=0, y=0, x=t,
(x,y,2)=t(1,0,0)

By ={(1,0,0)} nullity(A) =1
1 2 2 31
2 -4 4 4 2
b) A=
3 6 6 7 3
5 -10 10 11 5
1 2 2 31 1 22 3 1
R, >R, 2R,
2 -4 4 4 2 000 -20
R, >R, —3R,
3 6 6 7 3 000 -20
R, >R, -5R,
5 -10 10 11 5 000 40
1 22 3 1 1 2231
R,>R,-R, |0 0 0 -2 0 00010
R, > +R,
R,>R,-2R,J0 0 0 0 O 00 000
000 0O 00 000
={(1,-2,2,31),(0,0,0,1,0)}  rank(A)=2

BRS
Bes ={(1,2,3,5),(3,4,7,11)}
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Solving AX =0 we obtainu=t, w=0, z=s, y=r, X=2r—2s-t
(x,y,2,w,u)=r(2,1,0,0,0)+s(-2,0,1,0,0)+t(-10,0,0,1)
B ={(2.1,0,0,0),(-2,0,1,0,0),(-1,0,0,0,1)}  nullity(A)=3

30. Find a basis, and the dimension, for the solution space of AX =0.
a x-2y+ z— w=0

33X+ Yy + w=0
4X+6y—-2z+4w=0
1 -2 1 -1|0 1 -2 1 -1|0
R, > R, -3R,
31 0 110 0 7 -3 410
R, > R, —4R,
4 6 -2 4|0/———=|0 14 6 8|0
1 -2 1 -1|0 1 -2 1 -1|0
R, >R,-2R,|0 7 -3 4 |0|R,»>iR,JO0O 1 £ 210
0 0 0 0]0 0 0 0 010
w=t, z=s, y=3s-4t, x==ts-3it
XY, 2,t)=(Fs—1t,Es—4t,5,t)=5(%,2,1,0)+t(%,5,0,1)
Bo ={(#,2.00)(#,4.00}  dim(ss)=2
b) x- y+3z=0
2X+5y+62=0
Xx—-8y+3z=0
2X+ y+6z=0
1 -1 3|0 1 -1 3]0
R, >R,-2
2 5 6 RZARZRiRlo 8 0|0
1 -8 3 N -7 0|0
R, > R,-2R,
2 1 6/0)———|0 2 0]0
1 -1 3|0 1 -1 3]0
R, >8R,+7R,|/0 8 0|0 510 1 0/0
Rz—)§R2
R,»4R,-R, |0 O O|0|————=0 0 O0]O
0 0 0|0 0 0 0|0

z=t, y=0, x=-3t
(x,y,z)=t(-30,1)
Bs ={(-3,0,1)} dim(SS)=1
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31. Write the solution to the system AX =bin the form X = X + X, where X, is a solution of
AX =0 and X isa particular solution of AX =b.
2x—3y+4z— w= 6
X+ y—-32+2w=-2
X—4y+7z-3w= 8
4x — y—-27+3w= 2

2 -3 4 -1]6 2 -3 4 -1] 6
R, >2R,—R,
1 1 -3 2|=2 0 5 -10 5 |-10
R, —2R,-R
1 4 7 -3|8 0 -5 10 -5]| 10
R, > R,—2R
4 -1 -2 3|2 |*+———=0 5 -10 5 |-10
2 3 4 -1| 6 1 2 2 23
R, >R,+R,|0 5 -10 5 |-10/R,—>%R |0 1 -2 1|-2
R,>R,-R,J0 0 0 0| 0 |R,—>LR,J0 0 0 00O
00 0 0]0 00 0 00

W=t, z=5, y=25—-t+2, x=s-t
(x,y,z,w)=(0,-2,0,0)+5(1,2,1,0)+t(-1,-1,0,1)

32. Find the standard matrix for T : R* — R?.
a) T rotates a vector through an angle of 60°, then reflects that vector about the line
y = x and then dilates by a factor of 6.

- o THY

b) T projects a vector onto the line y =3x.

The direction vector for the line is 0 =(1,3).
) Ue(X,¥)_. x+3
Thus T (xy) = pro ()= e g =5 1.3) = (e . xn )

1 3
Ergn, m{? }

10 10

33. Find the standard matrix for T :R® - R® .
a) T projects a vector onto the xy-plane.

1 00
[T]={0 1 0
0 0O
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b) T projects a vector onto the plane x+2y+3z =0.

fi=(12,3)
i, = proj, X = %ﬁ - (X, y,z)-(1,2,3)(11213): X+2y+32 (12.3)
fefi (1,2,3)+(1,2,3) 14
= (fx+iy+Ezix+2y+izdx+iy+fz)
W, =X —W,

3 3 3 3 9
XY, 2)—(Fx+iy+3z,ix+2y+3z7,Ex+3y+357)
X

1 3 1 5 3 3 3 5
— Y-S I3y -3z, —gx-3y+527)

13
14
Ergo, [T]=|
o

34. For each of the following linear transformationsT , find
(i) abasis for the range of T
(i) therankof T
(i) a basis for the kernel of T
(iv) the nullity of T

2 -1 3 1
a)[T]=]4 -2 1 3
2 -1 -2 2
2_131RR2R12_131
_) J—
2 1 3R2 ; 0 0 51
%
2 1 2 2|R2RTR g o 51
2 -1 3 1rg+l& 1 3 3 4
R,>R,-R,|0 0 5 1 >0 0 1 2
R, > 2R
0 0 0 0|->2—>2%00 00
If Byger) =1(24,2),(31,-2)}, then B, is a basis for the column space of

[T]. hence is a basis for the range of T. rank(T)=2.
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Solving [T]X =0 givesus w=t
z =1t

[

x <
Il
[N 7 NG

s—=t

Thus X =5(4,1,0,0)+t(,0,4,1
=15(1,2,0,0)-£t(4,0,-1,-5)

Ergo, if B, ={(12,0,0),(4,0,-1,-5)} then B,

space, thus a basis for the kernel of T. nuIIity( )

b) T(X,y,2)=(X+y,X=Yy,X+2,Xx-y—12)

[LIES

er(T is a basis for the solution

)
2.

11 0 1 1 0 11 0
2 2_R1
1 -1 0 0 2 0|R,—>2R-R,|0 -2 0
[T]= R, > R,—R,
10 1 0 -1 1|R,>R,-R, [0 0 2
R, >R,-R .
1 -1 -1 0 2 -1 0 0 -1
1 10 110
0 2 0|R,>%R,(0 1 0
R, =R, +2R,
———210 0 2|R,>1iR, |0 0 1
0 00 000
If Bypger) =1(1112),(1-1,0,2),(0,0,1, 1)} , then B, is a basis for the

column space of [T], hence is a basis for the range of T. rank (T)=3.
Solving [T]X =0 givesus z=0

y=0
x=0
Thus X =0. Hence ker(T)= {f)} , S0 there is no basis for the kernel of T.
nullity (T ) =
c) T:R® — R is a projection onto the vector o =(3,-1,2).
N o Xet o (xy,2)(3-12) 3X—y+22
T(X)=w, = X = = 3,-12)=—"(3,-1,2
(X) = = pro, 0od (3,-1,2)+(3, —12)( ) ( )
=(FX—wy+3izgx+gy-Fz.ix-fy+4z)
5 3 3 9 3 3 1 =4 2
14 7 R —>3R +R1 14 14 7 3 3
[T=|2 & |7 % 1|0 0 0R—%R[0 0 0
DU R, > 3R, -2R, —
3 2 2 0 0 0 00 0

If Byger) ={(£5: 72, 2)}  then B, is @ basis for the column space of [T],

hence is a basis for the range of T. rank(T)=1.
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Solving [T]X =0 givesus z=t

wl= »n

t

[N

y
X=1s-
Thus X =15(1,3,0)-4t(2,0,-3).
Ergo, if B, ={(1,3,0),(2,0,-3)] then B, is a basis for the solution space,
thus a basis for the kernel of T. nullity(T)=2.

ker(T)
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