MATHEMATICS 201-NYC-05
Vectors and Matrices
Martin Huard

Fall 2007
IX - Dot Product
1. Find (i) dev (i) @i (iii) [ii] and (iv) (@ e V)
) ii=(34), v=(2-3) b) ii = (1-23), v =(45-1)
c) ii =(4,0,-35), v=(0,254) d) i = (0., 341) v =(-45122)

2. Find the angle & between the given vectors.

a) ii = (3,4), v=(-473) )i =(1-23), v=(45-1)

c) ii =(4,0-35), v =(-8,,6,-10) d) i =(01-3 41) v=(-45122)
3. Determine all vectors w that are perpendicular to u .

a) ii =(—15) b) i =(3,0)

¢) i =(-112) d) # =(010,0)
4. Find all vectors w that are orthogonal to # and v

a) u=(-122), v=(-12,5) b) @ =(1,0,-3), v=(-111)

c) u=(-1,2,3), v=(2,-4,-6) d) i=(-1321), v=(2,-51-2)
5. Determine whether % and v are orthogonal, parallel or neither.

) i=(3,0), ¥=(LY) ) i=(4,-3), 7=(43)

c) i =(4,0,-3), v=(0,-2,5) d) i=(1-32), v=(-1-1-1)

e) i=(4,-526), v=(-2,%,-1-3)

6. Determine whether the sets in R® are orthogonal and orthonormal.
) {(04.0),(2,0.2).(2,0.4)) b) {(1-2.3),(1.2.1),(3.0.-1)
9 {(3:4:4).(-3.3.0).(3.3.-3))
7. Verify the Cauchy-Schwarz Inequality and the Triangular Inequality for the given vectors.
a) ii =(3,0), ¥=(11) b) ii =(-3,2), ¥=(43)
c)u=(2,22), v=(0,-21)

8. Determine if the triangle ABC is a right triangle, and if so, find where right angle is.
a) 4(1,0), B(2,3)and C(6,0) b) 4(6,5), B(1,3)and C(3,-2)

c) 4(1,2,3), B(-1,-3,2)and C(5,0,5)
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9. Provethatif #, v and ware vectors in R”, then
ue(v+

W)=tiev+iew

(v+

10. Prove that if & and v are vectors in R", then
e e e ] T e

11. Prove that if & and v are vectors in R", then

- 1= . =2 1= =2
iiov="2i+v| —1i-v

12. Prove that the diagonals of a rectangle are perpendicular if and only if the rectangle is a
square.

13. Let ABCD be a parallelogram. Prove that
— 2 —2 —12 —12 —2 —12
4| +[D] = [43] +|Bc] +|cDf +|pA]

14. Find the projection of (i) # onto v (ii) v onto u
a) i = (3,4), v =(2,- ) b) ii =(1,-2,3), v =(45-1)
c)i=(40-35), ¥=(0254) d) i@ =(01-341), v=(-45122)

15. Prove U-AV = A"U-V where 4 is an nxn matrix using the matrix formula for the dot
product.

16. Prove that u(V +w) = ii+v + 1w using the matrix formula for the dot product.

17. Let{, jand k be unit vectors along the positive x, y and z axes of a
rectangular coordinate system in 3-space. If v =(a,b,c) is a nonzero vector,

ZA

then the angles «, # and y between v and the vectors i, j and K,

respectively, are called the direction angles of v, and the numbers cos« , N B
cos 3, and cosy are called the direction cosines of v .

a) Show thatcos e = - ” ” Find cos 8 and cosy .
v X

b) Prove that (cos«,cos 3,cosy) is a unit vector.
c) Show that v =|¥[|(cose,cos B,cosy). Thisis called the polar decomposition of ¥

d) Show that two vectors v; and v, in 3-space are perpendicular if their direction
cosines satisfy cos ¢, cosa, +c0s /3, €os 3, +cosy, cosy, =0.
e) Find the polar decomposition, the direction cosines, and the direction angles for

i =(~/3,0,-1)
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Answers
1. a) i.-6 ii. 25 iii. 5 iv. (-12,18)

b) i. -9 ii. 14 iii. V14 iv. (—36,-459)

c)i.5 ii. 50 iii. 5v/2 iv. (0,10,25,20)

d)i. 12 ii. 27 iii. 3v3 iv. (—48,60,12,24,24)
2. a) 90° b) 111.8° c) 180° d) 70.9°
3. a) #(51) b) #(0,1) ¢) s(110)+#(2,01)  d) »(10,0,0)+5(0,010)+#0,0,01)
4. a) 1(2,1,0) b) #(3,2,1) c) s(2,1,0)+¢(3,0,1) d) s(1,0,0,1)+¢(-13,-5,1,0)
5. a) neither b) orthogonal c) neither d) orthogonal e) parallel
6. a) Orthogonal and orthonormal b) Neither ~ ¢) Orthogonal
8. a) No b) Yesin B c) Yesin A
9. Let i = (uy,up,00tt,), ¥ = (v, vy, v, ) @nd = (wy, w, .0, w, ).

10.

11.

12.

170(17+Vv):(ul,uz,...,un)O(vlerl,vz Wy, +wn)
=u, (v, +w )+ 1, (v, +wy )+, (v, +w,)
= ulvl +M1W1 +M2V2 +M2W2 +...+unvn +I/ann
= (v, + 1, vy + ot v, )+ (W) + u,wy + ot u,w,)
=yev+iuew
|+ 9] +[a —v| =i +)e (i +v)+(@—v)e(@-v)
=yey+2uev+vev+iyey—2iuey+iey
12 ~112
= 2]l + 2]

i+ 5] =i =" =4+ 5)o i +7)— 4 (i~ 7)o (@ - 7)

<! sl

=fUel+sUeV+IVeV—Luei+iev—sVeV
= ﬁ [ ] \_/:
The diagonals are perpendicular if and only if ACeBD =0 B C

AC+ BD = (B + BC) » (BC + CD)

= ABeBC+ ABeCD+BCeBC+BCeCD A D
=0+ ABeCD+BCeBC+0
Since ABCD is a rectangle, 4B L BC and BC L CD
—=—ABe AB+BCeBC Since CD =—AB
— 2 — 12
=-[48] +[5c]

Thus 2155 - Ja5]" +[Bc|" o if and only if HEH _ HB_C'H hence if and only if ABCD is

a square.
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/B /C
A D
2 — — —2 —
[ -

:(@'+B—cf) (42 + BE)+ (BC+ D)o (BC o c7>)

—AB AB+2AB BC+BCeBC+B(Ce BC+ZBC CD+CD CD

13.

‘

=|AB +2HR’ +2A—BOR’+2R’OE

" HC—D

2 — [ —
=|AB| +|BC| +|BC| +|CD +2BCO(AB+CD)

S A — —
=|AB| +|BC| +|AD| +||CD +2BC0(AB+BA)sinceBC:ADandCD:BA

2 2 2 2

14. a) proj.u = (3

T

15. UsAV =(AV
16. is(V+W)=Us(V +W)=(V+W) U=(V"+W" \U=V"U+W'U
=UV +UW =tisv +iiew

17.a o= QOOMle) _ o _ o cos 5=, COSY =
) COSa = i = ool = 4 = B=1 Y=

U=(r'au=v’ (ATU) =AUV

IS}

b) \/cos? @ +cos? B+cos? y = \/H 7 HH +H"H =T a*+b"+c =f =1

(f1:ii) = (i) =
(cosa,,cos 3,,c057,)

c) V] (cosa,cos B,cos y ) = ||

d) v,+¥, =||(cos e, cos B, cos ;)

)|
= [.[|[%.]| (cos e, cos ex, + cos 3, cos B, +cos y, cos y, )
Thus if cos ¢, cosa, + €os S, cos S, +cos y, cos ¥, =0 then v,+v, =0 so v, and v, are
perpendicular.
e) u= 4( ,0,= ) with direction cosines %, 0 and = and direction angles £, Z and 2-
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