
MATHEMATICS 201-NYC-05 
Vectors and Matrices 
Martin Huard 
Fall 2007 

I - Matrices 
1.  Let 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

π

−
=

03
721
532

A .  Find , and . 23a 12a 31a

 
2.  Consider the following matrices. 
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⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡ −
=

100
770
532

A     
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−=

230
013
002

B
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−=

010
012
003

C
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

00
10
01

D

⎥
⎦

⎤
⎢
⎣

⎡
=

100
001

E       
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−

−
=

534
302
423

F
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−=
0
1

3
G ⎥

⎦

⎤
⎢
⎣

⎡
=

10
01

H

      Determine which of these matrices (if any) are 
a) lower triangular  b)  upper triangular  c)  square 

 e)  column   f)  row 

 
3.  Con e owing matrices. 

⎥

⎤

⎢

−3

⎥
⎤

⎢
⎡

−
−

=
24
32

B  ⎥
⎦

⎤
⎢
⎣

⎡
−−

=
342

243
C  

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−

−
=

231
402

215
D  

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−
−

=
112
525
012

E  

     Com
 a) 

d)  diagonal  
g) symmetric 

sid r the foll

⎥⎦⎢⎣ −12 ⎦⎣
⎥⎢= 24A  

⎡−1

     
pute the following (where possible). 

ED +   b) ED − C )   c) 3    d A2  
 e) 

−
ED 42 +   f) CB −3   g) )42(2 DE −−  h) EE −  

k) tr(2 5 )D E i) tr( )D   j) tr( )C   −  l) tr(5 )E  

d
 
4.  Using t trices define  in pute the following. he ma  3, com
 a) TB2    b) A   c) d) 

e) 
CT − DET 32 −   ( )TA TC3  2 −

AB    f) BA    g   h)  CAAC    
 i) )(DEC   j) BCT    k) BD    l) tr( )T TB A C−  

D

⎢
⎡

. 

 m) ) TTT EDE −  n)   o)   p) ( T 2AA D  3D  
 

5.  Consider the matrix ⎥
⎤

=
a

A .  Find 2A , 3A ,  A
b n

⎦⎣0 a
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6.  Find x and y such that 
⎤⎡⎤⎡ 23x

 
⎦⎣

=⎥
⎦

⎢
⎣

⎥
⎦

⎢
⎣− 3

5
46 y

 

 
3 5
2 7

⎡ ⎤
⎢ ⎥

⎣ ⎦ ⎣ ⎦
   b) 

3 2 2 1 2 1
2 3

4 4 5 3 0 3
A

⎥
⎤

⎢
⎡
−

 
7. Solve for A. 

a)
2 2

4
3 1

A
−⎡ ⎤

− =⎢ ⎥ −
− − −⎡ ⎤ ⎡ ⎤ ⎡ ⎤

− =⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦ ⎣ ⎦

 

8. Let A trices.  Prove that 
 a) 

 
 and B be two square ma
tr( ) tr( ) tr( )A B A B+ = +     b) tr( ) tr( )kA k A= ⋅  

 c) tr( ) tr( )AB BA=  (If A and B are 3 3×  matrices.) 
 
9.  Prove that if TAA is a square matrix, then A+  is symmetric. 

2 etric.  b)  Show that IAA 323 2 −+  is symmetric. 

11.  Pro  
b)  2AA

 
10.  Let A be a symmetric matrix. 

a) Show that A  is symm
 

ve that if AAAT , then =
a) A is symmet   ric  =  

ble functions, and the Wronskian matrix ( )W x  defined by 

( ) ( ) ( )
( ) ( )

 
12. Let f and g be ferentia two dif

f x g x
W x

f x g x
⎡ ⎤

= ⎢ ⎥′ ′
 

a)   b

⎣ ⎦
       Find ( )W x  if 

( ) 1f x =  and ( )g x x=  ) ( ) axf x e= nd  a ( ) ( )lng x bx=  

b) ( ) sin 2f x x=  (g x and x=  c) ( )) cos3 1f x
x

=  and ( ) 2

1g x
x

=  

sin
n

 
13. Let A and B be two matrices defined by 

2cos cos
2cos sin si

A
θ θ θ

θ ⎥
⎦

and 
θ θ

= ⎢
⎣

  
⎡ ⎤

B I A= −  

a) Prove that 2A A=  and 2B B=  
b) Evaluate AB and BA. 

 
4. A matrix B is said to be the square root of a matrix A if 21 B A= / 

a) Find two square roots of 
2 2
2 2
⎡ ⎤
⎢ ⎥
⎣ ⎦

. 

b) Find all square roots of 
4 0
0 9
⎡ ⎤
⎢ ⎥
⎣ ⎦

. 
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swers An

 
1.   7, -3, π  
2.   a) B, C, H H   c) A, B, F, H  d) H  
      e) G  None    g) F, H 

3.  a) 
⎤

⎢
⎢
⎢

⎣

⎡ − 22 3 0 2⎡ ⎤

  b) A, C, 
 f)

⎥⎦−143 1 2 3⎢ ⎥
⎥
⎥− 127   b) 3 2 9⎢ ⎥

7
− −⎢ ⎥   c) ⎥

⎤
⎢
⎣

⎡
− 6

6129
 

− −
− 912

     d) 
⎥⎦⎢

⎢
⎢

⎣

⎡

− 24

2

⎥

⎥

⎦⎢

⎢

⎣ 01010
   g) 

⎥
⎥
⎥

⎦⎢
⎢
⎢

⎣ −
−−

20200
5284   

    h
⎥⎦⎢⎣ 000

4.   a) ⎢
⎣

⎡
−6
4

b) 
⎢
⎢
⎢
⎡

−0
20
14

c) 
⎥
⎥
⎥
⎤

−
−−

−

13
448
21311

  d) 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎡

−
−−

−

72
84

011

 e) ⎢
⎢
⎡

fined  g) 2248   h) ⎥
⎦

⎢  

 
⎦⎣

⎡

⎥⎦⎢⎣− 08
 

m) 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−−
−−

−

151211
10161
0301

  n) 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−

−

561
62010
11010

  o) 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−−
−

679
12146
10125

 

 p) 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

− 582725
443014
265137

 

5.   
2

2
2

2
0
a ab

A
a

⎡ ⎤
= ⎢ ⎥
⎣ ⎦

 
3 2

3
3

3
0
a a b

A
a

⎡ ⎤
= ⎢ ⎥
⎣ ⎦

 
1

0

n n
n

n

a na b
A

a

−

⎣ ⎦
⎦

⎥
⎤6 ⎤⎡ − 4618 ⎤⎡ − 16432

⎥−− 48      e) ⎥⎢ − 12824   f) Undefined     

) ⎥
⎥
⎤

⎢
⎢
⎡

000
000

         i) 3        j) Undefined  k) 1  l) 5 

⎥   
⎦−4
⎤8

⎥⎦2
⎥
⎥   
⎤

⎣ ⎦ ⎣

⎥
⎥
⎤

−
−

1616
914

 f) Unde ⎥
⎤

⎢
⎡ − 7163

⎤⎡ − 317

⎢⎣
⎢
⎢
⎡ −

8
1

⎥⎦⎢⎣ −40 ⎥
⎥
⎦⎢

⎢
⎣ 748 ⎣ 1712

⎤− 14537
⎤⎡ −− 52

i) ⎥⎢ −− 49573
  j) ⎥

⎥
⎢
⎢ − 2024  k) Undefined  l) –34

⎡ ⎤
= ⎢ ⎥
⎣ ⎦

 

6.  2
7−=x  4

9=y  

7.   a) 
71

4 4
5 3
4 2

A
−−

−

⎡ ⎤
= ⎢ ⎥
⎣ ⎦

  b) 
5 1
2 2

11 8
A

−⎡ ⎤
= ⎢ ⎥
⎣ ⎦
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8.   a) ( ) ( ) ( )tr( ) 11 11 22 22

11 22 11 22

tr( ) tr( )

nn nn

nn nn

A B a b a b a b+ = + + + + + +…  
a a a b b b

A B
= + + + + + + +

= +

… …

      b) ( )11 22 22tr( ) tr( )nnkA ka ka a a k A= + + + = + + + = ⋅… …  11nnka k a

( )      c) ( ) ( )
( )

( ) )

11 13 31 21 23 32 31 13 32 23 33 33

11 21 12 13 12 21 32 13 31 23 33 33

11 12 21 13 31 21 12 22 22 23 32 31 13 32 23 33 33

)

tr(

AB a b a b a a b a b a b a b

b a b a b a b a b a b a b a b a b a

b a b a b a b a b a b a b a b a b a
B

= + + + + +

= + + + + + + + +

= + + + + + + + +

= )A

 

9.   
T TT T TA A A A A A A A+ = + = + = +  

10.  a) ( ) 2AAAAAAA TTT ===           (since A is symmetric, AAT = ) 

) ( )2

2

3 2 2

3 2 3
3         (since  )

T T T

T

A A I

A A A I
A A I A A A

+

= + −

= + −

a) 

( )T TT T T

A A

11 12 21 12 22 22tr( a b b a b+ + +

( ) ) (11 31 22 22 23 32

( ) (11

( ) ( )T T

( )2A T
=

       b ( )23 3 3
T T T TA A I− = + −   

2 3  is symmetric,  =
11.   A

( )

T

T TA A A A A A A A= = = =
2    since by (a) 

TA A A
AA A A

=

= =

  

)
0 1

=   b) 

12.  a) (
1

 is symmetric

x
W x ⎡ ⎤    b) ( )= ⎢ ⎥

⎣ ⎦

( )ln
1

ax

ax

x

ae
x

e b
W x

⎡ ⎤
⎢ ⎥=   ⎢ ⎥
⎢ ⎥⎣ ⎦

3
os 2 3s

       c) ( )
2c in 3
sin 2 cosx x

xW
x x⎢ ⎥   d)⎡ ⎤

=
−⎣ ⎦

( )
2

2 3

1 1

1 2

x x

x x
− −

W x
⎡ ⎤

= ⎢ ⎥
⎢ ⎥⎣ ⎦

 

13.  a) 

( ) )
( ) )

2 3 3
2

2 2 4

2

2 2 2 2 2

2

cos sin cos cos sin sin cos
cos sin sin cos sin

cos cos sin cos sin cos sin

cos sin cos sin sin cos sin

s co sin
cos sin sin

A

A

θ θ θ θ θ θ θ
θ θ θ θ θ

(
(

4 2

3 3

2 2 2 2

cos sin

co s

θ θ

2

θ θ θ θ θ θ θ

θ θ θ θ θ θ θ

θ θ θ
θ θ θ

⎡ ⎤+ +
= ⎢ ⎥+ +⎣ ⎦
⎡ ⎤+ +
⎢ ⎥=
⎢ ⎥+ +⎣ ⎦
⎡ ⎤

= =⎢ ⎥

 

2 2

⎣ ⎦
    ( )2 2B I A I IA AI A B= − − − + = − − + = −    (since 2A A= ) 

( ) 2 0AI A A A= − = − =  

     2 0BA IA A A A− = − = − =  
−

I A A A I A= =

b) AB A I A= −

( )I A A=

14.  a) 
1 1
1 1
−⎡ ⎤
⎢ ⎥

1 1
1 1
⎡ ⎤
⎢ ⎥
⎣ ⎦

 and 
− −⎣ ⎦

2 0
0 3

  b) 
±⎡ ⎤
⎢ ⎥±⎣ ⎦

 (4 different matrices). 
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