MATHEMATICS 201-NYC-05
Vectors and Matrices

Martin Huard

Fall 2007

Assignment #4
SOLUTIONS

This assignment is due Friday November 23 at the beginning of the class. Complete solutions
are expected.

Question 1 (12 points)
Prove that W = {(s,5,t) s,te R} with the following definitions for vector sum and scalar
multiplication is a vector space. (Verify all 10 axioms!)
(uy,5,Uy)®(v;,5,v3) = (U, +V;,5,u +v; +1)
k ©(uy,5,u,) = (kuy,5,k +ku, —1)

Let 0 =(u,5U;), V=(v,,5,v;) and W= (w,,5,w;) beinW.
L 0@V =(u,5u,)®(v,5V;)=(u+V;,5U;+V; +1) eW
2. GOV =(u+V,,5,U;+V, +1) = (V, +U;,5,V, +U, +1) =V DT
3. U®(VOW)=(u,5U,)® (v, +W,5V,+Ww, +1)
= (U, + (Vv + W, ),5,U; + (v, + W, +1) +1)
=((u,+V, ) +W,,5, (U +V; +1)+w, +1)
= (U, +Vv,,5,U; +V, +1) ® (W, 5,w, )
—(T®V)ew
4 6:0@*:(0 ,5,0+0-u,-1)=(0,5,-1)

5 -i=(-1)ou =( ~1)-u,,5,~1+(-1)-u; —1) = (-u,,5,~u, - 2)

0+ (=)= (uy,5,u,)®(-uy,5-u, —2) = (u, —uy,5,u, —u; —2+1)=(0,5,-1) =0
6. ko(u,5u,)=(ku,5k+ku,—1)eW
7. ko(U+V)=kO(u, +Vv,,5,U; +Vv, +1)
= (k(u,+v,),5,k+k(u, +v, +1)-1)
(ku +kv,,5,(Kk+ku, —1)+ (k+kv3—l)+1)
= (kuy,5,k +ku, —1) @ (kv;, 5,k + kv, —1)
=(kou)e(kov)
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(k+1)u,5,(k+1)+(k+1)u,-1)

(k+hou=(
(kuy +1u,,5, (K +ku, =1) + (1 +1lu, —1) +1)
(
(

ku,,5,k +ku, —1)®(lu,,5,1 +lu, —1)
kot)@(lou)
9. ko(lot)=ko(lu,5,1+Iu,-1)
=(k(lu;),5,k +k (I +Iu, -1)-1)
= ((K1)u,,5,K1+ (K )u, ~1) = (k) O
1)=

10. 100=10(u;,5,U;)=(1-u;,5,1+1-u, 1) =(u,,5,u; ) =0

Il
c

Question 2 (10 points)
For what values of t is the set S = {tx2 + X+ 2, X2 +tX+2,tX% +3x +t} linearly independent?

G, (¢ + X+ 2) + ¢, (X + X +2) + ¢y (X° +3x +1) =0
t 1 t|0 2 2 t|0
1t 3/0|[RoRIL t 3]0
2 2 110 t 1 t|0

R, - 2R, —-R, 2 2 ! 0

R, > 2R, 1R, 0 2t-2 6-t |0

: 0 2-2t 2t-t*|0

2 2 t 0
R, >R, +R,[0 2t-2  6-t |0
0 0 —t°+t+6]0

R —>3R 11 1t |0 c,=0
R,—>s5R, |01 2410 c,=0
R,>—=—RJ0 0 10 c,=0
T— Assuming 2t—2=0 and ~t?+t+6=0
t=1 —(t=-3)(t+2)=0
t=-2,3
Ift=1
then the augmented matrix becomes
2 2 110 11 41 c,=0
R
00 5[0/ %0 0 1 c, =t
RZ_)SRZ
0 0 0|0|———=|0 0 O c, =t

so S is linearly dependent
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Ift=-2
then the augmented matrix for t = -2 becomes
2 2 =210 11 -1|0
R, —»> 1R,
0 6 810 01 #41|0

R, > 2R
0 0 O0|0[>—2=200 0]0

and the solution is ¢, =t, ¢, =4t, ¢, =—3t, so S is linearly dependent

for t =3 the augmented matrix for becomes

2 2 310 11 210
R,—> 1R,
0 4 3|0 510 1 210

00 0/0[-—%20 0 0]0
and the solution is ¢, =t, ¢, =2t, ¢, =32t, so S is linearly dependent

Ergo, if t#—-2,1,3 then Sis linearly independent.

Question 3 (20 points)
Let W ={p(x):p(x)eP,, p(3)=0} and U ={p(x): p(x)eP, p(2)=0, p(-2)=0}.
a) Show that W and U are subspaces of P,.
ForW: p(x)=x-3eW since p(3)=0 and p(x)e P,, thus W is nonempty.
Let p(x)eW and gq(x)eW . Then p(3)=0 and q(3)=0.
1. p(x)+q(x)eW since p(3)+q(3)=0+0=0.
2. kp(x)e since kp(3)=k0=0.
Thus W is a subspace or P,.
For U: p(x)=x’-4eU since p(2)=0, p(-2)=0 and p(x)eP,, thus U is
nonempty.
Let p(x)eU and q(x)eU. Then p(2)=0, p(-2)=0, q(2)=0,
q(-2)=0.
1. p(x)+q(x)eU since p(2)+q(2)=0+0=0
p(-2)+q(-2)=0+0=0
2. kp(x)e since kp(2)=k0=0 and kp(-2)=k0=0.
Thus U is a subspace or F,.

b) Find a basis and the dimension for W.
Let p(x)=a+bx+cx* +dx’ eW

Then p(3)=a+3b+9c+27d =0
Letd=t,c=s and b=r, then a=-3r-9s-27t
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Thus p(x)=(-3r—9s—27t)+rx+sx* +tx’
= r(—3+x)+s(—9+ x2)+t(—27+x3)
Hence if B, ={—3+ x,—9+x2,—27+x3} , then W =span(B,).
Verifying independence:
By =C,(-3+X)+¢, (-9+X°)+cy(-27+%°)

0 0 110 1 0 010
0 1 010 0 1 010
R ©R,
1 0 0 |00 0 10
-3 -9 2710 -3 -9 2710
1 0 010 10 010
R—>R+3R10 Lo 0R—>R+9R01 010
A 0 0 1 |0|]4————200 110
0 -9 2710 0 0 2710
1
0 0]0 c. <0
R—>R+27R0100 c,=0
4 4 30 10 2
c,=0
0 0 0]0

Hence B, is linearly independent, thus B,, is a basis for W and dim(W ) =3.
¢) Find a basis and the dimension for U.
Let p(x)=a+bx+cx*+dx’ eW .

We have p(2)=a+2b+4c+8d=0
p(-2)=a—-2b+4c-8d =0

1 2 4 810 1 2 4 8|0
R, >R, -R
1 -2 4 8|0)————|0 -4 0 -16|0
1 2 4 8|0
R, >R,
—|0 1 0 4]0

Letd=t, c=s,then b=-4t and a=-4s
Thus p(x)=—4s—4tx+5x* + 0 = s(-4+x* )+t (-4x+X°).

Hence if B, ={-4+x*,~4x+x"}, then U =span(B,) and since B, is linearly

independent (two nonparallel vectors), B, is a basis for W and dim(U)=2.
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d) Is q(x)=2x>-6x*—-8x+24 an element of W ? If yes, find the coordinates of q(x)

relative to the basis found in (b).
¢, (—3+X)+C, (~9+ % )+ (—27+x°) = 2X° —6X* —8x+ 24

0 0 1|2 1 0 0 |-8
0 1 0 |-6 0 1 0 |-6
R <R,
1 0 0 |-8 0 0 1|2
3 -9 27|24 3 9 27|24
1 0 0 |-8 10 0 | -8
R, >R, +3R 0 1 0 )6 R, >R, +9R 01 016
4 4 0 0 1 4 4 210 0 1 2
0 -9 27|10 0 0 —27|-54
1 0 0|-8
c,=2
R, >R, +27R 0 0)-6 c, =6
4 4 2 0 11 2 2
c,=-8
0000

Hence g(x)eW and (q(x))aN =(-8,-6,2)

e) Finda basis for W nU and determine the dimension of W nU .
p(3)=a+3b+9c+27d =0

p(2)=a+2b+4c+8d =0
p(-2)=a—-2b+4c-8d =0

1 3 9 2710 1 3 9 270
R, >R, R,
1 2 4 810 0 -1 -5 -1910
R, »>R,—R
1 -2 4 -8]0 0 5 -5 -35{0
18 9 27|0], o 3 9 27|0
R, >R,~-5R,|0 -1 -5 -19|0| ° 10 1 5 1910
R3 %%RS
0 0 20 60 |0|—>"22/0 0 1 3|0
d=t
c=-3t
b=—4t
a=12t

Thus p(x) =12t - 4tx—3tx* +tx° =t (12— 4x—3x* + x°).

Hence if B, ={x’-3x’+4x-12}, then W U =span(B,,) and since
By By is linearly independent (only one vector), B, is a basis for WU
and dim(W nU ) =1.
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f) Is g(x)=2x°-6x*-8x+24 an element of W nU ? If yes, find the coordinates of
q(x) relative to the basis found in (e).
q(x)=2x° —6x* —8x+24 =2(x* -3x" + 4x-12)
Hence q(x)eW nU and q(x)BWmU =(2)

Question 4 (8 points)
Let {V,,V,,V,} be an orthonormal basis for R®.

Since {V,,V,,V. } is a basis for R®, then
W =V, +C,V, +C,V,
We have WeV, = (C,V, +C,V, +C,V; )+V,

—C1V°V +CV°V +C;V5eV,

A
=c,(1)+c,(0)+c,;(0) Since the basis is orthonormal
=c

WeV, = (C,V, +C,V, +C,Y; )V,
=C,V,*V, +C,V, eV, +C,V, eV,
=¢,(0)+c,(1)+c,(0) Since the basis is orthonormal

:C2

=c,(0)+c,(0)+c, (1) Since the basis is orthonormal
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