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IV - Continuity
SOLUTIONS

1. Examine the continuity of fat x=a. If f is discontinuous at x=a, state the kind of
discontinuity.

X’ —x-6 23
a) f(x)=1 x-3 at x=3
5 x=3
1. f(3)=5
) x'—x-6
2. lim f(x) =lim=——
) M(x+2)
=Li£1}(x+2)
=5

3. lim £ (x)=5= £ (3)

Thus fis continuous at x =3.

X +x—6 L3
b) f(x)=1 x-3 at x=3
5 x=3
1. f(3)=5
. . X +x-6
2 mflx)=lm——— x<3
= -0 case £
. . X +x-6
lim f(x)=lim == x>3
=0 case &

Thus lxiir31f(x) A

Hence f* has an infinite discontinuity at x =3.



Math NYA IV — Continuity - Solutions

xXX—x—6 3
c) f(x)= x-3 ¥ at x=3
3 x=3
1. f(3)=3
. xX"—x—6
2 lxlilgf(x): x—3 x_3

:1)(1{)1} /&/3 x¢3

3. lin}f(x):5¢f(3):3
Thus f'has a removable discontinuity at x =3.

x’+1 x<2
) /) {3x—4 x>2 o
1. f(2)=2"+1=5
. _ . 2 . _ . _
2. }Lrglf(x)—xhgl(x +1) x<2 }lglf(x)—}l_gl@x 4) x>2

~lim f(x) A

Thus f'has a jump discontinuity at x =2.

4+x x<l1
) f(x):{x2+4 x>1 at x =1
1. f(l):12+4:5
2. )lci_rﬁf(x):)lci_r)?(4+x) x<l1 }ij{lf(x)zlij}l(x”“) 1
=5 =5

lxiirllf(x)=5
3. limf (x)=5=£(1)

Thus fis continuous at x =1.
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Math NYA

[x—3]
3 x<3
D ()=
x=>3
x—4
1. f 3):L:—1
3-4
x—3 x—3
= lim
x—3"
= lim -1
x—3"
=-1
i ()=

Thus f'is continuous at x =3.

3+x? x<2

g) f(x)=4 0 x=2

11-x* x>2

2. lim f(x)=1lim(3+x*) x<2

1. f(2)=0
x—> :x7—>
~lim f(x) =7

x—2

3. limf(x)=7%# f(2)=0

at x=3

at x=2

IV — Continuity - Solutions

x>3

lim £ (x) = lim

x—3" x—>3" x —

lim f(x)=lim (11-x") x>2

x—2" x—2"

=7

Thus f'has a removable discontinuity at x =2.
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[x]] x<4
h) f(x)=4x>-5x+4 at x=4
— x>4
x—4
1. f(4)=[4]=4
. . x—5x+4
2 lim S (x)=liml4a]x<d i ()= im— g x>
B :hmM(x—l)
x—4" M
=ip ()
=3

- lim £ (x) =3
3.0 limf(x)=3#f(4)=4

Thus f'has a removable discontinuity at x =4.
iy f(x)=[1-x]+[x-1] at x=1
1. f(1)=[1-1]+[1-1]=0+0=0
2. lim f(x)=lim([1-x]+[x-1]) x<1

x—1" x—1"
=0+(-1)=-1

lim f (x) = lim ([1 - x]+[x—1]) x>1
=-1+0=-1

clim f(x) =-1

3, géf(x) = 1% £(1)=0

Thus f'has a removable discontinuity at x =1.

Fall 2011 Martin Huard 4



Math NYA

IV — Continuity - Solutions

2. For each of the functions f whose graph is given below, find the points where f is
discontinuous and state the type of discontinuity and find the intervals on which f is
continuous.

a)

b)

Fall 2011
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NTIEAN

4] 2
_2—- -
-4
Since lim f (x) = —0, then f'has an infinite discontinuity at x = -3.
x—>-3"
Since lim f (x)=2# f(-1)=1, then fhas a removable discontinuity at x =—1

Since lim f(x =—1# lim f(x) =1, then f'has a jump discontinuity at x =2
x—>2"

x—27
Since lirgg f(x)=2= lirg /(x)=3, then f'has a jump discontinuity at x =3
Since lirgg f(x) =2= f(3) , then f'is continuous from the left at x =3
Ergo, f is continuous on (-0,-3),(=3,-1),(-1,2),(2,3],(3,)

31y

i}

2%

2 R 1 2 3

-1 »

21
Since lim f(x)=—o, then fhas an infinite discontinuity at x =-1.

x—>—1"

Since lim f (x) =0, then f'has an infinite discontinuity at x =1

x—1

Since lim f(x) =1# lim f(x) =2, then f'has a jump discontinuity at x =2
x—2" x—2"

Since lim f(x) =2= f(—l) , then fis continuous from the right at x =—1
x—>-1"

Ergo, f is continuous on (—o0,—1),[-11),(1,2),(2,)
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3. Discuss the continuity of the following functions. If the function is discontinuous at a point,
state the kind of discontinuity.

2
X +x—6
a) f(x)=—
(="
The function f (x) is a rational function, thus is continuous on its domain
R/{-2,2}.
At x=-2,
. X" +x-6 ,
lim ————=-00 case ¢
-2 x° =4
. X" +x-6 ,
lim ———=o0 case 2

x—-2" xz —4

So /" has an infinite discontinuity at x = —2.
At x=2,

. X +x—6 (x+3)M
lim > =lim
x—2 X _4 x—2 M(x+2)

. x+3
=lim

=2 x+2

_s
4

So f has a removable discontinuity x =2.
Hence fis continuous on (—o,-2), (=2,2) and (2,) with a removable

x#2

discontinuity at x =2 and an infinity discontinuity at x =-2.

b) f(x):l+L+ !

x x—1 x*-1

The function f(x) is the sum of three rational functions, 1 which is continuous

on its domain R/{0}, -L; which is continuous on its domain R/{1} and !

x2-1
which is continuous on its domain R/ {—1,1} . Thus f (x) is continuous on
R/ {—1,0,1} )
At x=-1,

ol

1 1 1 1
lim f(x)= lim| —+ + =—24+ lim =00 case
x—H’f() x—»l(x x—1 xz—lj ? 21

Il
|
o
oo
72
(¢}
ol

lim f(x)= lim (1+L+ 1 j:—%+ lim

x—o—1" -1\ x x-1 x" -1
So /" has an infinite discontinuity at x =—1.
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At x=0,

limf(x):lim(l+L+ 21 J:Iiml—zz—oo case
x>0 —o\lx x—=1 x"-=1 x=0" x

ol

ol

limf(x):lim(l+ LI jzliml—zzoo case

x—07 —otly x—1 x2-1 x>0 x
So f has an infinite discontinuity at x =0.
At x=1,

. . 1 1 1 .ox+1+1
Iim f(x)=lim| —+——+ =]+ lim———— = - case
x»l’f( ) x»l(x x—1 xz— J 2 1

ol

ol

. . 1 1 1 .ox+1+1
lim f(x)=lim| —+ + =]l+lim———=w case
x~>l+f( ) X~>1+(x x_l x2_ j 2 l

So f has an infinite discontinuity at x =1.
Ergo, fis continuous on (—0,~1), (=1,0), (0,1) and (1,00) with infinity
discontinuities at x =0, £1
3 1
) f(x) VX +1
The function f (x) is continuous on R since it is the composition of two

continuous functions, Pt a rational function continuous on its domainR , and
xX°+

. L . . 1
Jx the square root function which is also continuous since —; . >0 for all
X"+

values of x.
b) f(x) :‘xz +2x+1‘
The function f (x) is continuous on R since it is the composition of two

continuous function on R, x* + 2x + 1, a polynomial continuous on its domain R
, and |x| the absolute value function also continuous on its domain R .

—x2 —x=6 x#3
e) f (x ) = x-3
3 x=3
2 —_— —
On R/{3}, f(x)= x—x36 which is a rational function, thus continuous on its
v

domain R/{3}.
At x=3
1. f(3)=3

Fall 2011 Martin Huard



Math NYA IV — Continuity - Solutions

B TEE

3. £1£r31f(x):5¢f(3):3
Thus f'has a removable discontinuity at x =3.
Ergo, fis continuous on (—00,3) and (3,00) with a removable discontinuity at

x=3
2x x<1
x°+1
N f(x)=
1
x>1
x-=5
On (—00, 1) , f (x) = 2x which is a rational function, hence continuous on its

x +1
domain R, thus continuous on (—oo,l) .

1 D ) ) ) )
On (l,oo) , f (x) = —5 which is a rational function, hence continuous on its
x —

domain R/{S} , thus continuous on (1,5) and (5,00).

At x=5
Iim = lim =—oo case 2
x—5" f (x) x=5 x — 5 0
lim = lim =0 case £
Hs*f(x) -5t x =5 0

s lim f (x) A

Thus f'has an infinite discontinuity at x =5

At x=1
1 1
Lof()=g—==
S=77=3
2 (=t e i ()=t oo
=1 =3

s lim £ (x) A

Thus f'has a jump discontinuity at x =1, but since lim f (x) =

x—1"

=
Il
~
—~
p—
N—
\:—P
=
(@]
=
~

is continuous from the left at x =1.
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Hence f'is continuous on (—00,1] , (1,5) and (5,00) with a jump discontinuity at

x =1and an infinite discontinuity at x =5.

2) f(x)={x -1 x<3

2x+2 x2>3

On (—,3), f(x)=x*—1 which is a polynomial function, hence continuous on
R , thus continuous on (—00,3) .

On (3,0), f(x)=2x+2 which is a polynomial function, hence continuous on

R , thus continuous on (3,00) )

At x=3
1. f(3)=2-3+2=8
. _1: 2_ ] — 1
2. lim f(x) = lim (x* 1) x<3 lim /(x) = lim (2x+2)  x>3

=8 =8
£1£131f(x) =38
3. . 1x1£1}f(x) :8:f(3)
Thus f'is continuous at at x =3.

Hence fis continuous on R .
3x+1 x<-2

h) f(x): x* =1

X

x=>-2

On (—,-2), f(x)=3x+1 which is a polynomial function, hence continuous on

R , thus continuous on (—00,—2).

2

which is a rational function, hence continuous on its

On (-2,), f(x)==
domain R/ {O} , thus continuous on (—2,0),(0,00).

At x=0
. . x =1 b
lim £ (x)=lim = case £
x—=0" x—=0" X
x' -1
lim £ (x)=lim =—00 case 2

x—0" x—=0"  x
Thus f'has an infinite discontinuity at x =0
At x=-2

Log(2)=t 2
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Math NYA
2. lim f(x)=lim 3x+1) x<-2 lim f(x)=lim £ x>-2
x—>-2" x—>-2" x—>-2" x—>-2"
—_5 =2
~lim f(x) A
Hence /" has a jump discontinuity at x = -2
Since lim f (x) =3=f (—2) , then /" is continuous from the right at x =-2
x—>-2"
Ergo, fis continuous on (—00,—2),[—2,0),(0,00) with a jump discontinuity at
x =-2 and an infinite discontinuity at x =0
2
x2 +; x<0
. X+
) f (x) =17
x4
> x>0
X" =2x

2 . . . . . .
On (—oo,O) , f (x) = "2—1‘2‘ which is a rational function, hence continuous on its
X

domain R, thus continuous on (—O0,0).

2 . . . . . .
On (0,00) , f (x) = "2—*24 which is a rational function, hence continuous on its
X —ZX
b

domain ]R/{O,Z} thus continuous on (0,2),(2,00).

At x=2
. . x4
tim/ () =m0,
—-2)(x+2
o (2)(+2)
2 x(x—2)
Sim¥2 a2
=2 x
=2
Thus f'has a removable discontinuity at x =2
At x=0
1. f(0)=34=2
2 fim/flx)= ;i w0 i sG)=jimss #>0
=2 =0 case 2

~lim f(x) A
Hence f has an infinite discontinuity at x =0
Since lim f(x) =2= f(O) , then /" is continuous from the left at x =0
x—0"

Ergo, fis continuous on (—00,0],(0,2),(2,00) with an infinite discontinuity at x =0

and a removable discontinuity at x =2.
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1

5 x <1
X+
D Sf(x)=
\/;_2 x>1
x—4

2 . . . . . .
On (—oo,l) , f (x) = "2—:‘2‘ which is a rational function, hence continuous on its
X

domain R/ {—2} , thus continuous on (—oo,—2),(—2,1) .

At x=-2
lim f(x)= lim =—w case £
x—>-2" f( ) x>2" x+2 0
lim f(x)= lim =0 case L
x—-2" f( ) x—>2" x+2 0

oo lim
x»—Zjn(x) Zg
Thus f'has an infinite discontinuity at x =—-2
On (l,oo) , f (x) =24 which is a rational function, hence continuous on its

x?-2x

domain R/ {4} , thus continuous on (1,4),(4,00) )

At x=4
lim £ (x) = lim Y2 2. VX *2
x—>4 -2 x—4 Jx +2

Thus f'has a removable discontinuity at x =4

At x=1
L f(1)=s-4
2. lim f(x)=limzs  x<0 lim £ (x) = lim £ x>
-1 =1
3 3
Slimf(x)=1

x—3
5 i (9)=4=1()
Hence f is continuous at x =1
Ergo, fis continuous on (—0,-2),(~2,4),(4,%0) with an infinite discontinuity at

x =-2 and a removable discontinuity at x =4 .
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al x< -1
x—1
k) f(x)=4vx+1 -l1<x<4
210,
x =T7x+10

X S ) ) ) )
On (—oo,—l) , f (x) = —1 which is a rational function, hence continuous on its
x p—

domain R/{1}, thus continuous on (—o0,—1).

On (—1,4) , f (x) =+/x+1 which is the composition of a root function and a

polynomial, thus continuous on its domain [—1,00) , thus continuous on

(-1,4).

On (4,»), f(x)= 22)(?;10 which is a rational function, hence continuous on
x"=T7x+10
its domain R/ {2,5} , thus continuous on (4,5) and (5,00).
At x=5
2x-10
lim f(x) =lim——
x—)Sf( ) x5 x2_7x_10
2
= lim M
x5 (x - Z)M
=lim xX#5
x5 x — 2
_2
3
Thus f'has a removable discontinuity at x =5
At x=-1
-1 1
1 -1)=——-=—
/(=1) -1-1 2
2. lim f(x)= 1imil x<-1 lim f(x)=lim Vx+1 x>-1
x—>-1" x—>-1" x — x—>—1" x—>-1"
-1 =0
2
fim f (x) 2

Thus f'has a jump discontinuity at x =—1, but since lim f(x)=%= f(-1),

x—>-1"
then f'is continuous from the left at x =—1.
At x=4

L f(a)=24=10

£_7.4410
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. : : : 2x-10
2 fimf()=lipVasl x<d im0 e
-3

=1
“lim f (x) A

Thus f'has a jump discontinuity at x =4, but since li

IBf(x)zlzf(4),thenf

X—>

is continuous from the right at x =4.

Hence f'is continuous on (—o0,~1], (-1,4),[4.5) and (5,0) with jump
discontinuities at x = —1,4 and a removable discontinuity at x =5.

1
> x<-1
X +2x
1) f(x)z 2# -1<x<1
x=x-2
x2=3x+2
_ x>1
x-1
On (—00,—1), f (x) =— ! 5 which is a rational function, hence continuous on
X +2x
its domain R/ {—2,0} , thus continuous on (—oo,—2) and (—2,—1).
At x=-2

lim f(x)= lim

= casc

ol

x—>-2" x—>-2" x2 +2x
. L B .
lim f (x)= lim =—o0 case £

x>2" x* 4 2x
o lim f(x) A
Thus f'has an infinite discontinuity at x = -2

On (-L1), f(x) =2#2

which is a rational function, hence continuous on
X —x—

its domain R/{-1,2}, thus continuous on (-11).

2
On (1,00), f(x) —%

which is a rational function, hence continuous on

its domain R/{1}, thus continuous on (1,20).
At x=-1
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. . 2
Jim ()= Jim o x>
=0 case 2
s im f(x) A

x—-—1

Thus f'has an infinite discontinuity at x =—1, but since
lim f(x) =—1= f(—l) , then f'is continuous from the left at x =—1.
x—>-1"

At x=1
2
L f()=g—7—==-1
2_
2 im0 =lin el (=l e
=1 —2
]
x—1" )’.f//l
:)1(1_1)’11}()6—2)
=1
~im f(x) =-1

x—1
3. lxigrllf(x):—lzf(l)
Thus fis continuous at x =1.
Ergo, fis continuous on f'is continuous on (—o,-2), (—2,—1] and (—1,%0) with

infinite discontinuities at x = —-2,—1.

2
x2 16 <0
X" +4x
m) f(x)= # 0<x<3
x° =9
1-2
x“+2x-15
2
x° =16 C . . . .
On (—00,0), f (x) =— p which is a rational function, hence continuous on its
X" +4x
domain R/ {—4,0} , thus continuous on (—oo,—4) and (—4,0).
At x=—4
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=2
Thus f'has a removable discontinuity at x =—4

On(Q3LufU)=i§;%§z

domain R/{-3,3}, thus continuous on (0,3).

which is a rational function, hence continuous on its

1_2
On (3,%), f(x)=——=+—— which is a rational function, hence continuous on
x“+2x-15
its domain R/{-5,3}, thus continuous on (3,%).
At x=0
Lof(0)=S2 =5
x> 16
2. lim f(x)= lim x<0
x—07 f( ) x> x“ +4x
=00 case 2
lim /£ (x)= lim Y122 oo
x—0" =1 x° =9

—1

~lim £ (x) A

Thus f'has an infinite discontinuity at x =0, but since lim f (x) =5=f (0) ,

x—0"
then fis continuous from the right at x=0.
At x=3

1. f(3) A
) limf(x)_lim\/)c+1—2_\/x+1+2
S 3 x> =9 Nx+1+2

= lim x-3

=5 (x=3)(x+3)(Va+1+2)

= lim

1
¥23 (x+3)(\/m+2)

24

Fall 2011 Martin Huard 15



Math NYA IV — Continuity - Solutions

3

lim f(*)=lm 5 oo ¢
= fim— X3
x—3" x(x+5)(x—3)
1

<t x(x+5)

=L

24

s lim £ (x) =5
Thus f* has a removable discontinuity at x =3.
Ergo, fis continuous on (—oo,—4), (—4,0),[0,3) and (3,00) with a removable

discontinuities at x =—4 and x =3, and an infinite discontinuity at x=0.

4. Find all values of @ and b that make f(x) continuous on R, where

3x—a x<-1
f(x)=4x"+1 —1<x<2
b x>2

On (—0,—1), f(x)=3x—a which is a polynomial function, hence continuous on its
domain R, thus continuous on (—oo,—l).

On (-1,4), f(x)=x"+1 which is a polynomial function, hence continuous on its
domain R, thus continuous on (-1,2).

On (2,»), f(x)=>b which is a polynomial function, hence continuous on its domain R

, thus continuous on (2,)

At x=-1
1. f(-1)=-3-a
. _ . _ _ 1 p— 3 2 p—
2. xlir_l}*f(x)_xlir_l}@x a) x<-1 xlir_I}f(x)—xlir_l}(x +1) l<x<2
=-3-a =2
If Xgrfll,f(x):xl_lgkf(x)’then -3-a :25
a4=—

3. nlim f(x)=-5=f(-1)
Thus fis continuous at at x =—1.
At x=2

1. f(2)=b
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. T 2 _ . — 1
2. thlf(x)_xlggl(x +1) l<x<2 }E?f(x) lim b x>2
=5 =b

If lirgf(x): lirg f(x), then b =5
3. .'.£i5121f(x):5:f(2)

Thus fis continuous at at x=2.
Ergo, fis continuous on R if a=-5 and b=5.
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