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VIII — Differentiability and Chain Rules

1. Show that the function is differentiable at the given point by finding values of &, and &, that
satisty the definition.

a) f(x,y)=xy+3x2 at (2,3) b) f(x,y):xy2 at (a,b)
2. Find% or ﬂ
dt dt
a) z=x"y —x"+xy* x=t"and y=¢
b) z=4y" —x x=cost and y=sint
c) z:ln(2x3+y2) x=t£ and y=+t att=5
d) w=x"yz* x=te', y=te' and z=1
3. Find % and %
ou ov
a) z=x"+3xy-2y’ x=u’v and y=u’ +1*
b) z=¢"sind r=uv and @ =+u’ +v’
c) zzarctan(f) x=+uv and y==*
d) z=ln(x+tany) x=sinucosv and y=arctan(u+v) atu==F,v==%
e) z=6wxy’ w=uv, x=u+2v and y=u’v’
4. Find %, % and % where z=ef, X=uv+t, y=u’—vt.
ot ou ov
., Ow ow ow ) 5
5. Find 2 o and ™ where w=5xyz", x=2u+3v+4t, y=uvt” and z=u—vt when
t u vV

u=-1,v=-2and t=1.

6. Find Z—W, % and o where w=x"+)"—z>, x=psingcosd, y=psingsind and
0

zZ=pCcosq.
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Use the formula seen in class to find %
X
a) X’y =2xy=x"+y’ b) sinxcosy =sin(xy)
c) xz+)cy+y2:(x2+yz)2
Flnd%and@
ox oy
a) X'+ +z° =3xyz b) xy:ln(y+z)
c) xz+yz=(x+z)2
For (x+y)2:( ) ﬁndﬁandﬁ.
oy 0z
For x+2y+3z=u’ -V’ ﬁnda— and 6_u
ox oy
.For x=y" and x’ =z, ﬁndd—and£
dx dx
For x’+y*—z*=1and x+y+z=1, ﬁndd—and%
dy dy
For z=x"—y* and x*+ > +z* =1, find — d and — & at the point (ﬁ —ﬁ,O)
dz dz
For x’u+2v=y* and 2yu® —x** =3x, ﬁda—u 8_u,8v d@
ox’ Oy oOx oy
For x=rcos@ and y =rsiné, ﬁnd@ @ % d%
ox’ oy ox oy
For x+y=u+v-w, 2x—y=3u+4v and 5y =5v+2w, ﬁnda—u 8_w v 8w.
o’ 8y oy
For x=¢"cos@, y=e"sin@, z=te", ﬁd@ % o 8t.
ox 8y 0z
For x> +y” =uv and x> = y* =u+v, ﬁnda—u ﬁ 8_u Q
ox’ ou’ Oy Ou
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20.

21.

22.

23.
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If fis a differentiable function of two variables and w= f (ay—x,x—ay), where a is a
constant, prove that
ow ow
a—+—=0
ox Oy

Let w=f (x, y) where f'is a differentiable function. If x =rcosé and y =rsin@, show that

2 2 2 2

(awj ow (8wj 1 (awj
) | — |+ — | =|=—| +=| =
ox oy or r-\ 06
o*w 0w B w1 0w 16_w

b + = +— +—
)ax2 o or' oo ror

Show that a function of the form z = f (x + at) + g(x - at) is a solution to the wave equation
0’z s 0’z

?—a PR Hint: Let u=x+at and v=x—at.
t X

Suppose that z = f(u) and u = g(x,y) .
0’z dz du _d’z (8_uj2
x> duox®  du’\ ox

a) Show that

2

b) Find a formula similar to the one in (a) for a—f .

2

¢) Find a formula similar to the one in (a) for .
Ox0y

The height of a right circular cylinder is increasing at the rate of 3 cm/min, and the radius is
decreasing at the rate of 2 cm/min. Is the volume increasing or decreasing at the instant the
height is 5 cm and the radius is 6 cm?

The equation of a perfect gas is PV =kT, where V is the volume, 7 the temperature in
degrees Kelvins (K), P the pressure and k a constant. At a certain time, a sample of gas is
under a pressure of 50 000 Newtons per square meter (N/m?), its volume is 0.02 m’, and its
temperature 300 K. If the pressure is increasing at a rate of 1200 N/m?/min and the volume
is decreasing at a rate of 0.001 m>/min, find the rate at which the temperature is changing.
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ANSWERS

a) One possible answer is to have & =3Ax and ¢, = Ax.

b) One possible answer is to have & =2bAy and &, = aAy + AxAy .

13 12 3 sinzcos 12 _
2. a) 147 +13% —4¢ b) et c) + d) *(13-¢t)e”
3. a) %=2(2x+3y)uv+2(3x—4y)u b) & =ve' sin @+ 1wl
%:(2x+3y)u2+2(3x—4y)v & = " sin 0 4 et
©) %:% =2 e) Z=6xy"v+6wy +54wxy’u’V’
oz _ 24244 & 3 3 23
o by = & =6xyu+12wy” +36wxy u'v

o Z(xz +y? )u\/;

4 ¥ 2
4 & _ Y()"*‘)‘V ) & e (yv—2oxu) o _ e (yu+2xvt)
° ot yz ou yz o yz
Qv =-200 =20 =130

=2xsingcos@+2ysingsin@—2zcos @

a_
ow
o9

2xpcosgcosf+2ypcosgsin@d+2zpsing
2= _2xpsingsinf+2ypsingcosd

7 a) 2x+2y-2x)° ) cosxcos y—ycos(xy) ) 433 44x2 2x—y
: 3x2y2—2x—3y2 sinxsiny+xcos(xy) x+2y—4x2y—4y3
0z _ 3yz—2x Oz _ 3xz-2y 0z _ 4,2 oz _
8' a) ox ~ 2z-3xy° oy  2z-3xy b (’7’x—y +yZ7 ay—xy+XZ 1
Oz _ -z Oz _ Y
C) ox ~ x+z® Oy x+z
Ox _ X7V  Ox _ —x+z Ou — 1 ou_1
9. T ytz 0 & ytz 10. x T 2w Oy u
d_ 1 d_ dx _ Zy=z dz _ yox
11 dx — 2y dx_2x 12 dy — x+z ° dy ~ z+x
N2 N2
13. 57,
14 u . 2Xuw+2x0° 43 ou 4x2y3v-2u? v —2x32 -3x% —8xyu® v _ *2u? +8uy*
oo T x4v+4yu >y T X4v+4yu > T 2x4v+8yu >y T i v+4yu
or _ or _ o1 060 __ —sind 060 __ cosb
15. &£ =cosf, ¢ =sinf, ¢==1F, L=
16, =6 ow_=5 v _23 ow_ =25
c T By 130 v 13
17. £=e"cos@. &L=—e"sind, LL=~te"sind, L =e"’
18 ou _ 2x(u—1) Ox _ v+l ou _ 2y(1+u) Q _ vl
*ox T wu—v > ou 4x° o~ v-u ° ou 4y
19. Let w= f (u,v) where u=ay—x and v=x—ay.
Ow _ 0w u 4 Owdv — _ 0w 4 Ow Ow _ OwOu 4 Ow v — 40w __ 40w ow 4 ow
Then 4 =20o+2e o ou T ov anda oy Tovay = G a@v’thusaax_l—@y_o
2
622 _ dz u d z [ Ou dz o d’z Ou Ou
19b 8y du32+ (8}/) C) ﬁx&y du(';fyax_l—dz ox oy
3 . _ .
20. Decreasing at a rate of 127 cm’/min 21. =2 K°min
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