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—

. Use the definition of a limit to prove the following statements.
a) lim(3x’—4x+1)=5 b) lin}(x/;+x)=6 ¢) lim+v9—x> =0
x> x— x—3"

2

1-x
d) lim = —00 e) lim =1 lim(x*+x)=o0
) =27 x =2 )x—>—oox2+1 f) x_mj( )
X
Iim———=w h) lim(x* =5x)=a*-5a
) =3 x? +6x+9 )x—m( )

2. Use the definition of a limit to show that the following statements are false.

a) lm(x*—x+1)=2 b) lim—— = oo
) x—>3( ) ) x—>-1 x 41
2
¢) lim——=1 d) lim(x—x")=o0
x~>oox+1 x—®

¢) lim f(x)=5 where f(x)z{xz <2

x27 T—x x=2

3. Use the formal definition for continuity to prove the continuity of fat the given point.

a) f(x)=2x"+3x-4 at x=-1 b) f(x):2 at x=2
X

2

4. Show that the following functions are discontinuous at the given point.
2x+1 ifx<-2 =3 ifx<3

a) f()c):{x_2 sy at x=—2 b) f(x):{x" 3 at x=3

if x >

5. Show that the functions f (x)=—= is continuous everywhere for x>0.

-

6. Consider the curve given by ?(t) = (t,%,\/;).

a) Evaluate limF(t).

t—9
b) Evaluate [7(¢)dt.

c) Find the unit tangent, normal and binormal vectors at ¢ =1.

d) Find the equation for the tangent line, the normal plane and the osculating plane, at

t=1.
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7. Consider the curve given by 7(¢)= (et —t,\[7e" 3¢ ) .

a) Find the arc length of the graph of F(t) fromt=0tot=1.

b) Find the curvature at 1 =0

¢) Find the unit tangent, normal and binormal vectors at t =0.

d) Find the equation for the tangent line, the normal plane and the osculating plane, at
the given point.

8. Reparametrize the curve 7(t)= (t3,t2 + 1) with respect to arc length measured from the point

where ¢ =0 in the direction of increasing ¢.

9. Find the equation of the osculating circle for the given curve at the given point.
a) y=cosx at (0,1) b) x*—y* =4 at (2,0)

10. Find the velocity, acceleration and speed for the position vector 7 (¢) = (sinz,sin 2¢,sin3t) at
[ =

N

11. Find the position and velocity vectors for d(t)z(t, =2 lj where 17(1)2(2,%,1) and
7(1)=(3.1,1).

12. Find the limit, and, if it exists prove it using the definition, and, if not, show that it does not

exist.
3 2
)  lim 20 b) lim
(x2)>(0.0) x* + 3y (x2)=(0.0) x* + y
2 2
: . Xy—xy
c lim x+2y-52° d) Im ———
) (x,y,z)—>(2»1fl)( 4 ) ) (r2)-(0.0) x* 4+ p*

13. Draw a contour map of the function f (x, y) = |x| + | y| showing several level curves.

1 (x,y) = (0,0)
14. Consider the function f(x,y)= ln(x2 +y° —1) O<x’+y° <e
2 X+ >e

a) Find the domain of the function and sketch a diagram of it.

b) Specify which points of the domain are interior points.

¢) Determine those interior points of the domain — if any — at which the function is
discontinuous.
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15. Find the indicated partial derivatives
a) f(x,y)=x"-x’y+sin(xp); fo fo

b) f(x,y) = ex J/; ﬁwy f;}xx C) W= ZZ ¢l_x2 _y2 ; af;;gy

o*w
oz%ox

16. Show that f(x,y)=x"—2x’y+y” is differentiable at (2,1) using the definition with &.

17. Find % if z=xy" —x*+)° where x=+/#"+1 and y =arctant.
t

18. Find aw if w=x?+)*2-3 where x=sin, y=cost and z=¢" .

dt
19. Find & and & ifz=ln(x2+xy+y3), x=21e¢" and y=u’V’.
ou ov

20. Find 2 and & if z=x+)’Inx, x=arcsinu’ and y =u’ arctan(4v).

ou ov
. , 0z Oz 0z 7 2 ) .
21. Find —, — and — where z=+/x*+»* , x =fsinucosv, y =sin(ucost).
Ot Ou ov
22. Find & and o for X’y* +xz° —e” =x*+2°
ox oy
23.For x*+y’ +z*=5and 2x—y+3z=5, find @ and £
dz dy
24. For x*y* —x+ y=sinucosv and x’¢” :arctan(uzvz), find a—u, a—u, v and @
ox Oy Ox oy
25. Consider x =secutanv, y =vtanw and z=sec’ w. Find @, 8_w and 8_w
ooy ez

26.If f is a differentiable function, show that the function w=x"f (%) satisfies

27.1f f and g are twice differentiable functions, show that the

o*w *w  O*w
w=xf(x+y)+ X+ satisfies -2 + =
of (x+y)+yg(x+y) o Caay o
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28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

If f has continuous partial derivatives, show that the function w= f (xz— , yz—xz)
satisfies ya—w+ x@_w =0.
ox oy
x=u’—v
If f is a differentiable function of two variables and w= f(x,y), where { , , then
y=v —u

o*w O*w  ut+v: w
prove that —-+—-= .
ou ov —uv Ovou

Find the gradient, the gradient evaluated at the given point, and the directional derivative at
the given point in the direction of the vector u .
xy _
a X, y)= 3,—4 u=(2,-1
) S(e)=5 5 (3.-4) (2-1)

b) f()c,y,z)=x2y+yz2 (2,—1,4) u

(3,1,-1)

Find the maximum rate of change of f at the given point and the direction in which it occurs.
a) f(x,y)= xarctan(i) (3,-3)
b) f()c,y,z):ln(x2+)}2+22)—222 (6,—3,2)

Find the equation of the tangent and normal lines to the curve given by x*y> —x+ )’ =1 at

(2,-1).

Find the equations of the tangent plane and the normal line to each surface at the indicated
point.
a) x’+y’+4=z"at (6,-3,7) b) y =x*2'+z+3 at(2,6,-3)

Find the equation of the tangent line to the curve of intersection of x*+y”>—z"=1 and
Sx—2y+4z=16 at (2,1,2).

If a triangle has two sides of length x and y, and the angle between these two sides is &, then
the area of the triangle is 4 =+xysind. How fast is the area changing when x=1, y=2

and @=Z, if x and y are each increasing at a rate of 7 m/s and the angle is decreasing at a

rate of 5 radians per second?

About how accurately may the volume of a cylinder of radius » and height /4 be calculated
from measurement of 7 and 4 that are in error of 1%?

Find the linearization of f'(x, y)=arctan (%) at the point (2,-2).
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38. Find the Taylor series of the function up to and including quadratic terms.
a) f(xy)= e at (2,-2)
b) f(x,y)=sin(xy) at (£,2)

39. Find the local maximum and minimum values and saddle points of the function.
V2+l'2

a) f(x,y)=x3+y3—9x2+%y2—18y b) f(x,y):xye;T‘

40. The origin is a critical point of f(x,y,z) =x"—xy+2y°z+z". Determine if f(()) is a local

minimum value, local maximum value, or neither.

41. Find the absolute maximum and minimum values of f on the set D.
a) f(x,y) =48xy —32x° —24y° D= {(x,y) |0<x<1,0<y< 2}

b) f(x,y) =x"y+xy’ —x D is the triangle with vertices (0,0) , (2,0) and (0,2) .
o) f(xy)=16x"-24xy+40y"  D={(x,y)|x"+)’<1,y>0}

42. Find the maximum and minimum values (if any) of the function subject to the given

constraint(s).
a) f(xy)=x’+y X-yi=4
b) f(xy)=x"+)y +2°; x+y 4z =9
c) f( )=x2+2y4+322; (x—2)2+22=1
d) f(xy.z)=xpz-x"z; X +yi =1, z=4x"+)

43. Find the point Q on the surface z* = xy+4 that is closest nearest to the origin.

44. Calculate the iterated integral.

a) Iol I:z xy/ X + ydydx b) J‘_ZZ J-O\/E«/xz +y” dydx
o [ \/Ideydx @) [,]sin(x*)dudy

o ['] jJ;’;y e+y dydx n [ O dzdydy

o) [ ][ 12xze" dydxdz n [ j j J9_2 ¥* +2* ) drdydz

[ j” pad HZ;dzdydx i H j 2 dedvd
*/4"}+2\/x +y°+2° ] e i
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45. Evaluate the double or triple integral.

a .[J-(xzy—yz)dA where R is the region bounded by y=4—x> and y=x+2.
R

e

1 . . . 2 2 _ . . 2 2 _
b) J;J N dA where R is the region outside x° + y~ =4 and inside x° + y”~ =4x.

c) J;Jm dA  where R is the region bounded by y = %xz ,x=2and y=0.

d) Hfdydx where R is the region bounded below by the line y =1 and above by the
R

circle x> +y* =4.
e) ﬂ L_dA where R is the region to the right of x =1 bounded by x=1, y=0 and
R

«lx2+yz
2
\N2x—x".
2

f) ”J‘xyde where § is bounded below by z:%+% and above by z=1.
S
g) ”J‘(xzy—z)dV where Sis bounded by y+z=1, z=2y, z=y, x=0 and x=3
S
z
h) ———dV where Sisboundedby z=xy, x> +y* =4 and z=0.
R
i) J.J-J-de where S is bounded by z=2x*+ 1’ , x>+ )y’ =4 and z=0.
N

i) J.J-J-de where Sis bounded by z=+/x*+)*, z=x+)y"—4 and x* +)* =2y.
N

46. Express the triple integral Iﬂ 1 (x, y,z)dV in 6 different ways where S is the solid bounded
S
by z=\/;, y+z=2,z=0,x=0and x=2.

47. Determine if the following integrals converge. If so, to what value?

X . . .
b) J;J e dA where R is the unit square in the first quadrant.

1
c dV where S is the inside of the cone z =/x” + )”
) Jy ¥ +xt+ X7y +x72 Y

48. Find the centroid of the given region R.
a) R is the region bounded by y =x’—x and y =3x in the first and fourth quadrants.
b) R is the region inside the cardiod  =1+sin @ and outside the circle » =1.
¢) R is the triangle with vertices (1,1), (2,2) and (3,1).
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49. Find the center of mass and the moments of inertia for the region in the first quadrant
bounded by y=1-x and x*+y* =1 if the density is given by &(x,y)=x+y.

50. Find the volume of each solid.
a) The solid bounded by the paraboloids z=x*+2y* and z=12-2x>—)".

b) The solid bounded by y=z>, z=3*, x+y+z=2 and x=0.

¢) The solid bounded below by the paraboloid z=x>+)" and above by the plane
z=2y.

d) The solid inside x* + y* +z° =12 and outside z° =3x” +3)°

¢) The solid bounded by (x*+y>+2*) =x.

f) The solid bounded by z=1-x, z=x>—1, y+z=1and y=0.

51. Find the centroid of the given solid S.
a) S is bounded by the paraboloid z = b(x2 + yz) and the plane z=/h where b >0 and

h>0.
b) Sis bounded by the coordinate planes y+z=2 and x=3.

¢) Sisbounded above by x* + y* +2z° =4z and below by z=1.

52. Find the center of mass and the moments of inertia for the solid S.
a) Sis between the cone x* + y* = z* and the paraboloid z =1 x’

=1x* +1y? if the density is
given by &(x,p,z)=x"+*.
b) S is the solid in the first octant bounded by the surface x>+ y =z and the planes
y=x, x=1 ifthe density is given by &(x,y,z)=1+xyz.
¢) S is the solid given by the equation x° +y*>+z> =6z and if the density is given by
5(x,y,z)=x2 +y +2°+1.

53. Find the equation of the tangent plane to the given surface at the given point.

a) x=usinv, y=u’cosvand z=u’-u at (3,0,6)

b) f(u,v)=(u2+v2,u2—v2,2uv) at (2,1)

54. Find the area of the given surface.
a) The portion of the cone z =+/x* +y* that lies inside the cylinder x*+ > =2x.

b) The portion of the surface z=2x’ +3 v that lies above the triangular region with
vertices (0,0), (1,0) and (L,1).
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55. Using a change of variables, evaluate the integral.
a) J-.[ dA where R is the region in the first quadrant bounded by y—x=0,

y—x=1,xy=1and xy=2.
b) I”dV where S is the solid bounded by the planes x+y =1, x+y=2, 3y—x=0,
S

3y—x=6, x+y+z=5and x+y+z=10.

56. Use Leibnitz’s rule to find the derivative of F '(x). Check your result, if possible, by
evaluating the integral and then differentiating.

a) F(x)zj-z(xzy4+4xy)dy b) F(x)zjj smixy)dy
1 1. |ac+bc c 1
57. Given thatJ- —du:—ln , find a formula forj. ————du.
7 a+bu) a |a+bc "u(a+bu)

58. Solve the following differential equations.

dy 4 dzy dy
a) x—+2y=>5x b) —==¢"—
) dx 4 )a’x2 dx
c) ﬂz”—y d)(2xy—9x2)dx+(2y+x2+1)dy:0
dx x-y
d’y dy
e Y 102 141y =x+e e +ye’ Jdx+(xe’ —1)dy=0
)~ 10 4ly f) (e +ye')dx+(xe’ ~1)dy
2) xﬂ—2y+x3y2:0 h) (xsec%er)dx—xdy:O
dx
. 2 . d’y (dy jz
i) xydx+e™ (y*=1)dy=0 +1
) xp (»*-1)dy )l s
3 2 2
k) dy 3di}+3@—y=e"+sinx 1) xd —cot(dyj
dx’ dx dx dx’ dx
dy

m) (sinycosy+xcoszy)dx+xdy=0 n) 2xd——y=x+1
x

0) (yz—e*“)derxydy:O ) x%+2y+x3yzcosx=0

59. A cylindrical buoy with a diameter of +m and a weight of 195 kg is floating on water, its

axe being vertical. A playful mermaid pulls the buoy up and down, making it oscillate.
Using Archemides principle and Newton’s laws, this gives rise to the differential equation.

2 0)=-1
dg}+y:sin4t y’( )
dt y(O)zO

Solve this differential equation.
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ANSWERS

74 0 74 0 37

2
o) T(1)=(3.2.4), N(1)=(125, 508, 208), B(1)=(=E, 4 +0)
X 1

d) 5 ===z-1, 7ny:2x-2y+z=1, 71,:3x—y—-8z=-6
1 (0= (0 Y 3 \ — B(0)=(0 3 =7
7.9 e b4 oT(0)=(04,3), N(0)=(1,0,0), B(0)=(0,3,2T)

d) lT:(x,y,z):(1,ﬁ,3)+z(o,ﬁ,3) my Ty +3z=7+3 7,:3y-/72=0
8. (%((27s+8)

Wi

—4)2,5(27s+8)§+§j
b) (x—4)2 +y’ =4

=L, 4,28) [¥(%)

_J5

14.2)0 b A o-1 dF
15.a) f, (x,y)=-2x—xysin(xy)+cos(xy), £, (x,»)=—x"sin(xy)
b) f., (x,y) =4xe" + 2x5ye"2y s S (x,y) — 2657 4 10x2ye"2y +4x4yze"2y

W yzz(y2—2x2—l)

C) &3 — - BZW — —2x
Ox0y0Oy (l—xz—yz)i oz%6x 1x?—)?
3 3 2 4 . 2 . 2 2
17. f(afctzanlf) +(f’f+a“1’) _% _ 4t(t2 + 1) 18. 2sintcost—2¢" costsint +2te’ cos’ ¢
Nt N
19 o —(2x+y)ev+2(x+3y2)u3v3 o (2x+y)e"+3(x+3y2)u3v2
T (x2+xy+y3)u2 > v T (x2+xy+y3)u
2(3x3+y2)u oz 8yu21nx

20. & :W+4yu In xarctan4v ,

o T 141602

2], & — xsinucosv—yusintcos(ucost) 5, xtcosucosv+ycostcos(ucost)  a;  _irsinusiny
toot 1y? > Ou 21yl > Ov (x2+y2

22 o 3x2y?+22-2x o ze-2x%y 23 dx _ —423-9)? dz _ x+3y°
Toox 322 2xz+ye’” > Oy 3x2y 4z -2x todz 2x+6y% Ay 3x-4z3
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2 2 12 . . 2 . .
24 ou _ 2x2ulv—ulvixe’” sinusinv+xe? utv*sinusiny Bu _ 2xp%v+utvx2ye?” sinusinv+x®ye’ utv* sinusiny
LG — == —
uveosu cos v+uv? sinusiny ? Oy u?vcosu cos v+uv? sinusiny ?
2 244 2 244
oy _ xe¥ cosucosv+xe’ "V cosucosv=2xy7 v +wv? gy _ x*ye’” cosucosvx’ye’ " cosucosv—2x2yuvi—uv?
A- - . . - . .
ox uveosu cosv+uv? sinusiny > ox u?veosu cos v+uv? sinusiny
A N N
2 v — ow ow — =1 t 2
5.2=0 =0 ¥ == cotwcos™ w

30.a) Vf(x,y)= (( -*;2,(j;j)zj,Vf( 4)=(3.3). DS (3.-4)=3

b) VI (5.3:2) = (2’ 2,232, VF (2-14) = (-4.20.8). D, (2:-1.4) = 501

31.a) |V/(3, 3” %\/7[ +47+8 ﬁ:( x2 B )

Vr?sazes” rd+azss
b) |V/(6,-3.2)|=2L2 i = (S50, 300 e )
32. [, :y=x-3 lN.y——x+1
33.a) 7, :6x-3y—-Tz=-4, lN:(x,y,z)=(6,—3,7)+t(6,—3,—7)
b) 7, :36x-12y-23z=69, IN:(x,y,z)=(2,6,—3)+t(36,—12,—23)
34. 1 (x,,2)=(2.1,2)+£(0,2,1) 35, 2Lz mq 36.3%
37. L(x y) Tx+iy—=%
38.2) ¢ xet 44 (x—2)—4es(y+2)+9eg(x—2)2—16(x—2)(y+2)+9e8(y+2)2
b) sin(x7) =5+ (x =)+ (y 2)-V3(x-5) + (3 7)(x=5) (y-2) T (v-2)
39.a) rel. max of f(0,-3)=4', rel. min of f(6,2)=-130 and saddle points (0,2), (6,-3)
b) rel. max of f(1,1)=1 and f(-L-1)=1,rel. min of f(1,—1)== and f(-1,1)== and
saddle point (0,0).

40. No local maximum or minimum
41.a) Abs. max of f(4,4)=2 and abs. min of f(0,2)=-96

b) Abs. max of f(2,3)=% and abs. min of f(2,0)=-2
c) Abs. max of f(cos— sm5—”)=45 and abs. min of f(0,0)
42. a) minimum of f( o ,‘21):75
b) max of £(3,0,0)= £(0,3,0)=£(0,0,3)=27,
min of f(-3,0,0)= £(0,-3,0)= £(0,0,-3) =—27
¢) min of /(1,0,0) =1 and max of f(3,0,0)=9
d) min of f(ih;_ﬁ,iﬁ’;_ﬁ,l): =21 and abs max of f(iﬁ’;—ﬁ,i 2*\5,1):ﬁ‘l

43. (0, 0,i2)
44.9) 2 _2 b) & c) £ d) 2—2cos4 e) 0
16009 g) 3e-6 h) 2= i) D

0
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45.

46.

47.

48.
49.
50.
51.
52.

53.
54.
55.

56.
57. -

58.

59.

2) T b) 43 -4 ¢) ;In5-1 d o e \/§+%ln2—ln(2+\/§)
B0 g 3 h) 4 0o Do

J-.Uf x,y,z)dV = .[ .[J- f(xp.z dzdydx+j j J. 1 (x,,z)dzdydx

—j I I f dzdxdy+j I j x,y,z)dzdxdy jj jzzf xy, z)dydxdz
SNNE Zf(x,y,z)dydzdx 27 1 () ey

= J.; If J.:f(x, y,z)dxdzdy+jl2 J.O%y J.:f(x, ¥,z )dxdzdy

a) Diverges b) $In2+Z 9) (\/_ )

Q) (1.2) b) (0.553) 0 (2:4)

(3£.3) I=1,=%

a) 24rx b) & c) 5 d) 24r e) £ f) &
a) (0,0,%) b) (7@3) ¢) (0,0,%)

D) (0.0.3), [,=1,=mms [ - e

b) (4156 7481 9661 ) J =094 7 _ 42265 1 _ 4277
5205 > 15615 > 15615 x T 221760 > Ty T 66528 > Lz T 8640

285 — 330804 — 14904
c) (0,0,2), J = =3z | _ 1oz

35

a) Sx—z=9 b) 5x-3y—-4z=0

W) b)

a) 3 b) &

a) Sx+18 b) dsinx _sine

= In | T

a) y=x'+4 b) =% =K,e"" ¢ iln(x2+y2)—arctanl=K

d) ¥*’y-3x+y+y’ =K e) y=Ke " cosdx+K,e sindx+e’ +Lx+L
f) e+xy+e’ =K g2) y—HK h)lnx—sin< =K

i) 1e¥ —1y’+Iny=K j) y=—x—-In(x+K)+K,

k) y=K "+ K,xe" + K;x’e" +1x’e" —Lcosx+1sinx

I) y=xarccos(Kx)—7+/1-K'x* +K, m) xtany+3x’=K
n) y=x—1+K\/; 0) 2x°y° +2xe > +e > =K ) y=—-

x? (sin x+K)

— 4 o1 L o1
Y =—cost+yssint —{ssindt
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