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Semester Review
SOLUTIONS and HINTS

1. Use the definition of a limit to prove the following statements.
a) lin}(3x2 —4x+1)=5

Let £ >0 be given.

£ (x)-L|=]3x* —4x+1-] Hyp: 0<|x—2|<&
=|x—2||3x+2| Let 6<1,then -1<x-2<1
<116=¢ I<x<3
5<3x+2<11

If §=min{l#} then 0<|x—2|<8 = |/ (x)-5|<e, ergo lim(3x" —4x+1)=5
b) yg}(&+x)=6
Let £ >0 be given.
‘f(x)—L‘z‘\/;+x—6 Hyp: 0<|x-4|<&
Let 6 <1, then

=‘(\/;—2)%+|x—4| l<x—d4<1

:%+|x_4| 3<x<5

<%+5 VB+2<Jx+2<5+2
3+2

If 5=min{1,g(j§::)} then 0<|x—4/<5 = ‘f(x)—6‘<g,ergo £iLl}(J;+x)=6.

¢) limv9—x>=0

x—3"

Let £ >0 be given.

‘f(x)—L‘z‘\/m Hyp: -6 <x-3<0
0<3-x<06
=v3-x+3+x Let 6 <1, then
<J§J€:g -1<x-3<0
5<x+3<6
\/§<\/x+3 <\/€

If 5:min{l,%} then -0 <x-3<0= ‘f(x)—0‘<8,erg0 lir§;\/9—x2 =0.
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d) lim =% =
=2t x =2
Let N <0 be given.
f(x):% Hyp: 0<x-2<06
Let 6 <1, then
O<x-2<I1
2<x<3
2<l-x<-1

Thus 1% <L <=L
If 5=min{l,5} then 0<x-2<8 = f(x)<N, ergo lin}(\/;+x)=6.

2

e) lim =1
)H—wx2+1
Let £ >0 be given.
x) =Ll = ){2 -1 Hyp: x<M <0
‘f( ) ‘ wl ‘ 0<-M <—x
—_1
x4 l<M*+1<x*+1
M§+1: 1 1
4l M2+l

- Solutions

—00 .,

If M:min{O,J%—l} then x < M :>‘f(x)—1‘<g,ergo lim — 1:1.
X*)—Oox +
f) lim(x’+x)=o0
Let N >0 be given.
f(x):x3+x Hyp x>M >0
3
MM Let M >1,then M~ >1
>1+M =N
If M =max{l,N-1} then x>M = f(x)>N,ergo 1im(x3+x):oo.
lim ——=—
g >3 x> +6x+9
Let N <0 be given.
f()c):x2+’6‘x+9 Hyp: O<|x+3|<5
= L<-L
(x+3) & (x3)
<=2 Let 0 <1, then
’ ~l<x+3<1
—4<x<-2
x X 2
Thus T <E<3
If 6=min{l,\/52}{ then 0<|x—3|<d = f(x)< N, ergo lim =
{ \/;} =3 /(%) 8 B 4 6x49

Winter 2011 Martin Huard



Math BNK Semester Review - Solutions

h) lim(x2 —Sx) =a’-5a

xX—>a

Let £ >0 be given.

‘f(x)—L‘z‘xz—Sx—(az—Sa)‘ Hyp: 0<|x—a|<§
2‘(x—a)(x+a)—5(x—a)‘ Let5£1,tl_1&in<x_a<l
:|x_a||x+a_5| 2a—-6<x+a-5<2a-4
<5(2|al+6) 2|a|-6<x+a-5<2|a+4

|x+a—5|<2|a|+6

If 5=min{1 £ }then 0<|x—a|<5:>‘f(x)—(az—Sa)‘<8,

4 2‘a‘+6

ergo lri_ri‘}(x2 —Sx) =a’-5a.
2. Use the definition of a limit to show that the following statements are false.
a) %{1_r)r31(x2 —x+1) =2
Let &£ =1. Then for all values of &, there will be values of x on the interval
(3—6,3+6) such that x> 3. For these values,
x>3
x—1>2
X —x>6
X —x-1>5
thus ‘f(x)—Z‘ :‘x2 —x—l‘ >5>g=1. Hence lim(x2 —x+1)¢ 2

x—3
b) lim—Y— =oo
=1y +1
Let N =10. Then for all values of o, there will be values of x on the interval

(-1-8,-1+6) such that —1<x <3'. For these values,
O<x+1<d
2<t

< 2x< -1

x+1

thus f(x)<—1<N=10. Hence lim—— oo
—-lx+1
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2

¢) lim =1
e x+1
Let £ =1. Then for all values of M, there will be values of x on the interval

(M,) such that x>5. For these values,
THE<3+35

x+1 6
Ead i
2 25
x> 25
6

x+1

2
X 19
x+1 1> 6

2

i—l‘>%>g:1. Hence lim #1

x+1 x>0y +1

thus ‘f(x)—l‘ =

d) lim(x—x")=o0
Let N =10. Then for all values of M, there will be values of x on the interval

(M ,0) such that x> 1. For these values,

x> >x
xP=x>0
x—x><0
thus f(x)=x-x><0<N=10. Hence lim(x—xz);too
x’ x<2
e) xlggf(x) where f(x) {7—x oo

Let ¢ =1. Then for all values of o, there will be values of x on the interval
(2-6,2) such that 0<x<2. For these values,

O<x<2

0<x’<4

~5<x*-5<-1
thus ‘f(x)—S‘ :‘xz —5‘ >1=¢. Hence }Lr;lf(x) 5
3. Use the formal definition for continuity to prove the continuity of f'at the given point.
a) f(x) =2x"+3x—-4 atx=-1

Let &£ >0 be given.
‘f(x)—f(—l)‘:‘2x2+3x—4+5‘ Hyp: |x+1|<&
Let <1, then —4<x+1<1

=|x+1]|2x +1]

<25=¢ —3<x<—3
-2<2x+1<0
0<[2x+1<2

If 5=min{L,£} then |x+1|<5 = ‘f(x)—f(—l)‘ < &, ergo fis continuous.
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b) f(x)zi—% at x=2
Let £ >0 be given.

‘f(x)—f(Z)‘z 1—2—3‘ Hyp: |x-2|<&
=%x—2||x+2| Let 6 <1,then —1<x-2<1
<95 = I<x<3

1<«
3<x+2<5

If 5=min{l,%} then |x—2|<5 = ‘f(x)—f(2)‘ < &, ergo fis continuous.

4. Show that the following functions are discontinuous at the given point.

()_ 2x+1 ifx<-2 f e
a) flx)= x—-2 ifx=>-2 ar=

Let ¢ =1 . Then for all values of ¢, there will be values of x on the interval

(-2-6,-2+6) such that £ < x <—2. For these values,

Z<x<2
7 <2x+1<1
thus ‘f(x)—f(2)‘ =[2x+35|>1=¢. Hence fis discontinuous at x =2
b) f(x):{x_’g <3 r=3
X ifx>3

Let ¢ =1. Then for all values of &, there will be values of x on the interval
(3—6,3+6) such that x>3.

For these values,

f(x)—f(3)‘ =|x|>3>¢&=1. Hence fis discontinuous at x =3.

5. Show that the functions f (x)= % is continuous everywhere for x > 0.
x

Let a > 0be any value and let £ >0 be given.

1 1 Hyp: |x—a|<5
F(5)=f(@)=f=-—
‘ () ()‘ Jx a Let 0 <4, then
|Wx=va Jx+d| —4<x-a<4
NEN PN s<x<is
_ |x—a| ﬁ<f<\/%
\/;‘/;‘*/;JF\/;‘ %+\/;<\/;+ a<%+\/;
I I - R T M N 2
<O LT E o TR STl <Th
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(1+2)a2e

If §=min {%, 5 } then |x— a| <o = <&, ergo fis continuous everwhere.

L
NFar
6. Consider the curve given by 7(¢)= (t,},x/;).
a) Evaluate ltinglf(t).
i (1) =ty 1 6) = (e i e ) = (0.4.3

b) Evaluate [ (¢)dt.

[7(e)de = [(1.4.4r ) de = ([, [ Lar, [Nedr) = (4,

¢) Find the unit tangent, normal and binormal vectors at # =1.
F-(at) Pl -
F(1)= ) or (1 ~1 J
I (0) Nart+r+al" 7 2V

f(l)zz(l,_, J (221)
3 3 33
I R e o (1 1 j 27 (03 1 j
- r s

(4t4 +1 +4) oVt) art s v 4

~ _19
ER (l,_1,1)+z(0,2 (L4
9 2) 3 4 27 27 27

. (1
¥ (1)= (1) _ \/ﬁ(”l 7J_ 19V74 2474
T'(l) 222 222 111

ik

DO PV J7a

B(1)=T(1 - (=

()=T(1)xN(1)= T 2 1 - (-3,1,8)
17 19 4
d) Find the equation for the tangent line, the normal plane and the osculating plane, at
t=1.

Tangent line: [, :5l="t=z-1

Normal plane: 7, :2x-2y+z=1
Osculating plane 7, :3x—y—-8z=—-6
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7. Consider the curve given by F(t) = (et - t,ﬁe%tg,e%t ) .
a) Find the arc length of the graph of 7(¢) from r=0 to r=1.

s:jolHr t)|de = J'(’ 1, Lt 2 ’)dt
(e -1) 2 +3ear

= [ Ve +2¢ +1a1

:J'Ol(e‘+1)dt

:[e’+t]10

b) Find the curvature at 1 =0.
(1) :(e’ -1, ﬂe%t le%t)

22

R

M= RE]

-
EN [P R Y [
N— N—

(1) = (rf f,ge%f) (0)=(1
o) PO _Jof -2
HI’ (O)H (O,g’%)

8

= 1 t L
MOl )
7(0) =504 .3) = (0.4.3)
— —é' . 1 1y 1 / 1y i
T’(t):(etjl)2 (e —l,ge2 2e )+e’+1(e ,%ez de )
7(0) =7 (0.2:2)+5(14.3) = (2.0,
. 7'(0) 1
¥(0)- T,E();H 1 (£00)=(100)

ik
BO)=T(0)x¥(0)=p £ 3|=(04.)

1 0 O
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d) Find the equation for the tangent line, the normal plane and the osculating plane, at
the given point.

Tangent line: [, :(x,y,z)= (l, \/7,3)+t(0,\/7,3)
Normal plane: 7, :ﬁy+3z =16
Osculating plane 7z, :3y - J7z=0

8. Reparametrize the curve 7 (t) = (1‘3,1‘2 + 1) with respect to arc length measured from the point
where ¢ =0 in the direction of increasing .
s = J-Ot Hr'(u)”du = JZH(?auZJu)Hdu 27s+8 = (9t2 + 4)%

= [ Nou' +4u’ du t=1(275+8) —4

Thus 7(s) = (2—17((27s +8)° —4)E 5(27s +8)% +%j

9. Find the equation of the osculating circle for the given curve at the given point.
a) y=cosx at (0,1).
7 (1) =(t,cost,0)
(1) F"(t)” (1,—sinz,0)x(0,—cos t,O)H

Ol s KO-

(0,0,—cos I)H ~ |cos|

(1+sin2 t)% (1+sin2 t)%

Ergo, the osculating circle is a circle of radius 1 centered on (0,0), x* +y° =1.
b) x*—y* =4 at (2,0)

F(1)= (\/m t,O)
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S

(= ,1,0){([2;);,0,0]

3

7 () H(HIO)

o]
3 (tz +4)2 3

_ 2

(2)  (+2)
£(0)=1
Ergo, the osculating circle is a circle of radius 2 centered on (2,0),

e |7 (e)<7"(2)| ‘

(x—4)2+y2 =4.

12. Find the limit, and, if it exists prove it using the definition, and, if not, show that it does not

exist.
3
2 lim Y
(x.)(0.0) x* + 3y
Let £ >0 be given.
R 077 <o
4 2 2
X" +3y X <xP 4y <67, 50 x| <o
= 5|y v V<xP 4y <8, s0 |y <o
X’ +3y° )2
> P<x+ P <xt 43y, ———<1
<50 Y y Y X +3)°
. 5xy°
If 6=/ then 0<+/x*+)° <8 = |f(x,y)-0|<¢g,ergo lim ———=0.
\/Z y ‘f( y) ‘ g (x,y)—>(0,0) x2+3y2
2
b) lim 2t
(x.)>(0.0) X~ + y
2
x+y
Let f(x,v)=
f5y)=a
Al . x 1
ong the x-axis, f(x,0)=—=—,
X’ x
lim f(x,0)=lim+ =o0 case 2
x—0" x—0"
l 0)= lim L =— 8
fim f(0)= limt=e case
x+y’

Hence lim f(x,0)A, ergo, lim ————
./ (x,0) 8 erg (x.2)=(0.0) x? + y?

li +2y-5
) (o I,y (¥ 25 752)
Let £ >0 be given.
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f (x.3.2) =9 =|x+2y-5z-9) Hyp:
24y 1os(zen)  0<y(r=2) +(y-1) #(z 1) <o
<u-2|+[y—1|+5[z+1] Thus |x=2[<s
<78 y-1[<é

|z+1|<5
If §=% then O<\/(x—2)2+(y—1)2+(z+1)2 <5:>‘f(x,y,z)—9‘<8,
ergo lim )(x+2y—52)=9.

(x,y,z)—)(Z,l,—l

2 2
d) lim %
(x2)=(0.0) x" 4y

Let f(x,y):)C i}_xJ:

X4y
. 0 . .
Along the x-axis, f(x,O):?:0, llirolf(x,O):yEgO:O
Along the y-axis, f(O,y):%:O, lirrgf(O,y)zlin%0:0
b% y—> yo

3 2.3 2
Along the line y =mx, f(x,mx)zmx4 mjc _mon ,
x* +mx x(m+1)

m—m* {OO if0<m<l1

}Lrgf(x,mx) - }Eg x(m-}-l) -

, case 2
—o  ifm<0orm>1

2 2
. X y—xy
Ergo, lim A
8 (r2)-(0.0) x* 4 y*

16. Show that f(x,y)=x’—2x’y+ ) is differentiable at (2,1) using the definition with &.
fi(x,y)=3x"—4xy f(2.1)=4
fy(x,y)=—2x2+2y fy(2,1)=—6
Hence we have: £, (2,1)Ax+ f,(2,1) Ay = 4Ax — 6Ay
A = £ (2+Ax, 1+ Ay) - £(2,1)
=(2+Ax) —2(2+Ax) (1+Ay) +(1+Ay) -1
=8+12Ax + 6Ax” + Ax’ —8 —8Ax —2Ax” —8Ay —8AxAy — 2Ax’*Ay + 1+ 2Ay + Ay” -1
=4Ax —6Ay +4Ax* + Ax’ —8AxAy —2Ax* Ay + Ay’
= £ (2.1) Ax + £, (2.3) 1Ay +(4Ax + Ax” ) Ax +(—8Ax — 2Ax + Ay ) Ay
= £.(2,3)Ax+ £, (2,3) Ay + 5, Ax + &,Ay
Thus if & = 4Ax+Ax* and &, =—8Ax—2Ax’ + Ay, then
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lim &= lim (4Ax+Ax")=0

(Ax,Av)—(0,0) (Av,A7)(0,0)

lim &= lim (
(Ax,Ay)—)(0,0) (Ax,Ay)—)(0,0)
Ergo, fis differentiable at (2,1).

—8Ax —2Ax” +Ay) =0

26.1f f is a differentiable function, show that the function w=x"f (%) satisfies
ow  ow
X—+y—=2w.
ox oy

Let u=x" and v=2, then w:uf(v).

TN . L W o
ox 4 oy Ou Ox Ov Ox Ou Oy Ov Oy
= (£ (v) 20" (v) () yur"(v)
:2x2f(v)
=2w

27.1F  f and g are twice differentiable functions, show that the function
w=uxf(x+y)+yg(x+y) satisfies (’;j:zv 2;;; 2;
Let t=x, u=x+y,v=y,then w=1f (u)+vg(u).
QI B P )y () v ()
SEE R AR
gxw 8[f )+ (u)+vg'( :|—+—[f )+1f"(u)+vg'( ]_

+—[f )+t (u)+vg'( ]—
f( )+ S () + " (u)+vg" (u) + &' (u)
o*w

8—: [f )+t (u)+vg'( ]—+—[f )+tf" (u)+vg' (u) Z—Z

+—[f )+t (u)+ve'( ]_
) ) £ )
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o*w
@}2

ou
oy

:ﬁ " (u) +ve' (u ]—+— " (u) + v (u) + g (u) |4

=S (u)+ S (u)+ " () +vg" (u) + &' (u) =2/ (u) = 2" (u)
—2vg"(u)—2g" (u)+tf"(u)+vg"(u)+ g (u)+ g (u)

28.If f has continuous partial derivatives, show that the function w= f (xz— ¥, yz—xz)

ow  ow
satisfies y—+x—=0.
ox oy
Let u=x>—y*, v=y"—x", then w=f(u,v)
ow (aw ou ow 8v] Owdu Ow ov
y—tx—= |+ x| ——+—
Ox oy Ou Ox Ov Ox u oy Oov 8y

ov
=0
x=u’—v’
29.If f'is a differentiable function of two variables and w= f (x, y), where { , then

y=v —u

o’w O'w  ul+v' Ow

prove that — +—-= .
u-  ov —uv  0vou

ow_oox Sy _, o 5 (9 o
Ou OxoOu Oy ou ox oy ox oy
2

w0 (3 ) 2 [
ou" Ou ox Oy Ou| Ox Oy

zzi_zﬁﬂui[%}_zui 9
ox 0Oy Ou | Ox ou| Oy

2 2
/L Al I B WA A Wit . B el 4
ox Oy ox* ou 0yOx Ou 0x0y Ou oy ou

PN 28f+428f 12 O g2 O

ox Oy ox? Qyox oy’
ow_ofox ofdy_ ,of Lo _,f o
av C ox av oy ov ax ay ox Oy
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5ol £ Yo £
o ov ox Oy ov Ox Oy

=_21+21_2v3[@}+zv3{@}
ox Oy ov| Ox ov| Oy

2 2 2
LC P Lo I P I PP B WP
ox Oy ox” Ov 0yOx Ov 0x0y Ov oy ov

Y N SRR e

2

T ay ox? Oyox oy
2 2 2 2 2
0 1/2V+a ?:4(u2+v2)%—4(1/t2+\/2) o f +4(u2+vz)a {
ou~ oOv ox 0yox oy
0w 0, 0T
ovou ov| ox oy

g4t
ov| Ox ov| Oy

2 2 2
8f8x+2u8f8_y_2u8f@28f8y
ox* ov 0yOx Ov 0x0y Ov oy* ov

2 2 2
s 8f_4w8f

=—duv—>—4uv 3
Ox Oyox oy
2 2 2 2 2 2
u +v aw:4(u2+vz)%_4(uz+vz)8f+4(u2+v2)8]2‘
—uv  0vou X 0yox oy

o*w  O*w 3 u’ +v: *w
—uv  Ovou

44. Calculate the iterated integral.

3 LIl vt [l (5511 )
b) fz IWW +ydydx = jo”j'ozrzdrde =z
o [,

d)I J.,sin dxdy j j sm dydx:Ioz4xsin(x2)dx:2—2cos64

dydx IO xarcsin xdx =%

4cos@

rcos @sin fe” drd0

j I{;:—_xzxyi dydx = J- J-msgrcos@sm@e drd@ = j j
= x4 2 z

= ( cosé’smé’em“’sze—%cosé’siné’)d6’=0

0~

-z

2
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N :”‘j;”“—yz xdzdydy = [ [ (4=x-p? dydv =4 [ (x* =32 627 +16x) dx = 122
o [['[ 125z dydvdz=[ | jflzxzezyzdxdydz = ['[\63z¢” dyaz
=[(3¢°=3)dz=3¢-6
h [* I, jJ_ Va2 dxdydz:j”ff (2 sin’ 0+ 2* ) rdzdrd
—jj r’sin’ 0 +Lr)drdd

=IO Slsin’ 9+§)d9:27
; .[2.[\/4fo Ja-x2-y? 42 1
-2

Y ————dzdyax =" [ [ psingd pd a6
0 —Ja-x?-y *2\/x2+y2+zz 0 Jo Jo

=’ jfzacosz sin gdgd 0
- J'”ﬁd =iz
iR j | gz_y;yzxyzzdzdydx [0 cos Osin 0=dzdrd
-[’ j (=27 +27r7 —2437° + 7297 ) cos Osin Odrd 0
= [ (f2cos" @+ cos’ 9~ cos” 0+ 2 cos’ 0)sin 046
_m

90

45. Evaluate the double or triple integral.
a) H xX’y—y )dA where R is the region bounded by y =4—x* and y=x+2.

ny y dA II x’y—y* dydx:...:%
®) HJ—

1
e
C) HmdA where R is the region bounded by y =1x >, x=2and y=0.

- ““gdrde = =43-4r

—5lnd—
-[! «H+x2+) J- -[\/_ y1+x +) dXdy_ ln4 1
d) Hfdydx where R is the region bounded below by the line y =1 and above by the
R

circle x> +y* =4.
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Hidydx - I:’ J-Sicgrcot Odr=..=0
R

0 [+
2x—x".

= [ [ dr=..=v2+1n2-1n(v2+2)
0 c6

1
fI
f) Hj xyzdV where § is bounded below by z = % +{—2 and above by z=1.

m‘xyZdV _[I L+ixyzdz: =0

g) .[ny z)dV where S'is bounded by y+z=1, z=2y, z=y, x=0 and x=3.
S

”I(xzy—z)dV = E J-yzy I:(xzy—z)dxdzdy+fﬁ_y J-: (xzy—z)dxdzdy =..=%
: §

z
h) dV  where Sis bounded by z=xy, x’+3y° =4 and z=0.
R

Zdzdrd =4z

il J—dV L
1) .m-de where S is bounded by Z_zm, ¥4y =4 and z=0.
S
J.-!-J-de - J-OZHJ.OZJ-:F”Z sin @dzdrd@ = ...= 0

J) Iﬂde where S is bounded by z=+/x>+)*, z=x’+)>—4 and x>+’ =2y.
N

[[Jyar =[] j:z"‘rz sin Od=drd6 = ... = 0
S

47. Determine if the following integrals converge. If so, to what value?
a
)

'['[x2+y dd = J. J—rdrd@ hrnJ. '[—rdrdgz =0

—w

X . . .
b) H e dA where R is the unit square in the first quadrant.

[ rda=lim[ [ rdds=. =42+ g
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1
c dV where S is the inside of the cone z = /x” + )
) Iy x+xt+ Xy +x72 4

1 1
J‘gxz+x“+x2y2+)czz2 dV:jﬂxz(lﬂcz v

+y2+22)
. e2n
=), '[ '[ p’ cos’ Osin’ ¢(1+p2)
=...:(\/§—1)7Z'2

48. Find the centroid of the given region R.

0’ singd pd pdo

a) R is the region bounded by y =x”—x and y =3x in the first and fourth quadrants.

A:J-J.dA:I:J-S: dydx=..=4 )_c:%'”dizﬂ-:J.ix xdydx =...=1
i P ) £

_ 2 r3x
y= %” ydA = %J-O L}ixydydx =..=38
R
b) R is the region inside the cardiod » =1+ sin @ and outside the circle r =1
a=[[aa=["["" rdrap=..=5+2
R

%= [[xda =[] 1 cosOdrd = .= 0
R

y=1 jydA 2T sin 0drd6 = . = sz

67+48

c) R is the triangle with vertices (1 1) ( ) (3,1).
1

A= ”dA H dxdy =...=

49. Find the center of mass and the moments of inertia for the region in the first quadrant
bounded by y=1-x and x*+y* =1 if the density is given by &(x,y)=x+y.

M :Hé'(x,y)dA=J‘01Lf7(x+y)dydx=...=%
R

_:ﬁ”xé‘(x,y)dA =3jljmx(x+J/)dydx:---:31_ﬁ

_ 6
R
7=t [[36(e)dd =3 [ p(xy)dde == 22
R
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Ixzﬁ”yzé‘(x,y)dA:3Oljl\_/?yz(x+y)dydx: ==z
R
=4 ([0 )aa=3] [ (e )= =

50. Find the volume of each solid.
a) The solid bounded by the paraboloids z=x*+2y* and z=12-2x" —y*.

v=[[[av =[5 rdedrag = .= 242
N

r2+2%sin% 0
b) The solid bounded by y=2°, z=», x+p+z=2 and x=0.
Loy p2-y-2
R
S

¢) The solid bounded below by the paraboloid z=x’+)" and above by the plane
z=2y.

V= I”dV = J-Oﬁ I:Sinaj';rsmgl’dzdrdﬁ =.=Z
N

d) The solid inside x* + y*> +2z° =12 and outside z* =3x” +3y°.

v=|[[av= joz”jfjoﬁpz sin gdrdgd0 = ... = 247
S 6
¢) The solid bounded by (x> +y* +2°) =x.
= fffav=[ 017 o singapiado = =5
S 2

f) The solid bounded by z=1-x>, z=x"—1, y+z=1and y=0.

v=[[Jav=[" [ [ dvdzdie=...=
N

51. Find the centroid of the given solid S.
a) S is bounded by the paraboloid z = b(x2 + yz) and the plane z=#h where b >0 and

h>0.
v=([Jav=["[" [ rdzdrao-.. -
By syinmetry, x=y=0
z :Hyzdr/ :;—bj:jfjbh redzdrd@ = .= 2 h

b) Sis bounded by the coordinate planes y+z=2 and x=3.

v=([fav=][[" dedydr=..=6
S
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f:ﬂ! xdV = j” xdzdydx = ...=3

v =t L i3
S

z=p[[[zar =i[)[[ [ sdevax=...=1
N

¢) Sisbounded above by x* + y* +2z° =4z and below by z=1.
v=[[far=["[ L::;S¢pz singd pdgd = ... = 97
By syinmetry, x=y=0
F=t[f[zav =3[ [ [ 07 singeosgd pdgdo =... =5
s

52. Find the center of mass and the moments of inertia for the solid S.

a) S is between the cone x° +3” =z’ and the paraboloid z=1x"+1 )" if the density is

given by &(x,p,z)=x"+*.

M = m5(xay,2)dV = I:ﬁj:ﬂz rdzdrd0 = ...= %z
s L

By symmetry, x =y =0
z:ﬂjjza(x,y,z)drf_Wf”jj P zdzdrd0 = .= 2
S

1= 07520 e)ar = [ (s et ==
N !

1=+ 2 (wma)ar = [T [ (7 cos0+27)dedrdo .. =23
S o

IZ :J-J.J.(xz +y2)5(x’y’z)dV :J.ozﬁj-ozj-:zl”4d2dl”dl9=...:22¥
s o

b) S is the solid in the first octant bounded by the surface x*>+y =z and the planes
y=x, x=1 if the density is given by §(x,»,z)=1+xyz.

M= Hj5 x,y,2)dV = III (1+xyz) dzdydx = ... = 34

x:ﬁjﬂxé x,y,z)dV = %JJ. '[ x+x vz dzdydx— =5
N

fzﬁjﬂyé‘(x,yz dv = %jjj y+xp’z dzdydx =8
S

E:ﬁj”zé‘(x,yz )dV = ;@jjj z+xyz’ dzdydxz...z%
S
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1=[[[(2+2)8(rrz)dr = [ [ [ (3 +2) (1+-307) dedyde = .. = 22
S

I, = 'm.(xz +22)5(X,y,2)dV = '[;J-Ox'[:ﬂy(xz +22)(1+xyz)dzdydx =.=25
S

I = J.'U(xz +y2)5(x, y,z)dV = J.Ol J-Ox'[:2+y(x2 +y2)(1+xyz)dzdydx =.=21
S

c) S is the solid given by the equation x* + y* +z* =6z and if the density is given by
5(x,y,z):x2 +y +27+1.

M =[[[s(ep.z)av =[] [ (07 +1) o7 singd pdgd0 = .. = 222
S

By symmetry, x =y =0
E:ﬁ'm.zé' z)dV 2772”'[ _[ rcos¢pcos¢(p +1)p singd pdgd6 = ...= =L

X, Y,z
I, ‘m ¥ +2)5(
_IMF.[()CM( 2sin’ ¢sin® 6+ p* cos ¢)(p2+1)PZSin¢de¢d‘9:'-':%
2
) (

L=l

_rﬁfj:cow(ﬁsm ¢cos 0+ p’ cos ¢)(/’2+1)/325in¢d,0d¢d9:---:%
Lot

X, V,Z

+2° 5xy,

_J-zer- J-scoS”’pzsln (15 P +1)p sin @d pd¢d @ = ... = 1420z

54. Find the area of the given surface.
a) The portion of the cone z =+/x* + y* that lies inside the cylinder x* + y* =2x.
ﬁ(r,@) = (r cosd,rsinf,r) a—Rx% =(-rcos@,-rsinb,r)

or
- j (1L 2 - M) ! J2rdrd6 = 2V cos’ 020 =2
or 60
b) The portion of the surface z=2x’ +3 3y that lies above the triangular region with
vertices (0,0), (1,0) and (L1).

;(u,v>=(u,v,zuz ) o S VRNER)

ou Ov

dA ” N4’ + ldvdu = '[2u\/4u +ldu=2L-1
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48. Using a change of variables, evaluate the integral.

a) “ dA where R is the region in the first quadrant bounded by y—x=0,
y—x=1, xy=1and xy=2;
u=y-—x
vV=Xxy
olxy) 1 1 -l
o] X+y

o (u,v) ) ‘—1 1l

[ =)t = Lty =

b) j”dV where S is the solid bounded by the planes x+y =1, x+y=2, 3y—-x=0,
S

3y—x=6, x+y+z=5and x+y+z=10;

u=x+y X=3u—+v
v=3y—x y=tu+iv
W=X+y+z zZ=w-v
3 =L 0
a(x,y,z)_f ‘11 _1 d _26101d dvdu =1
Sy P YT [[Jav =] ],]; sdwaviu =
o 0 -1 1 5

58. Solve the following differential equations.

a) xﬂ+2y:5x4 Q+2—y=5x3 Linear

dx dx x

d’y dy . dy d’y dp dp :
b) —==¢"— x-missing, let p =—,then ——=p—, p— = pe”, seperable
) 8 pdx @ Pay Pay PP
9 %:H—y (x+y)dx+(y—x)dy=0  Homogenous, let y = ux

X x-y
d) (2xy—9x2)dx+(2y+x2+l)dy:0 2L =2x=4l exact

d’y dy N .. ) )
e) = IOd +4ly=x+e characteristic equation: m”~ —10m+41=0

X X

y, = K,e* cosdx + K,e™* sin4x y, =Ax+B+Ce"
ON _ oM
f) (e“y+yey)dx+(xey—1)dy:0 %z—l Almost exact
g) x%—2y+x3y2 =0 %—2—)}:—x2y2 Bernoulli
X X x

h) (xsec§+ y)dx—xdy =0 Homogenous
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i) xydx+e ™ ( Y- 1) dy=0 xe* dx +$dy =0 Seperable
. d’y (dy jz . dy dp 2
— =] =+1 -missing, let p =—,then —=(p+1
) dx’ (dx 4 & P dx dx (p )
3 2

k) d ); -3 d i} +3ﬂ—y =e' +sinx characteristic equation: m® —3m” +3m—1=0

dx dx dx

y, =K' +K,xe" +K,x’e* y, = Ax’e" + Bsinx+Ccos x

d’y dy} . dy dp
) x—==cot| — -missing, let p =—, then x— =cot p, seperable
) dx* (dx 4 8 P dx dx P 5ep

N _ oM

Ox %%

m) (sinycosy +xcos’ y)dx+ xdy =0 =2tan y, almost exact

n) 2xﬂ—y=x+l Q—l:l-f-i Linear
dx dx 2x 2 2x
M _ N
0) (yZ_e*“)der xydy =0 &% —_ almost exact
N X
p) xﬂ+2y+x3y2 cosx =0 ﬂ+2—y=—x2y2 cos x Bernoulli
dx dx x
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