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IV — Arc Length and Curvature

1. Find the arc length of the graph of 7 (t) .
a) F(t):(cos3t,sin3t) 0<t<z b) 7(;):(3’,6*”\/5;) 0<t<1

¢) 7(r)=(126,87,3) 0<i<1

2. Reparametrize the curve with respect to arc length measured from the point where /=0 in
the direction of increasing ¢.

a) 7(1)=(3.47) b) 7(t)=(2t,1-3t,5+4¢)
c) ?(t):(sine’,coset,\/ge’)

3. Find the curvature.
a) 7(1)=(r.1) b) #(t)=(e".e”)

¢) F(t):(t,t,1+t2) d) 7(t)=¢' costi+e'sintj+e'k

4. Find the curvature of he curve at the given point.
a) F(t)=(t,4t%,—t2) at =1 b) F(t)z(sint,cost,%tz) at t=0

5. Consider the curve x = x(t) and y= y(t) in R*. Show that the curvature is

e(r) =L

(XIZ + yyz )%

6. Using the result of number 5, show that the curvature for a plane curve given by y = f (x) is

()= —E
o

7. Use the results from question 6 to find the curvature of the given curves.
a) y=sinx at x=% b) y=1 at x=1

T x

8. For the function f (x) =¢", at what point does the curve have maximum curvature, and what

happens when to the curvature as x — o
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9. Find the unit tangent, normal and binormal vectors and the given point. Also, find the
equation for the tangent line, the normal plane and the osculating plane, at the given point.

a) 7(t)=(2sint,2cost,3t) at (0,2,0)
b) F(t)z(e’,etsint,etcost) at (1,0,1).
<) F(t)=(t2,§t3,t) at t=1.

10. At what point on the curve (t3 ,3t,t4) is the normal plane parallel to the plane
6x+6y—8z=1.

11. Find the equation of the osculating circle for
a) the curve y=1x at the origin.

b) the ellipse 9x” +4y* =36 at the points (2,0) and (0,3)

12. Assuming that s is an arc length parameter for a smooth vector-valued function 7(s) in R’.

a) Show that ar = K(S)N(s)
ds
b) Show that %2 1 B(s)
ds
B | - e Lz
c) Show that o LT(s) (Hint: differentiate BeT)
s

d) Use the results from (b) and (c) to show that i’—B is a scalar multiple of N .
s

The torsion r(s) is the negative of this scalar, C;—B = —T(S) ]V(s) .
s

13. Assuming that s is an arc length parameter for a smooth vector-valued function 7 (s) in R*.

Then the following derivatives are known as the Frenet-Serret formulas, and are
fundamental to the theory of curves.

a _ N

ds

N _ 4T 1B
ds

d—B =—tN

ds

Prove the second formula by differentiating N = BxT with respect to s.
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14. 1t can show that for a curve given by 7(¢), the torsion is given by
Fi(t)xr"(t) |sr" (¢
(o L
r (t)xr (t)”

Find the torsion for the twisted cubic 7 () = (2t, £, ) )

15. Find the curvature and torsion of the helix 7(z)=(acost,asint,bt) where a and b are

positive constants.

16. Find the velocity, acceleration and speed at an arbitrary time # for the given position vector.
a) 7(t)=(ee") b) 7(t)=(2t,4t-1,5t+3)

17. Find the velocity, acceleration and speed at the given time ¢ for the given position vector.
a) 7(t)= (%t3,t,%t2) at t=1 b) 7(t)= (e’ sint, e' cost,t) at ==

18. Find the position and velocity vectors.
a) a(r)= (sin t,cost, et) v(0)=(0,0,1) and 7(0)=(-1,0,1)
b) d(t)=—5j-e'k v(0)=3i—j and 7(0)=2k

(1+t)2

19. The position of a particle is given by 7 (t) = (tz,St, t* —16t). When is the speed minimal?

ANSWERS
1. a) 3 b) e—1 c) 15
2. a) 7(s)=(§((3s+l)§—1)2,%(3s+1)§—%j b) 7(s)=(22s1-225,5+225)
c) F(S):(sin(%+1),cos(§+l),@s+\/§)
3 —— b 2 g ) Le 4.2 T b V2
((4+90 ) (9 +e ) (127)?
i j ok
Xy 0
r, % r” x” y” 0 x’)}” _ y’x”
5. K= 3 = 3 =
7 x12+y72)2 (x12+y72)2
)= &
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X

=0

8. Max at (%an,%) ,and limx(x)=lim -
x—>00 x—0 (1+62x)2

9. a) T(0)=3(2,0,3) tangent line: (x,y,z)=(0,2,0)+¢(2,0,3)
]\7(0):(0, 1’()) normal plane: 2x+3z=0
E(O) :£(3 0 _2) osculating plane: 3x—2z=0
B3\
b) T(0)=L(LL1) tangent line: (x,y,z)=(1,0,1)+7(L11)
]\7(0):72(0,1,_1) normal plane: x+ y+z=2
E(O)——ﬁ(—Z 1 1) osculating plane: 2x—y—z =1
— 6 sty
c) T(0)=1(2,2,1) tangent line: (x,y,z)=(1,2,1)+7(2,2,1)
N(0)=1(-1,2,-2) normal plane: 2x+2y+z="L1
B(0)=1(-2,1,2) osculating plane: 2x—y—2z ==
10. (-1,-3,1) 11.a) X +(y-1)=1  b) (x+3) +) =8, P+(y-3) =1
12. a) T(s)=7(s) b) B(s)B(s)=1
T'(s)=7"(s)=F"(s) H:Eng k(s)N(s) B.B(s)+B(s)L=0
B.B(s)=0
C) BT =0 since B LT d) by (b) and (c), ‘fl—f is parallel to BxT =N
BT+ BedL =0
i—f-f+B-(kN):O since B L N
BT =)
13. N=BxT AN — 4B T 4 Bx 4L 14, —2 15. k== 7=t
s s o B s - t2+2) a“+b a+b
=—tNxT+BxkN
=—kT +7B
16. a) ¥(t)=(¢',—e") a(t)=(e'.e’) [#(t)|=Ve" +e™
b) ¥(r)=(2.4.5) a(r)=(0,0,0) [5(¢)]=3V5
17. a) ¥(¢)=(LL1) a(t)=(2,0,1) [v(e)|]=~3
b) ¥(1)=(c%—e%1) a(0)=(0,2¢%,0) [ (1)]=+1+2¢7
18. a) ﬁ(t):(l—cost,sint,e’) b) ﬁ(t):(3,l’—+1,,e*’—l)
F(t)=(t—sint—11-cost,e') F(t)=(3t.~In(t+1),—e" —1+3)
19. t=4
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