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II — Continuity
SOLUTIONS

1. Use the formal definition for continuity to prove that the following functions are continuous
at the given point.

a) f(x)=3x+5 atx=2
Let £ >0 be given.
f (x)-L|=3x+5-11 Hyp: [x-2|<&
=3|x-2|
<30=¢
If §=% then |x—2|<5:> ‘f(x)—f(Z)‘<g, ergo f is continuous at x =2
b) f(x)=—4x+l x=-5
Let £ >0 be given.
| (%)= £ (=5)|=|-4x+1-21 Hyp: |x+5|< &
=4|x+5|
<4o6=¢
If 6=¢% then |x+5|<5 = ‘f(x)—f(—S)‘<g, ergo f is continuous at x = —5
©) f(x)=2x"-3 atx=1
Let £ >0 be given.

£ (x)= £ (1) =[2x* =3+1] Hyp: |x—1|<&
=2|x—1[[x+1] Let o<1
P -l<x-1<l1
=00 l<x+1<3

If 5=min{l,£} then |x—1|<5:>‘f(x)—f(l)‘<g,ergof is cont. at x =1.
d) f(x):x2—5x+2 at x=-2

Let £ >0 be given.
| (x)- £ (-2)| =[x’ =5x+2-16]  Hyp: [x+2[<&

:|x+2||x_7| Let 6 <1 -1<x+2<l1
<105 = & ~10<x-7<-8
8<|x—7<10

If 5=min{l,%} then |x+2|<5 = ‘f(x)—f(—2)‘<g, ergo f is cont. at x = 2.



Math BNK II — Continuity - Solutions

e) f(x)z% at x=-6

Let £ >0 be given.

L (x)= 1 (=6)|=]2+4] Hyp: |x+6/ <&
_ x+g Let 6 <1 -l<x+6<1
jx‘_ —-7<x<-5
Sw=e tet<t

If 6§=min{l,10¢} then |x+6|<5 = ‘f(x)—f(—6)‘ <¢,ergof is continuous at

x=-6.
f) f(x):i2 at x=-1
x
Let £ >0 be given.
‘f(x)‘f(_l)‘: %‘5‘ Hyp: |x+1|<5
_ St Let 6<i —l<x+1<d
x? N N
<54.35=¢ F <[] <3
%<XL2<4
d<x+1<2

If §=min{{, &} then |x+1[<5 = ‘f(x)—f(—l)‘ <&, ergo f is continuous at

x=-1.
g) f(?C)ZL at x=2
2x-5
Let &£ >0 be given.
|/ (x)=f (2) =l +4 Hyp: [x—2|< &
= 32 Let 6<t  —l<x-2<1
T 2x-9 B \
<8-20=¢ <X <3

F2<2x-5<4
1<2x-5|<2
1< ‘2;_5‘ <2
If 5=min{},&} then |x-2[<5 = ‘f(x)—f(2)‘ < ¢, ergo f is continuous at
x=2.
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h) f(x):2x3—1 at x=-1
Let £ >0 be given.

‘f(x)—f(—l)‘=‘2x3_1+3‘ Hyp: |x+1|< &
=2|x+1|‘x2—x+1‘ Let 6<3 —t<x+1<d
=2 -1
S2|x+1|(x2+|x|+1) 2 <x<§
19 s<d<3
<2'75:€ )
%<‘x ‘<%

x|y +1<L
If 5=min{{,2} then [x+1/<5 = ‘f(x)—f(—l)‘ <&, ergo f is continuous at

x=-1.

2. Show that the following functions are discontinuous at the given point.

) £ ( ) 2 ifx<1 !
a x)= x=
3 ifx>1
Let ¢ =1 . Then for all values of &, there will be values of x on the interval

L
(1-5,1+6) such that x>1. For these values,

()= (1) =p-2=156=1.
Hence fis not continuous at x =1.
ifx<2

2
X
b x)= x=2

) f( ) {x ifx>2
Let &£ =1. Then for all values of &, there will be values of x on the interval

(2-6,2+6) such that 2 <x<3. For these values,
2<x<3
-2<x-4<-1
1<|x—4]<2
thus ‘f(x)—f(Z)‘ =|x—4|>&=1. Hence fis not continuous at x=2.

o f@jz{ ifx<0 o

1
X ifx>0
Let &£ =1. Then for all values of &, there will be values of x on the interval
(=6,6) such that -1 < x<0. For these values,
-1<x<0
0< |x| <1

1< ‘—}C‘

thus ‘f(x)—f(O)‘ =[+—0|>&=1. Hence fis not continuous at x=0.
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d) f( ) 2x+1 ifx<3 3
x)= x=
3—x ifx>3
Let ¢ =1. Then for all values of o, there will be values of x on the interval

(3—6,3+6) such that 3<x<4. For these values,

3<x<4
T<x+4<11
thus ‘f(x)—f(3)‘:|3—x—7|:|x+4|>7>g:1. Hence f'is not continuous at
x=3.
0 f(x):{x ifx#-4 I
5 ifx=-4

Let &£ =1. Then for all values of &, there will be values of x on the interval
(-4-5,-4+6) such that =5 < x <—4. For these values,

—S<x<—4
-10<x-5<-9
9<|x-35|<10
thus ‘f(x)—f(l)‘ =|x—5|>9>&=1. Hence fis not continuous at x =—4.
B f(x)_{x—4 if x <4 -
4—x ifx>—4

Let ¢ =1. Then for all values of &, there will be values of x on the interval
(-4-6,-4+6) such that -5 < x <—4. For these values,
—S<x<—4
-17<x-12<-16
thus ‘f(x)—f(—4)‘ =|x—4-8=|x-12|>16 > & =1. Hence fis not continuous at
x=-4.

3. Show that the following functions are continuous everywhere.
a) f(x)=5x+2
Let a be any number and let £ >0 be given.
‘f(x)—f(a)‘:|5x+2—5a—2| Hyp: |X—a|<5
=5 |x - a|
<50=¢
If 5=¢% then [x—d|<6 = ‘f(x)—f(a)‘ <&, ergo f is continuous at x =a.
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b) f(x) =x" -4
Let a be any number and let & >0 be given.
‘f(x)—f(a)‘z‘x2—4—a2+4‘ Hyp: |x—a|<5
Let 0 <1

=|x+d||x—q
-1l<x—-ax<l

<(1+2|a|)5:g —1+2a<x+a<l+2a<1+2|q|

If 6= min{l L} then |x—a| <& = ‘f(x)—f(a)‘ < ¢, ergo f is continuous at

xX=a.
1
C) f(X)_?
Let a be any number such that a # 0 and let £ >0 be given.
‘f(x)_f(a)‘:x%_a% Hyp: |x—d|< &
[oralc—d Let <l ex—a<ld

x’a?

Slal _
< 2 44%a* 5 =&

la la

a—7<x<a+7

M<|)c|<M
2 2
4 1 4
9az<x2<a2

|x+a|<|x|+|a|<¥

If 6= min{M 8“45} then |x—a|< 5 = ‘f(x)—f(a)‘ <&, ergo f is continuous at

Z’S‘a‘
X=a.
d) f(x)=+x for x>0

Let a be any number such that a >0 and let &£ >0 be given.

[£(x)= 1 (a)| =} =l Hyp: fr—a] <o
_ Jx=d] Let 0<%
xnla —4<x-a<%
<J2{3%5:‘9 Loy

JEva<Jxea<yEea

1 1 1
Fida ~Tirla < Jivda

V2 1 _ V2
Ba2za  xtda S Na+l2a

If 6=min {@,ﬁg%} then |x—a|<5 = ‘f(x)—f(a)‘ <&, ergo f is continuous

at x=a.
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4. Prove the following properties. (These proofs resemble the ones for limits)
a) If f(x) is continuous at x =a, then ¢f(x) is continuous at x=a.

Proof:
Let £ >0 be given. Since f'is continuous then Vg, >0,
‘cf(x)—cf(a)‘=c‘f(x)—f(a)‘ 36 >0 such that

<ceg, |x—a|<§:>‘f(x)—L‘<g1
If we let ¢ =<, then |x—a| <o = ‘cf(x)—cf(a)‘ <g.
Thus ¢f (x) is continuous at x =a

b) If f(x)and g(x)are continuous at x=a, then f(x)+g(x) is continuous at x=a.
Proof:
Since f'is continuous then V¢, >0, 36, >0 such that
|x—a|<51 = ‘f(x)—L‘ <¢g
Since g is continuous then Ve, >0, 36, >0 such that
[x—a|< 6, = ‘f(x)—L‘ <e&,
Let £ >0 be given.
£ (x)+g(x)- f (a)-g(a)| =|f (x)- 1 (a) + g(x) - g (a)
<[/ (x)- 1 (a)|+]g(x)-g(a)
<& té,
If welet & =< and &, =%, then and if § =min{5,,d,} then
|x—a|<5 = ‘f(x)+g(x)—f(a)—g(a)‘ <&
¢) If f(x)and g(x)are continuous at x=a, then f(x)g(x) is continuous at x=a.

Proof:
Since f'is continuous then V&, >0, 36, >0 such that
|x—a|< 6 = ‘f(x)—L‘<gl
and 3N >0 and &, >0 such that 0 <|x—a|< 5, = ‘f(x)‘<N
Since g is continuous then V&, >0, 30, >0 such that
|x—a| <0, = ‘f(x)—L‘ <¢,
Let £ >0 be given.
|/ (x)g(x)- 1 (a)g(a) = (a)+f(x)g(a)- 1 (a)g(a)
g(@)|+]f (x)g(a)= 7 (a)g(a)
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v a)#0 £ 0
If welet & = ete) g(4) and ¢, = Wy gla)” ,
& g(a)=0 ¥ gla)=0

and if 6 =min{5,,5,,8,} then |x—d|<5 = |f(x)g(x)-f(a)g(a)|<e
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