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1. Use the formal definition for continuity to prove that the following functions are continuous 

at the given point. 

a)  ( ) 3 5f x x= +     at 2x =  

Let 0ε >  be given.  

( ) 3 5 11

3 2

3

f x L x

x

δ ε

− = + −

= −

< =

 Hyp: 2x δ− <  

 

If  
3
εδ =  then ( ) ( )2 2x f x fδ ε− < ⇒ − < , ergo f  is continuous at 2x =  

b) ( ) 4 1f x x= − +     5x = −  

Let 0ε >  be given.  

( ) ( )5 4 1 21

4 5

4

f x f x

x

δ ε

− − = − + −

= +

< =

 Hyp: 5x δ+ <  

 

If  
4
εδ =  then ( ) ( )5 5x f x fδ ε+ < ⇒ − − < , ergo f  is continuous at 5x = −  

c)  ( ) 22 3f x x= −     at 1x =  

Let 0ε >  be given.  

( ) ( ) 21 2 3 1

2 1 1

6

f x f x

x x

δ ε

− = − +

= − +

< =

 Hyp: 1x δ− <  

Let 1δ ≤  

 1 1 1

1 1 3

x

x

− < − <

< + <

 

 

If  { }6min 1, εδ =  then ( ) ( )1 1x f x fδ ε− < ⇒ − < , ergo f  is cont. at 1x = . 

d)  ( ) 2 5 2f x x x= − +     at 2x = −  

Let 0ε >  be given.  

( ) ( ) 22 5 2 16

2 7

10

f x f x x

x x

δ ε

− − = − + −

= + −

< =

 Hyp: 2x δ+ <  

Let 1δ ≤       1 2 1

10 7 8

8 7 10

x

x

x

− < + <

− < − < −

< − <

 

If  { }10
min 1, εδ =  then ( ) ( )2 2x f x fδ ε+ < ⇒ − − < , ergo f  is cont. at 2x = − . 



Math BNK  II – Continuity - Solutions 

Winter 2011 Martin Huard 2

e)  ( ) 3
f x

x
=     at 6x = −  

Let 0ε >  be given.  

( ) ( ) 3 1
2

6

2

10

6
x

x

x

f x f

δ ε

+

− − = +

=

< =

 Hyp: 6x δ+ <  

Let 1δ ≤       

1 1 1
7 5

1 6 1

7 5

x

x

x

− < + <

− < < −

< <

 

If  { }min 1,10δ ε=  then ( ) ( )6 6x f x fδ ε+ < ⇒ − − < , ergo f  is continuous at 

6x = − . 

f)  ( ) 2

5
f x

x
=     at 1x = −  

Let 0ε >  be given.  

( ) ( ) 2

2

5

5 1 1

5
2

1 5

5 4

x

x x

x

f x f

δ ε

+ −

− − = −

=

< ⋅ ⋅ =

 Hyp: 1x δ+ <  

Let 1
2

δ ≤       

2

1 1
2 2

31
2 2

4 1
9

3 5
2 2

1

4

1

x

x

x

x

− < + <

< <

< <

< + <

 

If  { }1
2 50

min , εδ =  then ( ) ( )1 1x f x fδ ε+ < ⇒ − − < , ergo f  is continuous at 

1x = − . 

g)  ( ) 4

2 5
f x

x
=

−
    at 2x =  

Let 0ε >  be given.  

( ) ( ) 4
2 5

8 2

2 5

2 4

8 2

x

x

x

f x f

δ ε

−

−

−

− = +

=

< ⋅ =

 Hyp: 2x δ− <  

Let 1
4

δ ≤       1 1
4 4

7 9
4 4

3 1
2 2

31
2 2

2 1
3 2 5

2

2 5

2 5

2
x

x

x

x

x

− −

−

− < − <

< <

< − <

< − <

< <

 

If  { }1
4 16

min , εδ =  then ( ) ( )2 2x f x fδ ε− < ⇒ − < , ergo f  is continuous at 

2x = . 
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h)  ( ) 32 1f x x= −     at 1x = −   

Let 0ε >  be given.  

( ) ( )

( )

3

2

2

19
4

1 2 1 3

2 1 1

2 1 1

2

f x f x

x x x

x x x

δ ε

− − = − +

= + − +

≤ + + +

< ⋅ =

 Hyp: 1x δ+ <  

Let 1
2

δ ≤       1 1
2 2

3 1
2 2

31
2 2

2 91
4 4

27 19
4 4

1

1

x

x

x

x

x x

− −

− < + <

< <

< <

< <

< + + <

 

If  { }21
2 19

min , εδ =  then ( ) ( )1 1x f x fδ ε+ < ⇒ − − < , ergo f  is continuous at 

1x = − . 

 

2. Show that the following functions are discontinuous at the given point. 

a)  ( )
2 if 1

3 if 1

x
f x

x

≤
= 

>
  1x =   

Let 1
2

ε = . Then for all values of δ , there will be values of x on the interval 

( )1 ,1δ δ− +  such that 1x > .  For these values, ( ) ( ) 1
2

1 3 2 1f x f ε− = − = > = .  

Hence f is not continuous at 1x = . 

b)  ( )
2 if 2

if 2

x x
f x

x x

 ≤
= 

>
  2x =   

Let 1ε = . Then for all values of δ , there will be values of x on the interval 

( )2 ,2δ δ− +  such that 2 3x< < .  For these values,  

     

2 3

2 4 1

1 4 2

x

x

x

< <

− < − < −

< − <

 

thus ( ) ( )2 4 1f x f x ε− = − > = .  Hence f is not continuous at 2x = . 

c)  ( )
1 if 0

if 0

x
x

f x
x x

<
= 

≥
  0x =   

Let 1ε = . Then for all values of δ , there will be values of x on the interval 

( ),δ δ−  such that 1 0x− < < .  For these values,  

     

1

1 0

0 1

1
x

x

x

− < <

< <

<

 

thus ( ) ( ) 10 0 1
x

f x f ε− = − > = .  Hence f is not continuous at 0x = . 
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d)  ( )
2 1 if 3

3 if 3

x x
f x

x x

+ ≤
= 

− >
  3x =   

Let 1ε = . Then for all values of δ , there will be values of x on the interval 

( )3 ,3δ δ− +  such that 3 4x< < .  For these values,  

     
3 4

7 4 11

x

x

< <

< + <
 

thus ( ) ( )3 3 7 4 7 1f x f x x ε− = − − = + > > = .  Hence f is not continuous at 

3x = . 

e)  ( )
if 4

5 if 4

x x
f x

x

≠ −
= 

= −
  4x = −   

Let 1ε = . Then for all values of δ , there will be values of x on the interval 

( )4 , 4δ δ− − − +  such that 5 4x− < < − .  For these values,  

     

5 4

10 5 9

9 5 10

x

x

x

− < < −

− < − < −

< − <

 

thus ( ) ( )1 5 9 1f x f x ε− = − > > = .  Hence f is not continuous at 4x = − . 

f)  ( )
4 if 4

4 if 4

x x
f x

x x

− < −
= 

− ≥ −
  4x = −   

Let 1ε = . Then for all values of δ , there will be values of x on the interval 

( )4 , 4δ δ− − − +  such that 5 4x− < < − .  For these values,  

     
5 4

17 12 16

x

x

− < < −

− < − < −
 

thus ( ) ( )4 4 8 12 16 1f x f x x ε− − = − − = − > > = .  Hence f is not continuous at 

4x = − . 

 

3. Show that the following functions are continuous everywhere. 

a)  ( ) 5 2f x x= +  

 Let a be any number and let 0ε >  be given. 

( ) ( ) 5 2 5 2

5

5

f x f a x a

x a

δ ε

− = + − −

= −

< =

 Hyp: x a δ− <  

 

If  
5
εδ =  then ( ) ( )x a f x f aδ ε− < ⇒ − < , ergo f  is continuous at x a= . 
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b)  ( ) 2 4f x x= −  

Let a be any number and let 0ε >  be given.  

( ) ( )

( )

2 24 4

1 2

f x f a x a

x a x a

a δ ε

− = − − +

= + −

< + =

 Hyp: x a δ− <  

Let 1δ ≤       

1 1

1 2 1 2 1 2

x a

a x a a a

− < − <

− + < + < + < +

 

If  { }1 2
min 1,

a

εδ +=  then ( ) ( )x a f x f aδ ε− < ⇒ − < , ergo f  is continuous at 

x a= . 

c)  ( ) 2

1
f x

x
=  

Let a be any number such that 0a ≠  and let 0ε >  be given.  

( ) ( ) 2 2

2 2

2 2

1 1

5 1
2 4

x a

x a x a

x a

a

a a

f x f a

δ ε

+ −

− = −

=

< =

 Hyp: x a δ− <  

Let 
2

aδ ≤       

2 2 2

2 2

2 2

3

2 2

4 1 4

9

5

2

a a

a a

a a

a x a

a

x a

a x a

x

x a x a

− < − <

− < < +

< <

< <

+ < + <

 

If  { }48
2 5

min ,
a a

a

εδ =  then ( ) ( )x a f x f aδ ε− < ⇒ − < , ergo f  is continuous at 

x a= . 

d)  ( )f x x=   for 0x >  

Let a be any number such that 0a > and let 0ε >  be given.  

( ) ( )

2

2

x a

x a

a a

f x f a x a

δ ε

−

+

+

− = −

=

< =

 Hyp: x a δ− <  

Let 
2
aδ ≤       

3
2 2

2 2

3
2 2

3
2 2

1 1 1

2 21

3 2 2

a a

a a

a a

a a

x aa a

a a x a a a

x a

x

a x a a

++ +

+ + +

− < − <

< <

+ < + < +

< <

< <

 

If  { }2

2 2
min ,

a

a a
δ

+
=  then ( ) ( )x a f x f aδ ε− < ⇒ − < , ergo f  is continuous 

at x a= . 
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4. Prove the following properties.  (These proofs resemble the ones for limits) 

a) If ( )f x  is continuous at x a= , then ( )cf x  is continuous at x a= . 

    Proof: 

Let 0ε >  be given. 

     ( ) ( ) ( ) ( )

1

cf x cf a c f x f a

cε

− = −

<

 

Since f is continuous then 1 0ε∀ > , 

0δ∃ >  such that 

( ) 1x a f x Lδ ε− < ⇒ − <  

If we let 1 c
εε = , then ( ) ( )x a cf x cf aδ ε− < ⇒ − < . 

Thus ( )cf x  is continuous at x a=  

b) If ( )f x and ( )g x are continuous at x a= , then ( ) ( )f x g x+  is continuous at x a= . 

Proof:   

Since f is continuous then 1 0ε∀ > , 1 0δ∃ >  such that  

( )1 1x a f x Lδ ε− < ⇒ − <  

Since g is continuous then 2 0ε∀ > , 2 0δ∃ >  such that  

( )2 2x a f x Lδ ε− < ⇒ − <  

Let 0ε >  be given. 

    ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

1 2

f x g x f a g a f x f a g x g a

f x f a g x g a

ε ε

+ − − = − + −

≤ − + −

< +

 

   If we let 1 2
εε =  and 2 2

εε = , then and if { }1 2min ,δ δ δ=  then 

( ) ( ) ( ) ( )x a f x g x f a g aδ ε− < ⇒ + − − <  

c) If ( )f x and ( )g x are continuous at x a= , then ( ) ( )f x g x  is continuous at x a= . 

Proof:   

Since f is continuous then 1 0ε∀ > , 1 0δ∃ >  such that  

( )1 1x a f x Lδ ε− < ⇒ − <  

and 0N∃ >  and 2 0δ >  such that ( )20 x a f x Nδ< − < ⇒ <  

Since g is continuous then 2 0ε∀ > , 3 0δ∃ >  such that  

( )3 2x a f x Lδ ε− < ⇒ − <  

Let 0ε >  be given. 

   ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( )2 1

f x g x f a g a f x g x f x g a f x g a f a g a

f x g x f x g a f x g a f a g a

f x g x g a g a f x f a

N g aε ε

− = − + −

≤ − + −

= − + −

< +
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If we let 
( ) ( )

( )
2

1

0

0

g a
g a

g a

ε

ε
ε

≠
= 

=
 and 

( )
( )

2

2

0

0

N

N

g a

g a

ε

ε
ε

≠
= 

=
,  

and if { }1 2 3min , ,δ δ δ δ=  then  ( ) ( ) ( ) ( )x a f x g x f a g aδ ε− < ⇒ − <  


