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I — Formal Limits
SOLUTIONS

1. Use the definition of a limit to prove the following statements.
a) 1im(x—7)=—4
x—=3
Let £ >0 be given.
‘f(x)—L‘z‘x—7—(—4)‘ Hyp: 0<|x=3|<05
-3
<d=¢
If §=¢ then 0<|x=3|<& = |/ (x)—(-4)|< e, ergo lim(x~7)=—4.
b) £i_r)r21(2x+3) =7
Let £ >0 be given.
1 (x)- L] =[2x+3-7] Hyp: 0<|x-2|<&
=2[x-2|
<20=¢
If §=% then 0<|x-2|<& = |f(x)-7|<e&,ergo lim(2x+3)=7.

x—2

c) lirrolx2 =0

Let £ >0 be given.
‘f(x)—L‘:‘xz—O‘ Hyp: 0<|x|<5
=[x
<6’ =¢

If §=+¢ then 0<|x|<5:>‘f(x)—0‘<g,ergo limx* =0

x—0
d) ygg(xz ~x)=6

Let £ >0 be given.

‘f(x)—L‘=‘x2—x—6‘ Hyp: 0<|x-3|<5
:|x+2||x_3| Let 6 <1,then —-1<x-3<1
<65=¢ 4<x+5<6

If 5=min{l,£} then 0<|x-3|<5 = ‘f(x)—6‘<g,ergo lim(xz—x)=6

x—3
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Math BNK
1
lim—=—
) xl—r>r21x 2
Let £ >0 be given.
‘f(x)—L‘:%—ﬂ Hyp: 0<|x-2|<&
|2—x| Let 6<1,then -1<x-2<1
2y 1<x<3
<f=¢ 3<y<I
2
If §=min{l,2¢} then 0<|x-2/<& = |/ (x)—4|<z.ergo lim+ =
li =-3
f) xlgg2x—5
Let £ >0 be given.
‘f(x)—L‘: zis+3| Hyp: 0<|x—2|<5
6x—2| Let 6<+,then —4<x-2<+
:|2x—5| I<x<3
<120 =¢ I<2x<?
F2<2x-5<4
%<m<2
If §=min{{,5} then 0<|x—2|<d =|f(x)+3[<s, ergo lim——=—=-3
X—> x_
g) lirr21x3:8
Let £ >0 be given.
£ (x)-L]=|x"-§ Hyp: 0<|x-2|<&
=|x—2”x2+2x+4‘ Let 6 <1,then —-1<x-2<1
X I<x<3
£|x—2|(x +2|x|+4) L<s® <9
<196 =¢
If §:min{1,%} then 0<|x—2|<§:> ‘f(x)—8‘<g,ergo 1i1r21x3 =8
h) limvx =3
Let £ >0 be given.
x4 Hyp: 0<[x-9|<&
-1<x-9<I1

‘f(x)_L‘:‘\/;_3‘.w+3‘ Let 6 <1, then
8<x<10

_ -9
\/§+3<\/;+3<\/ﬁ+3

‘\/; + 3‘
1 1 1
T s S e

<§+3:5
If 5=min{L&(v8+3)} then 0<|x-9| <& = |f(x)-3 <z, ergo limyx =3
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Math BNK I — Formal Limits - Solutions

1) £1£1}x2_3:2
Let £ >0 be given.
‘f ‘ ‘__2‘ Hyp: 0<|x-2|<&
1 1
|2x+3||x 2| Let 0<4,then —4<x-2<+
‘x _3‘ IT<x<?
3 15
<125165—8 2<2x+3<2
BHoxt<dl
i<x2—3<ﬁ
L< <16

=
If §=min{L, 5} then 0<|x-2/<8 = |f(x)-2|<e&,ergo lim —
x— x
2 1
 lim ==
Let £ >0 be given.

| (x)-L]=|2—=-1

x°—6x

_ 4—\/)52—6)5 4+\jx2—6x|

X,
-3

Hyp: 0<|x+2|<&
Let 6 <1, then

I BN —l<x+2<1
~ 6-x2 46 —11<x-8<-9
T -3<x<-1
— e8] l<x*<9
T 6<—6x<18
<112J’4I5 ¢ 7<x*—6x<27

447 <4++x* —6x <4427

IfS = mm{l 18 }then0<|x+2|<5:>‘f (x)—4|<e. ergo lim x22—6x:%

k) lim x6_g
x—3 x_3
Let £ >0 be given.
‘f ‘ £oac6 5‘ Hyp: 0<|x=3|<05
—|x—3|
<d=¢
X —x-6
If 5:8then0<|x—3|<5:>‘f(x)—5‘<8,erg0 lim 3 =5
X—> x_
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m) 933(2x2—5x+1)=4

Let £ >0 be given.

|f (x)-L|=|2x* = 5x+1-4] Hyp: 0<|x-3|<&
=|2x+1||x—3| Let 6 <1,then -1<x-3<1
<985 =¢ 2<x<4
5<2x+1<9

If 5=min{l,§} then 0<|x—3|<5:> ‘f(x)—4‘<5,erg0 lin}(2x2—5x+l)=4
n) lim|sx—3|=7

Let £ >0 be given.

| (x)-L|=]5x-3]-7 Hyp: 0<|x-2|<&
:5|x—2| Let 6 <1,then -1<x-2<1
<55=¢ l<x<3
2<5x-3<12

Thus |5x-3|=5x-3
If 5=min{l,%} then 0<|x—2/<5 = |f(x)-7|<&,ergo lim|5x-3|=7

x—2
0) lirr31\/5x+ =4
Let £ >0 be given.

i sl Hyp: 0<[x—3[<8
fx—L—\/S)C‘i‘ —4‘ P
‘ ( ) ‘ ‘ ‘ ‘«/5x+1+4‘ Let §S1,then

5[x -3 -1<x-3<l1

- Nox+1+4 2<x<4
59 VIT+4<~5x+1+4<21+4

< Jﬁ+4 =€
1 < 1 < 1
J21+4 NSx+1+4 J1+4

If 5=min{1f(f“‘)} then 0<|x~3/<5 = [f(x)~4| <. ergo limV5x+1=4

2. Use the definition of a limit to show that the following statements are false.
a) £1_r)13(2x—1) =5
Let ¢ =1. Then for all values of o, there will be values of x on the interval
(2-6,2+6) such that 0 <x <2. For these values,

O0<x<2
—6<2x-6<-2
2<[2x-6|<6
thus ‘f(x)—5‘2|2x—6| >2>¢g=1. Hence Lig}(2x—l);t5
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b) lim x> =20
Let ¢ =1. Then for all values of o, there will be values of x on the interval
(5-6,5+6) such that x>5. For these values,

x>5
x* > 25
x*=20>5
thus |f(x)-20|=|x*~20|>5> & =1. Hence limx* # 20
c) limi:l
=l x+1

Let £ =1. Then for all values of &, there will be values of x on the interval
(1-5,1+6) such that 0 < x <1. For these values,

0<xxl

I<x+1<2

T<L<1

<2 -1<3
4

thus x)=1=-%+-~—-1|>¢=1. Hence lim——#1
UORNEN =1 x+1
d) lim =1
x—>3x_3

Let ¢ =1. Then for all values of o, there will be values of x on the interval
(3—6,3+6) such that 3<x<4. For these values,

3<x<4
O0<x-3<«l1
1<%

2<25-1

thus | f(x)-20|=|3-1/>2>&=1. Hence lim—— %1

X3 x —

3. Determine whether the following statements are true or false, and prove your answer with the

definition.
a) £1£13(3x2—x+1):11 True
Let £ >0 be given.
£ (x)-L|=3x* —x+1-1] Hyp: 0<|x—2|<&
=|3x+5||x—2| Let 6<1,then —-1<x-2<1
<145=¢ l<x<3
8<3x+5<14
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Math BNK
If §=min{l, 5} then 0<|x-2[<6 = ‘f(x)—ll‘ <&, ergo lin%(3x2 —x+1):11
b) lim 21 =1 False
x->2x° =4
Let ¢ =1. Then for all values of o, there will be values of x on the interval
(-2-6,-2+6) such that 2 <x <0. For these values,
-2<x<0
0<x’<4
—4<x*-4<0
1ol
2 4 4
2< x21_4—1
thus | £ (x)—1| === —1‘ >3>¢=1. Hence lim x21—4 #1
. 2x-1 x=#2
¢) llngf(x) =1 where f(x)= : ) False
x—> xX=

Let ¢ =1. Then for all values of o, there will be values of x on the interval
(2-6,2+6) such that x>2. For these values,
x>2

2x-2>2
thus |/ (x)~1|=[2x~1-1|>2>¢ =1. Hence lim f(x)=1
-1 x<lI
x—1 x>1
Let &£ =1. Then for all values of &, there will be values of x on the interval
(2-6,2+6) such that 2 <x<3. For these values,

2<x<3
2<x-4<-1
1<|x—4]<2

d) limf(x)=3 where f(x) :{ False

x—2

thus ‘f(x)—3‘=|x—1—3| >¢&=1. Hence ki_r}rzlf(x)¢3
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4. Show that the given limits do not exist.
. h 0 x<0
a) xlilgf(x) where f(x)=

1 x>0
Suppose lxlil’(}f(x) =L.

1. If L>1, thenlet ¢ =%. For all values of ¢, there will be values of x on the

interval (—&,8) such that x <0. For these values,

| (x)-L|=]0-L|
=L21>g=1
2. If L<{,thenlet ¢ =%. For all values of ¢, there will be values of x on the
interval (—&,8) such that x> 0. For these values,

| (x)-L|=[1-L] since  L<1i
>lse=1 -L>5
1-L>3

Thus, for any L, if & =+, then ‘f(x)—L‘ >¢ forany ¢.

x’ x<0
b) lim f(x) where f(x)=
) Hof( ) f( ) {x—l x>0
Suppose £1_r)r(}f(x) =L.
1. If L>5,thenlet £ =;. For all values of ¢, there will be values of x on the
interval (—&,8) such that 0 < x <. For these values,

O<x<y
—l<x-1<3
x—1-L<3-L
x—l—L<‘T3—(*7‘):*T‘ since 5+ <L
%<|x—l—L|
and thus 1f (x)-L|=[x-1-L]>£=4

2. If L <4, thenlet £ = . Forall values of ¢, there will be values of x on the

interval (—&,8) such that x <0. For these values,
x<0

x> >0
x’-L>-L>1
And thus ‘f(x)—L‘:‘xz—L‘>%>5:%
Thus, for any L, if & =+, then ‘f(x)—L‘>g for any 0.
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5. Use the definition of a limit to prove the following statements.
a) lim(2x+1)=5

x—2"

Let £ >0 be given.

| (x)-L|=|2x+1-3] Hyp: 0<x-2<6
=2|x-2]
<20=¢
If 6=% then 0<x—2<5:>‘f(x)—5‘<8,ergo lir¥(2x+1):5

b)gg(ﬁ+3ﬂ=4

Let £ >0 be given.

VTX)—LL:h2+3x—4‘ Hyp: -6 <x—1<0
—|x+4||x—1| Let 6 <1, then O<—(x—1)<1
55— ~5<-x-4<—4

B 4<x+4<5

If §=min{l,£} then —5<x—1<0:‘f(x)—4‘<5,ergo 1im(x2+3x):4

x—>1

2x* =3 x<l1
Sx+1 x>1

c) lim f(x)=-1 where f(x):{

Let £ >0 be given.
£ (x)-L|=[2x* =3+1] Hyp: -6 <x-1<0
1-0<x<l
Let §<I,then 0<—(x—-1)<I

2<—-x-1<-1

=2|x+1|]x—1]
<2-20=¢
I<x+1<2
If §=min{l,£} then —5<x—1<0:>‘f(x)—5‘<g,ergo lirgf(x):S

d) lim [[x]] =1
x—27
Let £ >0 be given.
‘f(x)—LL:mxﬂ—q Hyp: -6 <x-2<0

2-0<x<2
Let 6<1,then 1<x<2

If 6=1 then —5<x—2<0:‘f(x)—1‘<g,ergo lim [[x] =1

x—27
e) lim+vx-2=0

x—2"

=[1-1=0<e¢

Let £ >0 be given.

‘f(x)—L‘:“/x—2‘<\/5:g Hyp: 0<x-2<6
If §=¢" then 0<x-2<5 = |f(x)-0|<e&,ergo limx-2=0

x—2"
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>

f) lIim—=-1
x=>0" x
Let £ >0 be given.
‘f(x)_L‘:M_’_l‘ Hyp -0<x<0
' Thus |x|=—x
=|=+1=0<e

If 6=1 then —5<x<0:>‘f(x)+l‘<g,ergo limmz—l

x>0 x
o) lim—*_—»
x>0 D x +
Let £ >0 be given.
7(5)=1] =52 Hyp: x <M
1 If M <—3
-2 x<M<3
<zt =¢
2M 2x+1<2M +1<0
0<—(2M +1)<—(2x+1)
T <3
If M==t-1then x<M = |f(x)-2|<&,ergo lim =2
x>0 Dy +1
hy lim>3 2
X—>00 X
Let £ >0 be given.
()-L]=]z2 - Hyp: >
If M >0 then L <+
K *
<T=¢

If M =2 then x>M = ‘f(x)—1‘<£,ergo lim X3 _

X—>0 X

i) lim =—0
x5 5—x
Let N <0 be given.

f(x):54 <d-N Hyp: 0<x-5<¢
—Xx

1
5 X

-5

-4
S5—x 5

4

If §=7 then 0<x-5<6 = f(x)<N,ergo lim5
-5t 5 —x
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j) lim(x*+x) =00
Let N >0 be given.
f(x)=x’+x>M*+M =N Hyp: x> M
If M >0 then x* +x>M>+M

If M =3+4J1+4N then x>M = f(x)>N,ergo lim(x2+x):oo

X—>0

k) lim x> =0

X—>—0

Let N >0 be given.
f(x)=x*>M*=N Hyp: x <M
If M <0 then —x>-M
x> M?
If M =—J/N then x<M:>f(x)>N,ergo lim x* =0

X—>—00

6. Use the definition of a limit to show that the following statements are false.

a) lim =2

=2t x =2
Let ¢ =1. Then for all values of o, there will be values of x on the interval
(2,2+6) such that 2<x <%. For these values,

2<x<3
O<x-2<%
4<-L
2<L-2
thus ‘f(x)—2‘:|ﬁ—2|>2>8:1. Hence }i_)r?x_z #2
b i

Let N =10. Then for all values of & , there will be values of x on the interval
(1-5,1+6) such that 0 < x <1. For these values,

O<x<l
I<x+1<2
T<t<1
x—1 1 .ox—1
thus f(x)=x2_1=m<1<N:10. Hence lxl_r)rllxz_lioo
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x’ x<3
li =-1 wh =
c) x1_g}f(x) where f(x) {2—x o3

Let &£ =1. Then for all values of &, there will be values of x on the interval
(3—6,3) such that 2 < x<3. For these values,

2<x<3
4<x?<9

5<x*+1<10
thus ‘f(x)+l‘:‘x2+1‘>5>g:1. Hence lim f'(x)=-1

x—3"
d) lim % =
x=0" x
Let N =10. Then for all values of o, there will be values of x on the interval
(=6,0) such that —1<x<0. For these values,

-1<x<0
-1<x’<0
+<-1
thus f(x):%<—1<N:10. Hence }Lrg%iw
0 lime <

Let N =10. Then for all values of M, there will be values of x on the interval
(M,0) such that x> 0. For these values,

x>0
-x<0
er<e’=1

thus f(x)=e_x <1<N=10. Hence lime ™ #

X—>0

Let &£ =1. Then for all values of M, there will be values of x on the interval
(=00, M) such that x < —1. For these values,
x<-—1
x<x+1<0
<X

x+1

2<2+1

thus ‘f(x)+l‘: % +1>2>¢=1. Hence lim —— % -1

xoo x 41
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3x
lim =—
g) =4 x—4
Let N =-10. Then for all values of &, there will be values of x on the interval

(4,4+6) such that 4 <x <5. For these values,
4<x<5
O<x-4<l1

4

3> 12

3x >12>N=-10. Hence lim 3x
x—4 x4 x—4

#* —00

thus f(x)=

7. Suppose that lim f(x)=L and limg(x)=M . Prove the following properties of limits.
o) tim[ /() g ()] =L~
Sincelim f'(x) =L then Ve >0, 35, >0 such that

0<|x—a|<s, :‘f(x)—L‘<gl
Sincelimg(x)=M then Ve, >0, 36, >0 such that

O<|x—a|<52: ‘g(x)—M‘<82

Let £ >0 be given.

|/ (x)=g(x)-L+M|=|f(x)-L-g(x)+ M|
<[/ (x)-L|+|-g(x)+ M|
=|/(x)= L] +]g(x)- M|

If welet & =% and &, =%, then and if § =min{5,,6,} then
O<|x—a|<§:>‘f(x)+g(x)—L—M‘<g
b) limx’ =4’

Let £ >0 be given.

‘f(x)_L‘:‘xZ_az‘ Hyp: 0<|x—a|<&
:|x—a||x+a| Let 0 <1, then
—l<x—-ax<l
<(1+2|a|)5:g ~1+2a<x+a<l+2a<1+2|d|

|x+a|<1+2|a|

If 5:min{l,ﬁ2‘a‘} then 0<|x—a|<5:>‘f( ‘<5 ergo limx” =a’

X—a
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¢) lim [ f (x):|2 =I Hint: Use the boundness theorem

X—a

Sincelim f'(x) =L then Ve >0, 35, >0 such that

0<|x-a|<s = ‘f(x)—L‘<gl
Also, since lim f(x) exists, then IN >0 and 35, >0 such that

0<|x—a|<8, =|f(x)|<N
That is, such that | £ (x)+L| <| £ (x)|+|L| < N +|L|
Let £ >0 be given.

() -1

=‘f(x)—LHf(x)+L‘
<& (N+|L))

If we let ¢ = then and if § =min{&,,,} then

_&
N+[Z] °

0<|x—a|<5: ‘f()c)z—L2

<&
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