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"> Advanced Calculus
Q‘tms"g Martin Huard

CEGEP CHAMPLAIN

sT.LAWRENCE Winter 2011
[CHaspLAiN REGIONAL CoLLEcE]

Assignment #2
SOLUTIONS

This assignment is due Tuesday March 1, 2011 at the beginning of the class.
Complete solutions with exact answers are expected, presented in a neat and legible manner.

For questions involving Maple, a print-out of your work is expected, where your name is written
in the Worksheet, each question is clearly labeled, and the answers are clearly presented. Also,
you must copy your file in my “TEST” subfolder (W:\Tests\mhuard\Advanced Calculus
\Assignment 2), where your name should be included in the name of the file (for example:
Assignment 2 — Your Name).

QlleStiOIl 1 (8 points)
Calculate the following limit, and use the definition with ¢ and J to prove your answer.
lim (x2 +xp” —4)

(r.y)=>(-2.1)
Let £ >0 be given.

‘f(x,y)—(—z)‘Z‘X2+xy2—2‘ Hyp: O<\/(x+2)2+(y—1)2 <0
= ‘xz +xpt —x+x— 2‘ This implies that
=‘x2+x—2+x(y2—1)‘ [x+2/<d and |y-1]<5

Let 0 <1
:‘(x+2)(x—1)+x(y—l)(y+l)‘ |x+2|<1 |y_1|<1
S|x+2||x—1|+x|y—l||y+l| —-l<x+2<l1 -l<y-1<1
<45+3(3)6=135=¢ —3<x<-l 2<y+1<3

—4<x-1<-2

2<—(x-1)<4

If 6 =min{l, %}, then 0<y(x+2) +(y=1)’ <& = |f(xp)+2|<e
thus  lim (x2+xy2—4)=—2

(x,y)—)(Z,—l)
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Question 2 (8 points)
Prove that the function f(x,y)=4x’—5xy+6)’ is differentiable at (2,3) using the definition.

fi(x,y)=8x-5y f.(2,3)=1

£, (x,y)=—5x+18y” £,(2,3)=152

Hence we have: £, (2,3)Ax+ f,(2,3)Ay = Ax+152Ay

Af = f(2+Ax,3+Ay)- £(2,3)
=4(2+Ax) —5(2+Ax)(3+Ay)+6(3+Ay) —148
=16+16Ax +4Ax* =30 —15Ax —10Ay — 5AxAy +162 +162Ay + 54Ay” + 6Ay° —148
= Ax +152Ay +4Ax* — 5AxAy + 54A)” + 6A)°
= £.(2.3) Ax+ £, (2,3) Ay +(4Ax = 5Ay) Ax +(54Ay + 6Ay” ) Ay
= £,(2,3)Ax+ £, (2,3) Ay + 5, Ax + &,Ay

Thus if & =4Ax—5Ay and ¢, =54Ay+6Ay”, then

lim ¢ = lim (4Ax—5Ay):0

(Ax,Ay)—)(0,0) (Ax,Ay)—)(0,0)

lim &= lim (
(Ax,Ay)—>(0,0) (Ax,Ay)—>(0,0)

Ergo, fis differentiable at (1,3).

544y +6Ay” ) =0
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Question 3 (10 points)
If f'has continuous partial derivatives, show that the function w= f (e’ cosf, e sin 6?) satisfies

o’w  O’w , o[ Ow O'w
+ (x + ) B + 3
ox~ oy

Let x=e"cos@, then w= f(x,y)

y=¢ sinf
a—Wza—we”(:ost9+a—we”sine
or Oox oy
2 2 2
0 vzv: 0 vzve”cos0+ Ow e sind ercost9+a—we”cost9
or ox 0y0x ox
2 2
+ aWe”cost9+avzve’sin9 e”sin9+a—we”sin9
Ox0Oy oy oy
2 2 2
= vzvezr cos’@+2 Ow e’ sin000s0+a v:ezr sin20+a—we’ cos9+a—we’ sin @
ox OxOy oy ox oy
%=—a—we’sin9+%e’ cosd
06 ox oy
2 2 2
0 V:=— _8 vzve, sin @ + ow e cosd |e sin@—%e’ cosd
06 ox ox0y ox

2 2
+| — ow e sin0+a Vzve’ cosd |e cos@—a—we’ siné
o0yox oy oy

2 2 2
=3 vzveZ, sin’ 0—2;; e* sin @ cos @ + aa vzveZ, cos? 0—2—We’ cos@—aa—we’ sin @
X Oy Y X y
2 2 2 2
0 v2v+6 VZV: 0 vzvez’(sinz6’+cos20)+a—vzvezr(sin29+cos29)
or- 060° ox oy
2 2
:(32’(si1120+cos2 6’) 0 v2v+8 VZV
ox~ oy
2 2
:(ezr sin” @+ e cos’ 9) 8v2v 8v2v
ox~ oy
2 2
:(x2+y2) a ‘:}"'a 1:}
ox~ oy
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Question 4 (14 points)
Consider x = psingcos@, y= psingsin@ and z= pcosg.

a) Find g—'j, 2—5 and %
Let F(x,y,z,p,0,4)= psingcosd—x
G(x,y,2,p,0,4) = psingsind—y
H(x,y,2,p,0,¢)=pcosp—z

singcos —psingsinf cos@pcosd
o(F.G,H) ¢ psing pcose

=|singsinf psingcosd pcos@sinf
a(p.6,9)

cos ¢ 0 —psing
= cosg/ﬁ(—p2 sin g cos@gsin® @ — p” sin ¢ cos ¢ cos” 9)
—~ psinqﬁ(,osin2 pcos® @+ psin’ ¢gsin’ 6’)
=—p’singcos’ p— p’sin’ ¢

=—p’ sin¢(cos2 ¢ +sin’ ¢)
=—p’sing
-1 —psingsind pcosgpcosb
86(F,—§,H): 0 psingcos@ pcosgsinf
(x.0.9) 0 0 —psing
:—(—pzsin2¢cos9)
= p’sin® gcos @
_8(F,G,H)
2 2.2
ap _ 0(x,0,9) :—p_suzl %Cosezsin¢cosé’
ox O(F,G,H) p’sing
0(p.0.9)

0 -—psingsind pcos@cosl
86(F,—§,H):_1 psingcos@d  pcosgsinf
(7.0.9) 0 0 —psing
:—(—1)(p2sin2¢sin9)

= p’sin’ ¢sin
_O(F,G,H)
2 .2 .
o _ 0(x,0,9) :—p_51121 ,¢Sm6’:sin¢sin6
oy 8(F,G,H) P sing
o(p,0:9)
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singcosd —psingsingd 0

a(F’—G’H):singésin& psingcosd 0
6(/),9,2)
cos ¢ 0 -1
=—(psin’ gcos’ 0+ psin’ sin’ 0)
=—psin’ ¢
op__ 0(x.0.9) _—(-psin’d) _sing
ox  O(F.GH)  -p'sing  p
o(p.0.9)

apY (op) o4
b) Use your result from (a) to verify that (—pj H L = o (—j .
ox oy 0z

5 2
(6_/)) + »| sin’ ¢ cos” @ +sin’ ¢gsin’ @
ox oy

c) Verify your answers from (a) and (b) with Maple.

[~ MATHEMATICS 201-BNK-05
Advanced Caleulus

Martin Huard
Winter 2011
Assignment 2
N Solutions
Z Question 4
7] restart

o~ with(VectorCaleulus) -
S = r*sin(p) *cos(8) — =
= r*sin(p) *sn(8) — 3
he=r*cos($) — =
rain(b) cos(6) — &
rain(p) sin(e) —y
A reos(p) —z 88}
2< BEgh) / B(r,B,p)
71 M1, dl = Jasobi:m( [£ghl [r, 6, lp], ‘detemm:mr');

sin(b) cos(6) —rsin(b) sin(8) reos(d) cos(6)
sin(b) sin(6) rsin(p) cos(8) reos(p) sin(e) | —sin(ﬁ))3 n:os(e)2 - sinH))3 sin{B)2 2 sin( ) sin(8)2 n:us(ﬁ))2 — sin( ) 505(6)2 A:DSH))2 2)
A cos(d) 0 —rsin(d)
) smplifldl )
—sin(p) @)

pay|
2 deEgh) / B(x,8,9)
7 M2 d2 = Jacobxfm( [£ehl [x, a, ¢)] 'dezermmam‘),

-1 —rsin($) sin(8) rcos(d) cos(e)
0 rsin(p) cos(6) reos(s) sin(e) ,F;S].n(lp)z cos(6) )
0 n —rsin(4)

pay|
25 d(fgh) / a(v.8.9)
7 M3 d3 = Jacobxfm( [E£gh] [y, [ ¢)] 'dezermmam‘),

0 -rsin(p) sin(8) reos(e) cos(e)
-1 rsin(p) cos(8) reos(d) sin(e) ,rzsm(lp)zsm(e] 5)
0 ] —rsin($)
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= agat 128
71 M4, d4 == Jacobian( [£ g k], [r, 8, z], 'deremmam');

sm(f) cos(8) —ram(b) sm(6) 0

sin( ) sin(8) ren(d)cos(8) 0 | —sm(lt]z n:us(El)2 - sm(@:]z sm(El]2 r @)
cos(b) 0 -1
pay|
=7 simplife(de);
2
Al (=14 cos($)?) r )
> arf dx
—d2
Simpfiﬁ/[%},
sin() cos(8) 8)
A
g orfay
43
Simpfiﬁ/[%l,
N sin($) sia(8) )]
< apiaz
= _da
smpijjz[jj‘,
_sn(4) an
Al r
é () Verifying the identity
B —d2 \? -d3 %)
LB’—smpkﬁz[[jf +2[\le J,
—d4d
RSZsmprﬁi[rZ [TJ J
LS=sm(¢))2
R,S’:sin(@)]z {11y
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Question 5 (10 points)
Consider the surface xyz =c.
a) Show that the product of the x-, y-, and z-intercepts of any tangent plane to the surface

1S a constant.
f(x,y,z):xyz—c
Vf (x,3.2) =(yz,x2,x)
At (XanOaZO)a vf(xo’yo’zo):(yOZO’XOZO’XOyO)

the equation of the tangent plane is:
XVoZo + X0 VZo T X VoZ = X VoZo T X VoZo + X0VoZ0

XVoZo + X VZy + X, V2 = 3C
. 3 3
Hence, the x-, y-, and z-intercepts are ¢ , ¢ and
M2y X2y XoVo
3c 3¢ 3c
YoZo XoZo Xoo
27¢°
2
(xoyozo )
276

=27c
c2

b) Assuming that ¢ =6, find the equation of the tangent plane and the normal line at the
point (3,1,2).
V£ (3,1,2)=(2,6,3)
Equation of tangent plane: 2x+6y+3z=6+6+6
2x+6y+3z=18
Normal line: (x,y,z)=(3,1,2)+7(2,6,3)
c) Show that the two surfaces xyz =6 and (x— 7)2 +(y —13)2 +(z —8)2 =196 are tangent
at the point (3,1,2).
g(x,3,2)=(x=7) +(y-13)" +(z-8) ~196
Vg(x,y,z)=(2(x—7),2(y—13),2(z—8))
Vg(3,1,2)=(-8,-24,-12) = —4(2,6,3) =—4Vf(3,1,2)
Equation of tangent plane: 2x+6y+3z =18

Hence the two surfaces have the same tangent plane, thus are parallel.
d) Using Maple, sketch a graph of the surfaces xyz =6 and

(x— 7)2 +(y- 13)2 +(z— 8)2 =196, as well as the tangent plane and the normal line

found in (b), all on the same screen.

respectively,

Thus, product of the intercepts =
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>4 Question 5

2 (@

| with(plots) :

S surfacel = mmplicitplot3d(x-y =6 x=-8 .15, y=—8 .25, z=-8 .25 axes = normal, color = blue, numpoints = 1000) :

Z surface? = mpficiipioﬁd((x — 7)2 +(y— 13]2 + (z— 8)2 =196, x =—8 .25, y=-8 .25 z=-8 25 axes = nomal, Cafﬂr:red]

< tangantplans = mpliciplot3d (2 x + 6y + 3.2=18, x=—8 .25, y =—1 .25, 2=-8 .15, axes = nomal, color = khaki) :
nomalling = spacecurve([3+ 24 1+ 642+ 3¢], 0 =-1.3, color = Wack, thickness =12) .

| display (surfacel, surface2, tangentplane, nomalline ),
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