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CEGEP CHAMPLAIN

sT.LAWRENCE Winter 2011
[CHaspLAiN REGIONAL CoLLEcE]

Assignment #1
SOLUTIONS

This assignment is due Tuesday February 8, 2011 at the beginning of the class.
Complete solutions with exact answers are expected, presented in a neat and legible manner.

For questions involving Maple, a print-out of your work is expected, where your name is written
in the Worksheet, each question is clearly labeled, and the answers are clearly presented. Also,
you must copy your file in my “TEST” subfolder (W:\Tests\mhuard\Advanced Calculus
\Assignment 1), where your name should be included in the name of the file (for example:
Assignment 1 — Your Name).

Question 1 (5 points)

1
Prove that lim — = —0.
=T\ xP 453

Let N <0 be given. Hyp: -6 <x-2<0
11 P +543 I -1
VX +5-3 NxP+5-3x*+5+3 X=2 0

543 Idel’iliefx—2<o
X' +5-9 l<x<?2
Vi +5+3 1<x?<4
(x+2)(x-2) 6<x*+5<9
<6(%)(%):%‘2:N J6+3<\¥ +5+3<6
3<x+2<4
If 6 =min{,1}, then ~5 <x-2<0 = f(x)<N. <7<

Ergo, llm ———=—»

=2\ x*+5-3
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Question 2 (5 points)
Prove that lim (1 - x3) =4 is false.

X—>—00

Let ¢ =1. For every M <0, there exist values of x on the interval (—o0, M) for which

x<-2.
For these values,
‘f(x)—L‘:‘l—x3—4‘ x<=2
:‘—x3—3‘>3>g:1 x'<-8
-x’>8
—x’=3>5

Hence lim (1—x3) #4

x—>—0

Question 3 (5 points)

Prove that the function f(x)= is continuous at x=—1.

x* +4
Let £ >0 be given. Hyp: |x+l|<5
x 3 If §<1,th
9=
X+ 4+ —E<X+E<1
| X +£ -1<x<0
.2
x+4 17 0<x*<l
C|2x* +17x+38 4<x’*+4<5
17(x* +4) bl
Jx+1)(x+8)| T<x+8<8
17(x* +4) \
B x+8)|
17 (x> +4) ‘

<E8to==%o0=¢
If § =min{Ze¢,4}, then |x+1|<5 = ‘f(x)—f(fl)‘“g'

. ) _a
Ergo f' is continuous at x =3 .
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Question 4 (5 points)

+1 x<1
Prove that the function f (x) 7 ¥ 1s not continuous at x =1.
3—1x x21
Let e=1.
Then for all values of &, there will be values of x on the interval (1 0,140 ) such that 0 < x <1

For these values,
‘f(x)—f(l)‘:‘x2+l—§‘ 0<x<l1
:hz_% 0<x’<l1

_3 2_3 .-
;<X —5<3

1 _
>7—8

1 2 3 3
1 2 3 3

Hence fis not continuous at x =1.

Question 5 (5 points)
A sequence {a, }:;0 converges to L if lima, = L. Give a formal definition for the convergence

n—»0

of a sequence. Note that n is always a nonnegative integer.

Use your definition to prove that the sequence {ﬂ}:;o converges. Note: you must find the value

n+l

to which it converges first.
{an}:zo — L ifand only if Ve >0,3NeZ, N>0 suchthatneZ,n>N = |an—L|<5

We have that lim 2% =2
n—oo

So let us prove that {2£}” 2.

Let £ >0 be given.

— | 2n .
an—L|—m—2| Hyp.n>N
n+l>N+1
=== 2 =&
n+l N+1 1 1
S N

If N=[[%—1]]+1. Then n > N = |an—2|<8,erg0 {ﬂ}:;o -2

n+l
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Question 5 (25 points)
. . —- ! 2 r, 2
Consider the vector function 7(¢)= (J.O cos (%6 )d&, IO sin (%6 )d&, t) .

a) Reparametrize the curve with respect to arc length measured from the point where
¢t =0 in the direction of increasing ¢.

?’(t):(cos(ltz) sin(ﬂtz),l)
Hr H \/cosz +sm )+1=\/5
—I Hr Hduzjox/_du:x/zt
N

t=2

Hence 7 (s)= va cos(%@z)dﬁ,j% sin(%@z)dﬁ,gsj

0
b) Find the curvature x .

7 (1) = (—m‘ sin(%t2 ),m‘ cos(%t2 ),O)

i k
F(1)x7" (1) = cos(%tz) sm(z ) 1

—ztsin(ﬂtz) 7Z'l‘COS( 2) 0

( mtcos(£17),~xtsin(54 ), ztcos’ (£17) + mtsin’ (%tz))
:( 7t cos(% —msin(ltz),m)
|7 ()7 (¢)| \/72' sin® (567 )+7°f cos” (417 )+ 7°F
Gl (cos( t)+sm (10)+1)
27w
=T =5|t|

c) Find the torsion 7 (see question 14 in exercise sheet IV).

(1) = (—ﬂsin(” t ) —- 't cos(%t2 ), ﬂCOS(%ZZ)— 7t sin(%t2 ),O)
o(t)= [7(1) :' (¢)
[ (e ()
~ ﬂztsin( zy )cos( : t2)+ 7t cos’ (%tz ) —ﬁztcos(§t2 )sin(%t2 ) +7°f sin® (%tz)

7’t? sin® (%t2 )+ 7 cos(%z‘2 ) +7t

't

- 272t B 2
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d) Find the unit tangent vector, unit normal vector and unit binormal vector for the curve

e)

g)

Winter 2011
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at r=1.
f(r)=\;8\ = 5{cos(£1°).sin(£)1) 7(1)=(0.2.%)
7o)~ () J(—mtsin(52), 2t cos(5¢°),0)
T'(¢) %(—m‘sin(%tz),m‘cos(%tz),O)H
B ﬁ(—;rtsin(gtz),mcos(gt2 ,O)
- 57t
:(—sin(gtz),cos(gtz),O)
N (1)=(~1,0,0)
ik
B(1)=T()xN(1)=|0 £ L£=(0-LL)
-1 0 0

With Maple, find the curvature and torsion for the curve. Compare with your answer

in (b) and (c).

Note: For Maple to simplify the expressions adequately, it has to assume that 7 is a
real number. Hence, at the beginning, use the command assume(t:: real); Maple
will use 7~ instead of ¢ after, to indicate that there is an assumption on ¢.

Verify your calculations in (d) with Maple.

Sketch a graph of the curve along with the three vectors found in (d) on the same
screen with Maple. Note: Use Maple to give you a numerical approximation for

(1)-

—

7
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™| restart :
with(VectorCalculus )
Basis Format( false )
assume(t:: real)

o with(plots)

Assignment 1
Solutions

vr:z (:I'm[cos[% 62],820 1], mr[sm[%-az],e:u..:],:}

Fay

X Derivatives

S rk o= (1),
r2 = diff(ri, t),
r? = diff(r2 1),

pa]
Z Curvature

7| Worm (CrossProduct (v, #2), 2) Norm (r], 2)°3

K =simplifp( %),

pa|
> Torsion

FresnelC(i~)
Fresnel(2-)
-

N
—sin[Lnt-‘2|nr~
2 7

3
cns[Lmn-ﬂm'-
Z J

~| DotProduct( CrossProduct(rl, r2), r3) [ Nowm (CrossProduct(r}, r2), 2)72

T = sumplify(simplify (%)),

pa|
= Tangent Vector
S|k iNarm (£, 2)

T = simplify( %),

pa|
7 subs(t=1,T):
Tl = simplifir( %),

P
Z Normal Vector

7 (T ) Perm (i (T 1), 2)

N = simplify(%);

I
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0
1
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i subs(t=1,N):
NI = simplify(2s),

Fay

Z Binormal Vector

7| CrassPraduct(T, M) -
B = simplify(#3);

_L
2
1 ®
2
A
7| CrassPraduct(T4 NI -
Bi = simplify( %),
]
U=
7 Ve a0y
1 =
V2
=
< Graph
| subs(t=1,r)
r0 = avalf(%),
07795934004
04382591474 a1

1.

Py

| curva = spacecurve(r, 1 =—1 3 calor = blua, numpeints = 1000)
TT = arraw(r0, Ti, color = green)
NI = arrow(r0, W1, color =red)

| BB = arrow(ro, Bi, colar = khaki)

1 display(curve, TT, MM, BB, axes = normal, scaling = constrained),
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