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XXIV — Chi-Square Goodness of Fit

SOLUTIONS

1. The following table lists the frequency distribution for a sample of 50 absences of college
students from classes according to the day of occurrence.

Day of the week Mon Tue Wed Thu Fri Total
Number of absences 14 6 4 10 16 50
E 10 10 10 10 10

Test at the 5% significance level if the number of absences is equally distributed over all
days of the week. Try with both approaches, the classical and the p-value.
Classical approach

Step 1
Step 2

Step 3

Step 4

Step 5

Assumptions: The classes are all inclusive and mutually exclusive

Hy: The number of absences are equally distributed over all days of the week.

H4: The number of absences are not equally distributed over all days of the
week.

a) Test statistic: y> with df= 4
b) Right-tailed test with oo = 0.05
c) gz(df,,a) = ;(2(4’0_05) =9.49

2 _ (O — E)2
=2
2 2 2

(14—10) . (6—10) - (16-10)
10 10 10
=10.40

a) y’ is in the critical region

b) Reject H,.

.. There is not sufficient evidence at the 5% level of significance to conclude

that the number of absences is not equally distributed over all days of the
week.
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p-value approach

Step 1
Step 2

Step 3

Step 4

Step 5

Assumptions: The classes are all inclusive and mutually exclusive

Hy: The number of absences are equally distributed over all days of the week.

H4: The number of absences are not equally distributed over all days of the
week.

a) Test statistic: y° with df =4

b) Right-tailed test with o = 0.05

2 (O_E)Z
a) ¥ —Z—E
2 2 2
_(14-10)° (6-10)  (16-10)
10 10 10
=10.40

b) 0.025 < p-value <0.05

a) p-value <o =0.05

b) Reject H,.

.. There is not sufficient evidence at the 5% level of significance to conclude
that the number of absences is not equally distributed over all days of the
week.

2. To check a die for fairness, it is rolled 300 times. If the die is fair, then all of the outcomes
should be equally likely. Here are the results of the rolls.

Number on die 1 2 3 4 5 6
Number of rolls 57 43 44 53 46 57
E 50 50 50 50 50 50

At the 5% level of significance, test the claim that the die is fair. Try with both approaches,
the classical and the p-value.
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Classical approach

Step 1
Step 2

Step 3

Step 4

Step 5

Assumptions: The classes are all inclusive and mutually exclusive
Hy: Each outcome of the die is equally likely (the die is fair).
H4: Not all outcomes of the die are equally likely.

c) Test statistic: y> with df= 5
d) Right-tailed test with o = 0.05
d) Zz(df,a) = ;(2(5,0'05) =11.07
0-E)
X =Z—( - ) | Ve
0416 11.07

2 2 2
_ (57-50) . (43-50) - (57-50)
50 50 50
=4.16
a) y’ is not in the critical region
b) Fail to reject H,.

.. There is not sufficient evidence at the 5% level of significance to conclude
that the die is not fair.

p-value approach

Step 1
Step 2

Step 3

Step 4

Step 5

Fall 2008

Assumptions: The classes are all inclusive and mutually exclusive
Hy: Each outcome of the die is equally likely (the die is fair).
H4: Not all outcomes of the die are equally likely.

a) Test statistic: y° with df=5
b) Right-tailed test with o = 0.05

P :Z(O_EE)Z

2 2 2
(57—50) N (43—50) - (57—50)
50 50 50
=4.16
b) 0.500 < p-value < 0.750
a) p-value > 0.500 > o =0.05
b) Fail to Reject H,,.
.. There is not sufficient evidence at the 5% level of significance to conclude
that the die is not fair.

a =
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3. A machine currently used by a manufacturer produces units which can be classified as Top
Grade, High Grade, Medium Grade and Low Grade. The machine currently produces units
of each grade in the proportions of 40%, 30%, 20% and 10% respectively. A new machine,
designed to produce the same units, was tested with a random sample of 500 units, where
each unit was classified. Here are the results.

| Number of Units E
Top Grade 212 200
High Grade 169 150
Medium Grade 81 100
Low Grade 38 50

At the 10% level of significance, test the claim the two machines produces units of the same
quality. Try with both approaches, the classical and the p-value.

Classical approach

Step 1
Step 2

Step 3

Step 4

Step 5

Fall 2008

Assumptions: The classes are all inclusive and mutually exclusive
Hy: The distribution in the quality of units is the same for both machines.
H,: The distribution in the quality of units is the same for both machines.

a) Test statistic: y° with df= 3
b) Right-tailed test with oo = 0.10
) Xy = X 3om0) = 6:25

2

_<(0-E)
LT -
) ) ) 0 ) 6.25 9.62
~ (212-200) +(169—150) +(81—100) +(38—50)
200 150 100 50
=9.62

a) y’ isin the critical region

b) Reject H,.

.. There is sufficient evidence at the 10% level of significance to conclude that
the machine does not produce units of the same quality.
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p-value approach

Step 1  Assumptions: The classes are all inclusive and mutually exclusive

Step2  Hjy: The distribution in the quality of units is the same for both machines.
H4: The distribution in the quality of units is the same for both machines.

Step 3 a) Test statistic: y*> with df=3
b) Right-tailed test with oo = 0.10

Step 4 2
) 7 -yl0D

(212-200)’ N (169-150)’ N (81-100)’ N (38-50)°
200 150 100 50
=9.62

b) 0.010 < p-value <0.025

Step S a) p-value <0.025 < a=0.10
b) Reject H,.
.. There is sufficient evidence at the 10% level of significance to conclude that
the machine does not produce units of the same quality.

4. A pair of dice are rolled 200 times. Here are the sums produced by the 200 rolls.

Sum 2 3 4 5 6
Number of Rolls 4 16 17 16 27
E %:5.56 %:11.11 %:16.67 %:22.22 %:27.78
7 8 9 10 11 12
43 25 18 15 16 3

62023333 W-2778 4M=333) IM=]667 22M=]].1] W=556

36
At the 1% significance level, can we conclude that the dies are fair? That is, the sums

produced by this pair of dice follow the expected distribution?  Try with both approaches,
the classical and the p-value.
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Classical approach
Step 1  Assumptions: The classes are all inclusive and mutually exclusive
Step 2  Hp: Sums produced by the pair of dice follow the expected distribution.
H4: Sums produced by the pair of dice do not follow the expected distribution.
Step3  a) Test statistic: y> with df= 10
b) Right-tailed test with oo = 0.01
c) Zz(df,a) = ;(2(10’0'01) =23.21
Step 4 ( O-— E)2
2 _
-t | .
11.7323.21
4-556) (16-11.11) ~556) "
(s ety Gesse”
5.56 11.11 5.56
=11.73
Step5 a) z? is not in the critical region

b) Fail to reject H,.
.. There is not sufficient evidence at the 1% level of significance to conclude
that the dies are not fair.

p-value approach

Step 1
Step 2

Step 3

Step 4

Step 5

Fall 2008

Assumptions: The classes are all inclusive and mutually exclusive

Hy: Sums produced by the pair of dice follow the expected distribution.

H,: Sums produced by the pair of dice do not follow the expected distribution.
a) Test statistic: y° with df=10

b) Right-tailed test with oo = 0.01

2 (O_E)z
VEEL T
_(4-5.56) +(16—11.11)2 N +(3—5.56)2
5.56 1111 5.56
=11.73

b) 0.250 < p-value < 0.500

a) p-value >0.250> o =0.01

b) Fail to reject H,,.

.. There is not sufficient evidence at the 1% level of significance to conclude
that the dies are not fair.
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5. A philosophy instructor tells his students on the first day of class that 40% will pass, 30%
will fail, and 30% will withdraw that semester if historical patterns hold true. The class
began with 38 students. Seventeen of the students passed the class, 6 failed and the rest
dropped. At the 5% level of significance, test the claim that the instructor made on the first
day of class. Try with both approaches, the classical and the p-value.

| Pass Fail Withdraw
E 0.4-38=152 0.3-38=114 0.3-38=114
] 17 6 15

Classical approach
Step 1  Assumptions: The classes are all inclusive and mutually exclusive
Step2  Hjy: The distribution of grades follows the given distribution.
H,: The distribution of grades does not follow the given distribution.
Step 3 a) Test statistic: y> with df= 2
b) Right-tailed test with oo = 0.05
c) Zz(df,a) = ;(2(2’0_05) =5.99

Step 4 O-EY
=307

(17-152) (6-114)° (15-11.4)°
15.2 11.4 11.4
Step5 a) x? is not in the critical region
b) Fail to reject H,.
.. There is not sufficient evidence at the 5% level of significance to conclude
that the distribution of grades follows the given distribution, that is, that the
instructors’ claim is true.
p-value approach
Step 1  Assumptions: The classes are all inclusive and mutually exclusive
Step2  Hjy: The distribution of grades follows the given distribution.
H4: The distribution of grades does not follow the given distribution.
Step 3 a) Test statistic: y* with df=2
b) Right-tailed test with o = 0.05
Step 4 (O _ E)2
2
a =) —
) =] E
(17-15.2)° N (6-11.4) N (15-11.4)
15.2 11.4 11.4
b) 0.100 < p-value < 0.250
Step S a) p-value >0.100 > a = 0.05
b) Fail to reject H,,.
.. There is not sufficient evidence at the 5% level of significance to conclude

that the distribution of grades follows the given distribution, that is, that the
instructors’ claim is true.

0 391 599

=391

=391
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6. A 1970 study showed that of Canadian married-couple families, 42.9% had no children,
18.3% had one child, 18.0% had two children, and 20.8% had three or more children. A
recent survey of 500 Canadian married-couple, families revealed that 267 had no children,
87 had one child, 96 had two children, and 50 had three or more children. At the 1% level of
significance, test the claim that the 1970 proportions are no longer valid. Try with both
approaches, the classical and the p-value.

No Child [ child 2 child 3 or more
E 0.429-500=214.5 0.183-500=91.5 0.18-500=90 0.208-500=104
0 267 87 96 50
Classical approach

Step 1  Assumptions: The classes are all inclusive and mutually exclusive
Step2  Hjy: The proportions are the same now as in 1970.
H4: The proportions are not the same now as in 1970.

Step3  a) Test statistic: y> with df= 3
b) Right-tailed test with oo = 0.01
C) ;(z(df,a) = ;(2(3’00]) =11.34

Step 4 (O—E)2
2 _ \v—L£) 1
7 _z 7 0 11.34 41.51 o
_(267-2145)° (87-915) (96-90) (50-104)°
T 2145 91.5 90 104

Step5 a) 4? is in the critical region
b) Reject H,.
.. There is sufficient evidence at the 1% level of significance to conclude that
the 1970 proportions are not valid anymore.

p-value approach

Step 1  Assumptions: The classes are all inclusive and mutually exclusive

Step2  Hjy: The proportions are the same now as in 1970.
H4: The proportions are not the same now as in 1970.

Step3  a) Test statistic: y*> with df=3
b) Right-tailed test with o = 0.01

Step 4 (O—E)2
2 N 7
) 7=
(267-214.5)’ +(87—91.5)2 +(96—90)2 +(50—104)2 _ 4151
T 2145 91.5 90 104

b) p-value <0.005
Step 5 a) p-value <0.005 <a =0.01
b) Reject H,.
.. There is sufficient evidence at the 1% level of significance to conclude that
the 1970 proportions are not valid anymore.
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