MATHEMATICS 201-510-LW

Business Statistics
Martin Huard
Fall 2008

Review Exercises
SOLUTIONS

1. In a survey on Canadian education, a random sample of 500 students rated their teacher. The
results were as follows: 123 rated their teacher as Excellent, 225 as Very Good, 133 as Good

and 19 as Not Good.

a) Construct a relative frequency distribution table.

. Relative
Rating Frequency Frequency
Excellent 123 24.6%
Very Good 225 45.0%
Good 133 26.6%
Not Good 19 3.8%
Total 500 100%
b) Construct a bar graph. c) Construct a circle graph.
Teacher Rating
= 50% - Not
v 43%{ % Good, Excell
i B o= S e
aal BN B | Good, 6%
i 0 H B 26.6%
& 0% ‘I—- T - T - — - .
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Rating

d) Construct a 95% confidence interval for the proportion of students who rated their
teacher as being Excellent.

Step 1
Step 2

Step 3
Step 4

Step 5

Assumptions: n=500>20 np=123>5 and ng=377>5
a) Test statistic: z

b) Level of confidence: 1—a =0.95 or & =0.05

Point estimate: p =< =12 =0.246

a) Zy = Zggs = 1.96

b) E =z, =1.96E% ~0.0378
c) xX—-E<p<x+FE
0.246-0.0378 < p < 0.246+0.0378

0.2082 < p <0.2838
The 95% confidence interval for the proportion of students who rated
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their teacher as being Excellent is 20.82% to 29.38%.

e) Atthe 5% level of significance, can you conclude that more than 65% of students rate
their teacher as either being Excellent or as Very Good? Use the p-value approach.

Step 1
Step 2

Step 3

Step 4

Step 5

Assumptions: n=500>20 np=500-0.65=325>5 ng=175>5
H, : p=0.65

H,: p>0.65

a) Test statistic: z

b) Right-tailed test with o = 0.05

2) z= p-p _ 30—0.65

0.65(1-0.65)
500

b) p-value = P(z>2.16)=1-0.9846 =0.0154 0 216

a) p-value =0.0154 <o =0.05

b) Reject H,,.

.. There is sufficient evidence at the 5% level of significance to
conclude that the proportion of students who rate their teacher as
Excellent or as Very Good is more than 65%.

f) At the 5% level of significance, can you conclude that the ratings of teachers do not
fall equally in the four categories (Excellent, Very Good, Good and Not Good)? Use
the classical approach.

Step 1
Step 2

Step 3

Step 4

Step 5

Fall 2008

Assumptions: The classes are all inclusive and mutually exclusive
H,: The ratings fall equally in the four categories.
Ha: The ratings do not fall equally in the four categories.

a) Test statistic: y° with df= 3
b) Right-tailed test with oo = 0.01
c) Zz(df,a) = ;(2(3’0_05) =7.81

2

oy (08 |,
E 0 781 17043
(123-125)" (225-125)° (133-125)" (19-125)
s 125 125 125
=170.43

a) y’ is in the critical region

b) Reject H,.

.. There is sufficient evidence at the 5% level of significance to
conclude that the ratings do not fall equally in the four categories.

Martin Huard 2
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2. The breakfast cereal “Raisins & Fibers” is supposed to contain 200 raisins per box.
random sample of boxes is taken, and the number of raisins counted. Here are the results.

182 182 182 186 187 187 188
192 193 195 195 196 197 199
200 201 201 202 203 203 203
207 207 208 208 210 210 213
217 217 217 218 220 223 224
a) Construct a relative frequency distribution table.
Distribution of Quantity of Raisins per Box of Cereals
Number of Relative Class
Raisins Frequency |[Frequency| Midpoint
180 to 189 9 18% 184.5
190 to 199 11 22% 194.5
200 to 209 14 28% 204.5
210 to 219 10 20% 214.5
220 to 229 5 10% 224.5
230 to 239 1 2% 234.5
Total 50 100%

b) Construct a histogram.

188
199
203
215
225

Relative Frequency

Distribution of Quantity of Raisins

30%
20%
10%

0%

per Box of Cereals

I
1

184.5 194.5 204.5 214.5 2245 2345

Number of Raisins in Box

c) Find the mean.

X = & = 10183 =203.66 raisins
n 50

d) Find the median.

Me =203 raisins
e) Find the mode.

Mo =199 raisins
f) Find the range.

R = Max— Min =231-182 =49 raisins
g) Find the sample variance.

Fall 2008 Martin Huard
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)

k)

D

, X _2 _ 2081863 — "%
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=163.13 raisins’

S =

n-1 49

Find the standard deviation

s =+/s> =/163.13 =12.77 raisins

Find Q 1

0, =194 raisins

Find Qs.

0O, =215.5 raisins
Find the coefficient of variation.

s 1277

= =6.27%
03.66
Draw a box and whisker graph.
Box and whisker plot
for Number or Raisins
per Box
235 -
. 225
£
2 215 -
o
S 205 -
2
£ 195 -
3
=
185 - i
175 -
m) Construct a 95% confidence interval for the mean number of raisins in a box of cereal
“Raisins & Fibers”.
Step 1  Assumptions: n=1502>30
Step 2 a) Test statistic: z
b) Level of confidence: 1—a =0.95 or & =0.05
Step 3 Point estimate: X =203.66 raisins
Step4  a) z, =z,,,=1.96
b) E:z%le.%%:&ﬂ
C) X-E<u<x+E
203.66-3.54 < £ <203.66+3.54
200.12 < £ < 207.20
Step 5 The 95% confidence interval for the mean number of raisins in a box of

Fall 2008

cereal “Raisins & Fibers” is 200.12 to 207.20.
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n) At the 5% level of significance, can you conclude that the boxes of cereals “Raisins &
Fibers” have more than 200 raisins? Try with both approaches, the classical and the

p-value.

Classical approach

Step 1
Step 2

Step 3

Step 4

Step 5

Assumptions: n=502>30
H, : u=200

H,: u>200

a) Test statistic: z

b) Right-tailed test with oo = 0.02
C) z, =2, =1.645

. X—p _203.66-200

=2.03
s 1277
n 50

a) z is in the critical region

b) Reject H,,.

. There is sufficient evidence at the 5% level of significance to
conclude that the boxes of cereals “Raisins & Fibers” have more than
200 raisins.

p-value approach

Step 1
Step 2

Step 3

Step 4

Step 5

Fall 2008

Assumptions: n=502>30
H, : u=200

H, : pu>200

a) Test statistic: z

b) Right-tailed test with a0 = 0.05
X—u 203.66-200 |

a) z=

o =2.03 0 3 Z

i 50
b) p-value = P(z > 2.03) =1-0.9788=10.0212

a) p-value=0.0212> a=0.05

b) Reject H,,.

. There is sufficient evidence at the 5% level of significance to
conclude that the boxes of cereals “Raisins & Fibers” have more than
200 raisins.

I
<
(e
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3. Here is a frequency distribution showing the ages of 121 randomly selected people who have
a bachelor’s degree or higher.

Ages 18-24  25-34 3544 45-54 55-64 65-84 85-104
Frequency 8 32 35 23 11 9 3
Midpoint 21 29.5 39.5 49.5 59.5 74.5 94.5

Use this frequency distribution to estimate
a) the mean

S22 52415
no 121

=43.32 years

b) the variance

D I et el
n—1 121-1
c) the standard deviation

s=+s> =+/258.1=16.1 years

4. A large law firm wants to estimate the number of months cases take before they are settled.
To accomplish this, 10 settled cases were taken at random, and the length of time (in months)
before a settlement was noted. The results were:

4 12 7 10 15 5 2 22 15 18

=258.1 years®

Assume that the number of months cases take before been settled is normally distributed.

a) Find the mean.

_ D>x 110
Yo -
n 10
b) Find the median. Me =11 months
¢) Find the mode.
Mo =15 months - AR
d) Find the range. Case Settles
R = Max — Min =22 -2 =20 months 25
e) Find the sample variance. -‘—

S ZT 506 v
B

=11 months

Time before a

n

10— 42 889 months?

S =

n—1 159

f) Find the standard deviation

s=/s> =/42.889 = 6.549 months
g) Find Q 5 J_

Q, =5.5 months
h) Find Q;.

0, =15 months

Months

10
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1) Find the coefficient of variation.

cv == =% —59.54%

X
j) Draw a box and whisker graph.
k) Construct a 90% confidence interval for the mean length of time before a case is
settled.
Step 1  Assumptions: The sampled population is normally distributed
Step2  a) Test statistic: t with df =n—-1=9
b) Level of confidence: 1—a =0.90 or « =0.10
Step3  Point estimate: X =11 months
Step4 a) 4, ) =lop0y =1.711
b) E= t(df’%)f =1.71 1% =3.80
C) X-E<u<x+E

11-3.80< zr<11+3.80

7.20 < 1 <14.80
Step 5  The 95% confidence interval for the mean length of time before a case
is settled is 7.20 months to 14.80 months.

1) At the 10% level of significance, can you conclude that cases are settled, on average,
in less than one year (12 months)? Try with both approaches, the classical and the p-
value.

Classical approach
Step 1  Assumptions: Population is normally distributed
Step2  H,: p=12 months

H,: p <12 months

Step 3 a) Test statistic: ¢t with df =9
b) Left-tailed test with oo = 0.10
c) Y ima) = Ho090) = —1.383

Step 4 X- - o1

epd  _FTop _11-12_ | t
s 6.549 -1.383 0
n V1o -0.48

Step 5 a) tis not in the critical region
b) Fail to reject H,.
.. There is not sufficient evidence at the 5% level of significance to
conclude that cases are settled on average is less than one year.
p-value approach
Step 1  Assumptions: Population is normally distributed
Step2  H,: p=12 months

H,: u <12 months

Step3 a) Test statistic: t with df =9
b) Left-tailed test with oo = 0.10

Step 4 Fou 11—
PE gy o PR g

Ve 7o
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b) 0.315 < p-value <0.350
Step S a) p-value >0.315>a=0.10
b) Fail to reject H,.
.. There is not sufficient evidence at the 5% level of significance to
conclude that cases are settled on average is less than one year.

5. Many real estate representatives establish apartment rents and house prices on the basis of
area of heated floor space. The following data in the table gives the area of heated floor
space and sales prices for a number of randomly selected houses that were recently sold in
Quebec city.

Area (m°) 135.6 1958 1619 1393 1732 222.1
Price ($1000) 150 273 254 205 256 375

Area (m’) 183.7 149.6 142.1 1634 1692 205.9
Price ($1000) 307 167 231 285 302 305

a) Find the equation of the least-squares line.

2
SS, =Y %~ (29 _ 355709 —%382 —8296.75

n
ss - ny—@ _ 5457703 204183110 _ ) fen3.8
; 12

(3y) 31102

$S, = 2y" — M = 840684 - =" = 44675.667
n

y:_x:2041'8:170_15 y:zy:w:259.167
n 12 n 12
SS_ .
Slope : b=—== 166038 _ 2.0012
SS. 8296.75

y-intercept : a =y —bx =259.167-2.0012-170.15 = -81.345
Thus the least-squares line is given by y =-81.345+2.0012x.
b) Sketch a scatter diagram containing the least-squares line.

Area versus Price

400
350
300
250
200
150 >
100

100 150 200 250

Price ($1000)

Area{m?)
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c) Find a 95% confidence interval for the y-intercept o of the regression line.

Step 1
Step 2

Step 3
Step 4

Step 5

Assumptions: y, ~ N(a + ﬁxl.,aj)

a) Test statistic: t with df =n—2=12-2=10
b) Level of confidence: 1 —a =0.95 or & =0.05
Point estimate: a =-81.345

a) t(df,%) = 10,0005 = 2-228

(s
b) S, = S5,

=33.834

2
c) E=t —+——2228 33. 834,f—+170 15 =142.495
(45 12 8296.75

a— E <a<a+FE
—81.345-142.495 < ¢ < —81.345+142.495

—223.84<a<61.15
The 95% confidence interval for the regression coefficient ¢ is -223.84
to 61.15.

\/ 44675.667 - 186;9063»78;

d) Find a 95% confidence interval for the slope S of the regression line.

Fall 2008

Step 1
Step 2

Step 3
Step 4

Step 5

Assumptions: y, ~ N(a + ﬁxl.,aj)

a) Test statistic: # with df =n—-2=12-2=10
b) Level of confidence: 1—a =0.95 or a =0.05
Point estimate: b =2.0012

a) t(df,%) =110,005) = 2.228

(55,)° :
b) S = I \/44675'667_152690635785 =33.834
¢ n—2 10
33.834
© E=t,, J_ Ji =0.8276
d) b-—E<[<b+E

2.0012-0.8276 < £ <2.0012+0.8276

1.174 < < 2.829
The 95% confidence interval for the regression coefficient f is 1.174 to
2.829.

Martin Huard 9
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e) Determine if the y-intercept o of the regression line is different than zero at the 5%
level of significance. Try with both approaches, the classical and the p-value.
Classical approach

Step 1 Assumptions: y, ~ N (a + ,Bxl.,af)
Step2  H,:a=0

H,: a#0
Step3 a) Test statistic: # with df = 10

b) Two-tailed test with o = 0.05

) larg) = Lo.00as) = 2-228
Her a) S, = 55, _(55;:) :\/44675.667_152633;;; s
e n-2 10 :
b) = a—a [ nSS, _ —0.81345—0\/ 12-8296.75 .
S, \/SS, +nx’ 12.977 8296.75+12(170.15)’

Step 5 a) tisnot in the critical region
b) Fail to reject H,.
.. There is not sufficient evidence at the 5% level of significance to
conclude that the y-intercept « of the regression line is different than 0.

p-value approach
Step 1 Assumptions: y, ~ N (a + ,Bxi,of)
Step2  H,:a=0
H, :a#0
Step3 a) Test statistic: t with df = 10
b) Two-tailed test with o = 0.05

Sepd < _ ss,-S5- \/44675.667—1526363_;‘52 a3
‘ n—2 10 '
by (9= [ nSS. _ —0.81345—0\/ 12-8296.75 e
S \[SS. +nx 12977 1/8296.75+12(170.15)"

c) 2:0.111< p-value <2-0.129
0.222 < p-value <0.258

Step 5 a) p-value >0.222 > o= 0.05
b) Fail to reject H,.
.. There is not sufficient evidence at the 5% level of significance to
conclude that the y-intercept « of the regression line is different than 0.

Fall 2008 Martin Huard 10
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f) Determine if the slope S of the regression line is greater than one at 5% level of

significance. Try with both approaches, the classical and the p-value.
Classical approach

Step 1 Assumptions: y, ~ N (a + ,Bxi,of)
Step2  H,: p=1

H,: g>1
Step3 a) Test statistic: # with df = 10

b) Right-tailed test with o = 0.05

2 L) = Y10.0.05) =1.812
e 44675.667 — 166038
a) Se = :\/ 829675 _ 33 834
10 -
b-p 2.0012-1 .
) S, Jss, 33.834 - 1_81}?

Step 5 a) tis in the critical region
b) Reject H,,.
.. There is sufficient evidence at the 5% level of significance to conclude
that the slope £ of the regression line is greater than one.

p-value approach
Step 1 Assumptions: y, ~ N (oc + ,Bxl.,af)
Step2  H,: =1
H,: p>1
Step3 a) Test statistic: ¢t with df = 10
b) Right-tailed test with o = 0.05

Step 4

5SS,

-5k \/44675.667—1“0382

a) S, = S20075 —33.834
n-2 10
b) z:l’;—ﬁ‘/ssx :%\/8296.75 =2.70

e

c) 0.011< p-value <0.013

Step5  a) p-value <0.013 <o =0.05
b) Reject H,.
.. There is sufficient evidence at the 5% level of significance to conclude
that the slope f of the regression line is greater than one.

g) If a house has an area of 200 square meters, what is the forecasted price?

y=-81.345+2.0012-200 =318.904
Thus the forecasted price is $318 904.

Fall 2008 Martin Huard 11
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h) Construct a 95% confidence interval for the forecasted price of a house having an area
of 200 square meters.

Step 1 Assumptions: y, ~ N (oc + ,Bxl.,af)
Step2 a) Test statistic: ¢ with df =10

b) Level of confidence: 1—a =0.95 or a =0.05
Step 3 Point estimate: y =—81.345+2.0012-200 =318.904

Step4  a) o) = Hro0009) =2.228

b) S, =

ss, - - \/44675.667— T
n—2 10 ‘

(x-%)

1
C) E—t(df)g)se\/l+;+ 5S.

\/ 1 (200-170.15)’
=2.228-33.834,|1+—+
12 33.834

c) y-E<y<Jy+E
318.904-82.263 < y <318.904 +82.263
236.641< y<401.166

Step 5 The 95% confidence interval the forecasted price of a house having an area
of 200 square meters is $236 641 to $401 166

=82.263

1) Find the coefficient of correlation and the coefficient of determination.
e SS, 16603.8
\/SSXSSy \8296.75-44675.667

7> =0.8624> =0.7438 = 74.38%
j) Construct a 95% confidence interval for the population correlation.
Step 1  Assumptions: Bivariate normal population
Step2 a) Test statistic: z
b) Level of confidence: 1 —a =0.95 or & =0.05
Step 3 Point estimate: » = 0.8041
Step4  a) Z, = Zyps =1.96
1. 1+r 1,  1.8624

b) Z=—In—=—In =1.3027
2 1-r 2 0.1376

z, z
L———=<u <l+—+——
n—3 n—3

1.3027—@<,u2 <1.3027 +% : : z

\/5 \/5 -1.96 0O 1.96

0.6494 < 11, <1.9560

=0.8624

R

Fall 2008 Martin Huard 12
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62(0.6494) 1 62(1.9560) -
82(0.6494) +1 <p< 62(19560) +1
0.571< p <0.961

The 95% confidence interval for the population coefficient of correlation
1 0.571 to 0.961.

k) Determine if the correlation is significant at the 5% level of significance. Try with
both approaches, the classical and the p-value.
Classical approach

Fall 2008

Step 1
Step 2

Step 3

Step 4

Step 5

Assumptions: Bivariate normal population
H,: p=0

H, : p#0

a) Test statistic: # with df =10

b) Two-tailed test with o = 0.05

C) t(df’%) =10,005) = 2.228

rIn=2_ 0.8624410

= = =5.39
-2 J1-0.8624°

a) tis in the critical region

b) Reject H,.

.. There is sufficient evidence at the 5% level of significance to conclude

that there is a significant correlation between the area of heated floor space

of a house and its price.

t

p-value approach

Step 1
Step 2

Step 3

Step 4

Step 5

Assumptions: Bivariate normal population
H :p=0
H,: p#0
a) Test statistic: ¢ with df =10
b) Two-tailed test with o = 0.05
2 1= rn-2 _ 0862410

=72 \1-0.8624°
b) p-value<2-0.001

p-value < 0.002

a) p-value <0.002 < a.=0.05
b) Reject H,.
.. There is sufficient evidence at the 5% level of significance to conclude
that there is a significant correlation between the area of heated floor space
of a house and its price.

=5.39

Martin Huard 13
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6. An urn contains six red, five black, and four green balls. If two balls are selected at random
without replacement from the urn, what is the probability that
a) both balls are red

P(RR,)=P(R)P(R,|R)
_65_1
1514 7
b) one ball is red and the other is green
P(one Red and one Green) = P(R,G, or G,R,)
=P(R)P(G,|R)+P(G)P(R,|G))
_64, 46 8
1514 1514 35
c) the second ball is black
P(B,)=P(RB, or G,B, or BB,)
=P(R)P(B,|R)+P(G)P(B,|G)+P(B)P(B,|B)
65 45 54 1
=t ——t——==
1514 1514 1514 3
d) the first ball is green given that the second one is red.
P(G)P(R,|G)
RZ

P(G1|R2):

P(G)P(R|G)
P(RI)P(R2 |R1)+P(G1)P(R2 | G1)+P(1£?1)P(R2 |Bl)
& 2

= [l

o
[

5
it 7

"
W
=

1

w

1

7. The owner of a music store noted the buying behavior of customers. He found, during a
single day, that 87 people had bought CD’s, 98 DVD’s, 21 both and 123 neither. Find the
probability that a customer buys

a) OnlyaCD’s.

P(CD only) =22 cD DVD
287
b) CD’sor DVD’s.
164
P(CD orDVD)=—
287

123

8. A bridge hand is a subset of thirteen cards drawn from a pack of fifty-two cards. If thirteen
cards are selected at random, what is the probability that the bridge hand will
a) contain only hearts?
G, 1

C} 635013559600
b) have exactly two kings?

Fall 2008 Martin Huard 14
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C/C  6-22595200368 4446
C2 635013559600 20825
have exactly 8 hearts?
C’CY  1287-575757 105857037

C? 635013559600 90716222800

9. There is money to send four of the fourteen city council members to a conference in
Vancouver. All want to go, so they decide to choose the members to go to the conference by
a random process.

a)

b)

d)

How many different combinations of four council members can be selected from the
fourteen who want to go to the conference?

C,t=1001
If Paul and Greg are two members of the council, what is the probability that they
both will go?

C,C;} 66 6

c* 1001 91
What is the probability that neither of them will go?
Cy 495 45

c* 1001 91
Only one will go?
CIC? 2220 40

c* 1001 91
If the city council is made of ten men and four women, what is the probability that the
committee will contain two men and two women?
G’C 45-6 270
C* 1001 1001

If, in the members chosen, one is to be the representative for finances, one for the
environment, one for public transportation and the other for human resources, then in
how many ways can the committee be chosen?

P =24024

10. A worker-operated machine produces a defective item with probability 0.01 if the worker
follows the machine’s operating instructions exactly, and with probability 0.03 if he does not.
Suppose the worker follows the instructions 90% of the time.

a)

What proportion of all items produced by the machine will be defective?
P(D)=P(ID or ND)
=P(I)P(D|I)+P(N)P(D|N)
=0.9-0.01+0.1-0.03
=0.012

b) If an item is defective, what is the probability the worker followed the instructions?

Fall 2008
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_P(ID) P(I)P(D|I) 0.9-0.01
P(1|D)_P(D)_ P(D) 0012 =07

11. One hundred boys and one hundred girls were asked if they had ever been frightened by a
television program. Thirty of the boys and sixty of the girls said they had been frightened. If
one of these children is selected at random,

a) what is the probability that he or she has been frightened?
P(F)= 20 _9
200 20
b) What is the probability the child is a girl, given he or she has been frightened?
P(G|F)- P(G and F) _ P(G)P(F|G) _ 100 60 _2
P(F) P(F) > 3

20

c) What is the probability the child is a girl or has been frightened?

P(F or G)=P(F)+P(G)-P(FG)= 29000 + ;(())(()) - 26000 :%

12. Two thousand randomly selected adults were asked if they think they are financially better
off than their parents. The following table gives the two-way classification of the responses
based on the education levels of the persons included in the survey and whether they are
financially better off, the same, or worse off than their parents.

Education Level
High school More than

%r less CEGEP CEGEP Total

Better off 140 450 420 1010
_____________________________ 202 05 303 |

Same 60 250 110 420
______________________________ 84 210 126 |

Worse off 200 300 70 570

114 285 171
Total 400 1000 600 2000

Suppose one adult is selected at random from these 2000 adults. Find the following
probabilities.
a) The adult is better off.

p(B) = 1010 = 101
2000 200
b) The adult is better off and has a CEGEP.
P(B and C):ﬂzi
2000 40

c) The adult is better off or has a CEGEP.

P(B or C):P(B)+P(C)—P(BC): 1010 N 1000 450 73

2000 2000 2000 100

Fall 2008 Martin Huard 16
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d) The adult is better off given that he has a CEGEP.

o450 _ 9

P(BIC)= oot~
1000 20
e) Are the events better off and CEGEP independent?

_lot 9

No since P(B)= 500 #P(B|C) =%

f) Are the events better off and CEGEP mutually exclusive?
No since P(B and C) =% #0

g) Test at the 5% significance level if the financial status is independent of educational
level. Try with both approaches, the classical and the p-value.
Classical approach

Step 1
Step 2

Step 3

Step 4

Step 5

Assumptions: The classes are all inclusive and mutually exclusive
H,: Financial status is independent of educational level
Ha: Financial status is not independent of educational level

a) Test statistic: y° with df=(2)(2) =4
b) Right-tailed test with oo = 0.05
c) Zz(df‘,a) = 7(2(2,0.05) =9.49

2

2 _ (O_E) 2
X Z E 0 949 .?J_?I.O_? x
2 2 2
_(140-202)  (450-505) ~ (70-171)
202 505 171

=212.03
a) x° isin the critical region
b) Reject H,.
.. There is sufficient evidence at the 5% level of significance to conclude
that financial status is not independent of educational level.

p-value approach

Step 1
Step 2

Step 3

Step 4

Step 5

Fall 2008

Assumptions: The classes are all inclusive and mutually exclusive
H,: Financial status is independent of educational level
Ha: Financial status is not independent of educational level

a) Test statistic: y° with df=(2)(2) =4
b) Right-tailed test with o = 0.05

2

2 (O_E)
a) ¥ —Z—E
2 2 2
_(140-202)"  (450-505)°  (70-171)
202 505 171
=212.03

b) p-value <0.005

a) p-value <0.005 < a=0.05
b) Fail to reject H,.
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.. There is sufficient evidence at the 5% level of significance to conclude
that financial status is not independent of educational level.

13. At an iron foundry, it has been established that the sand used for molding iron casting is too
wet 5% of the time and too dry 3% of the time. Also, defective castings occur 1% of the time
when the sand has the correct amount of moisture, 7% of the time when the sand is too dry,
and 30% of the time when the sand is too wet. Suppose a casting is selected at random and
found to be defective, what is the probability the sand was too wet?

s oy~ POPD) _ P(W)P(D|W)
(w1D)= P(D) P(W)P(D|W)+P(D)P(D|D)+P(N)P(D|N)
~ 0.05-0.30
©0.05-0.30+0.03-0.07 +0.92-0.01
=0.5703

14. Sarah is late, on average, four times a month. In a given month, what is the probability that
she will be late

a) Once This follows a Poisson Distribution with A =4
1 -4
P(1)=2 —0.0733
1!

b) More than five times.
P(x>5)=1-P(x<5)
=1-P(0)-P(1)-P(2)-P(3)-P(4)-P(5)
40 674 41 e74 42 e~4 43 674 44e~4 45 674
o0 120 31 4 s
=0.2149
c) For a period of three months, what is the probability that she will not be late?
Poisson Distribution with A =3-4=12

B 120 e*lz

P(0) = 0.00000614
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15. The probability that a heart transplant performed at the Hospital is successful (that is, the
patient survives 1 year or more after undergoing such an operation) is 0.7. Six patients have
recently undergone such an operation.

a) Construct a probability histogram for the number of patients (out of the six) who will
still be alive 1 year from now.
Binomial distribution with n =6 and p =0.7
Probability Distribution for the
number of patients, out of 6, who
will be alive 1 year from now

Probability Histogram

0.4

X px) 0.3

C$0.7°0.3° = 0.0007 0.3 -

= 0.2

C’0.7'0.3° = 0.0102 E 02

C20.7°0.3* = 0.0595 21 ]
C%0.7°0.3* =0.1852 00 | —J00

0 1 2 3 4 5 6

x: # of successful transplants

C90.7°0.3* = 0.3241
C20.7°0.3' =0.3025
C20.7°0.3° =0.1177

AN N B~ W NN = O

b) How many are expected to survive one year from now? yu=np=6-0.7=4.2
c) What is the standard deviation for this probability distribution?

o =+/npg =6-0.7-0.3 =1.12

16. A box contains 4 green and 3 blue marbles. Three marbles are chosen at random.
a) Let x denote the number of green marbles that are chosen. Find the probability
distribution and make a probability histogram.

Probability Distribution for the N
Deahahiliti, Uickaaran far tha
Number of Green Marbles Chosen o ae
Numhar of Groan Marhlac
X p(x) NUIMTIR2E O OIeen IViai DS
0 cicl 1 Chosen
=z 21/35
C37 35 18/35
1 c'c: 12 14/35
et T e % 11/35
¢ 35 7135
4/35
2 GC 18 .
C37 35 0 1 2 3
x: ## Green Marbles
3 C;Cg _ i #Green M
C37 35
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b) Find the mean of this distribution.

p=2 p(x)

7
=1.71 green marbles
¢) Find the standard deviation of this distribution

O'Z:Z:xzp(x)—,u2 o =o?

— 24 (%)2 = \/ﬁ:;‘ =0.6999 green marbles

7

_u
49

17. A company offers insurance covering damage of 10%, 30%, 50%, 75% or 100%. The owner
of a particular property wishes to insure it for $500 000. Based on past experience, the
company assesses yearly damage probabilities (for the wvarious respective damage
percentages) at 0.0012, 0.0008, 0.0006, 0.0004 and 0.0001. What base figure should the
company use in establishing the annual premium to charge for insuring the property?

E[x]=2 ()
=500000(0.1-0.0012+0.30-0.0008 + 0.50-0.0006 +0.75-0.0004 +1.00-0.0001)

=480
Hence the base cost should be $480.

18. Employees of a firm receive annual reviews. In a certain department, 4 employees received
excellent ratings, 15 received good ratings, and 1 received a marginal rating. If 3 employees
in this department are randomly selected to complete a form for an internal study of the firm,
find the probability that

a) all 3 selected were rated excellent.

c;, 4 1 4 32 1

20 = or = oz
C,” 1140 285 201918 285
b) one from each category was selected.
clcl’cl 4151 1

c 1140 19

19. In a carton of eggs, three out of the twelve are broken. If four eggs are selected at random,
find the probability that
a) none are broken;

G 126 _14 or o876 14

C; 495 55 1211109 55
b) three are broken;

cc 9 1

CF 495 55

c) exactly two are broken.
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CCy 3-36 12
Cy} 495 55

20. Suppose the probability of Henry getting a job interview at a place where he applied is 0.12.
a) What is the probability that he gets no job interviews out of 15 job applications?

(1-0.12)" =0.1470

b) What is the probability that he gets 3 job interviews out of 15 job applications?
B(12,0.12)

P(3)=C;70.12°0.88" = 0.1696

21. Dwight sales, on average, four cars per week.
a) In a given week, what is the probability that he will sale five or six cars?
Poisson with 4 =4
45 e—4 46 e—4
P(5 or 6):P(5)+P(6): + =0.1563+0.1042 = 0.2605
5! 6!
b) In a given day, what is the probability that he will sale at least one car?
Poisson with 1 =2=0.8

0 —-0.8
08¢ " _ 45507

P(k>1)=1-P(0)=1-

22. A new drug has been found to be effective in treating 75% of the people afflicted by a certain
disease. If the drug is administered to 500 people who have this disease, what are the mean
and the standard deviation of the number of people for whom the drug can be expected to be
effective.

Binomial distribution with » =500 and p =0.75

Mean : g =np =500-75=375
Standard deviation : & = /npg =~/500-0.75-0.25 = 9.68

23. Market research has shown that Canadians will watch an average of 25 movies per year with
a standard deviation of 7 movies. Assuming that the number of movies watched by
Canadians is normally distributed, find the probability that

a) Canadian watches between 20 and 26 movies during a year.

P(20<x<26)=P(-0.71<z<0.14) 2 2 XTH_20725 4y
=0.5557-0.2389 2g s
~0.3168 z,= =071

b) a Canadian watches more than 30 movies during a year
P(x > 30) = P(z > 0.71)
=1-0.7611
=0.2389

Z:x—y:30—25
o

=0.71
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c) agroup of 15 Canadians watched an average of less than 22 movies during a year.
P(x<22):P(z<—1.66) Z:x—,u:22:25
=0.0485 7 s

=-1.66

24. A new drug cures 80% of the patients to whom it is administered. It is given to 35 patients.
Find the probability that among these patients, the following results occur.
Binomial distribution with n =35 and p =0.80

a) Exactly 30 are cured. P(30)=C3:(0.80)"(0.20)" =0.1286
b) Allare cured. P(35)=C3(0.80)”(0.20)" =0.00041

¢) Noone s cured. P(30)=C:*(0.80)"(0.20)" =0.0000

d) Twenty of fewer are cured.
Since np =35-0.80=28>5 and ng=35-020=7>5

then with 1z =np =28 and o° =npg =5.6
we have B(35,0.80) ~ N (28,5.6)
LoXTH 20.5-28

P(r<20)=P(x<20.5 =-3.17
(r=20)= P(x<205) 4B
=P(z<—3.17)
=0.0008
e) Between 20 and 30 are cured.
P(20<r<30)=P(20.5< x <29.5) g =X 2078 5,
o J5.6
=P(-3.17<z<0.63) 9508
=0.7357-0.0008 2 /56 :
=0.7349

25. 1t has been established that approximately three quarters of Canadians buy a magazine at
least once a month. In a random sample of 100 Canadians, what is the probability that
a) more than 70 will buy a magazine at least once a month?
Since np =100-3=75>5 and ng=100-4=25>5
then with =np =75 and o’ =npg =18.75
we have B(100,2)~ N(75,18.75)
oYX 70.5-175

P(r>70)=P(x>70.5) =-1.04
o 1875
= P(z>-1.04)
=1-0.1492
=0.8508
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b) between 60 and 85 students (inclusively) Canadians will buy a magazine at least once

a month?
P(60<r<85)=P(59.5< x<85.5) 2= XTH BT _y
o J18.75
:P(—3.58<z<2.42) 59.5-75 .
=0.9922-0.0002 23 ENTE S
=0.9920

26. A criminologist developed a questionnaire for predicting whether a teenager will become a
delinquent or not. Scores on the questionnaire can range from 0 to 100, with higher values
supposedly reflecting a greater criminal tendency. It has been found that the scores are
normally distributed with a mean of 62 and a standard deviation of 10.

a) As a rule of thumb, the criminologist decides to classify a teenager as potentially
delinquent if the teenager’s score exceeds 70. What is the probability that a teenager
chosen at random is classified as delinquent?

P(x>75)=P(z>0.8)
=1-0.7881

=0.2119
b) If the criminologist wants to refer to a psychologist the 15% highest scoring
teenagers, what score must a teenager obtain to be referred?
Area to the left = 0.85
z=1.04
X=U+z0=62+1.04-10=72.4
c) Find the first and third quartiles.
Area to the left =0.25
z=-0.67
O, =u+z0=62-0.67-10=55.3
Area to the left =0.75
z=0.67
Q,=u+z0=62+0.67-10=68.7

Z_x—,u_70—62_
o} 10

0.8

27. Each day the quality control department at a food processing plant takes a random sample of
6 cans of frozen orange juice and measures their weight, to see if the process is in control.
Here are the results for the past 12 days.

Day X R

499.5 500.0 497.6 506.1 5032 497.1 | 500.58 9.0

501.1  501.0 5043 497.6 504.0 496.5 | 500.75 7.8

497.9 5009 501.1 5009 5004 500.4 | 500.27 3.2

500.5 5022 5033 503.6 504.7 500.5 | 502.47 4.2

506.0 5039 5025 504.1 496.1  500.1 | 502.12 9.9

495.8 4972  499.8 4995 4944 4953 | 497.00 5.4

499.3  506.6 5023 500.7 500.2  498.6 | 501.28 8.0

NN R W=
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8 5046 507.1 4984 4985 500.6 502.8 | 502.00 8.7
9 5039 498.1 4963 5023 5014 502.4 | 500.73 7.6
10 503.4 5055 501.8 500.0 5052 5023 | 503.03 5.5
11 506.2 5022 5041 497.6 4979  501.8 | 501.63 8.6
12 5029 4984  503.1 4995 5009 499.2 | 500.67 4.7

a) Fill in the missing numbers in the last two columns.
b) Make an X chart. Is the process in control?

_ X — R
S LT _601253 g0 RoR_826 o
n 12 n 12
Centerline: X =501.04 g
UCL: ¥ + 4,R =501.04+0.483-6.88 =504.37 g
2UCL: X+2 4,R =501.04+20.483-6.88 = 503.26 g
21CL: ):c—%AZE=501.04—%0.483-6.88=498.83 g
LCL: f—AZE:501.04—0.483-6.88=497.72 g
Control Chart for Mean Weight
505
ol — R
AR A W= I N
RN ~f \ / - .
§ s 7T \/ T
497 | ']
295

Out of Control Signal 1
c) Make an R chart. Is the process in control?

Centerline: R =6.88 g
UCL: D,R=2.004-6.88=13.79 g

2UCL: R+%(D,0c-R)=6.88+2(13.79-6.88)=11.49 g
2LCL: R-%(R-D,0)=6.88-2(6.880)=2.29 g
LCL: D,R=0-688=0g
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R Chart for Weight Variance

Sample Range (g)

In Control
28. Each day the quality control department at a food processing plant takes a random sample of
6 cans of frozen orange juice and measures their weight, to see if the process is in control.
Here are the results for the past 12 days. If, when a production process is under control, it
has been determined that g =502.5 grams and o =1.87 grams, what is the centerline and the

control limits, for
a) an x chart?
UCL: ,u+3% =502.5 +3% =505.7¢

FUCL: pu+2£=502.5+242=504.7¢g
Center line: £=502.5¢g

FLCL: pu+2-#=502.5-242=500.3g
LCL: ,u+3%=502.5—3%=499.3

b) an o chart?
UCL: D,0=5.078-1.87=9.50

2UCL: d,o +2%(D,0—d,0)=4.74+2(9.50-4.74) = 7.91
Center line: d,0=2.534-1.87=4.74¢

21LCL: d,o-2%(d,0c —D,o)=4.74+2(4.74-0)=1.58
LCL: D,c=0-1.87=0
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29. Each day the quality control department at a food processing plant takes a random sample of
120 cans of frozen orange juice and counts the number of cans of orange juice whose weight
is less than 500 g. The number of underweight cans is noted below for the past 15 weeks. Is
the process in control?

2 1 1 2 11 6 6 10 6 o6 7 9 7 4 2

_ . 0.6667
p= b

p =0.0444
UCL: p+3\Z = 0.0444+3,[o0s800s¢ — 01009 02
2UCL: p+24/Z =0.0444 + 2, 00850555 _ 0 0821 8;2 ........ TN S
Center line: p =0.0444 § 006 - / WA ¢ ‘-\
FLCL: p—-2y% = 0.0444—2\/@ —0.0068 i - / i\
LCL: —3yZ = 0.0444 - 3,[00i40955% — _0 0120 — = .

Out of Control Signal 2

30. The number of machine malfunctions at a large manufacture was noted for the past 15 weeks.
Is the process in control? Here are the results.

& 12 9 10 11 13 9 11 10 IS5 9 7 8 19 6

¢ Chart for the Number of Machine
_ D¢ 157
c=—=-—=——=1047 Maifunctions
k15 5
UCL: ¢ +3Z =10.47+310.47 =20.17 -

2UCL: ¢ + 2\/5 =10.47+2+10.47 =16.94
Center line: ¢ =10.47

# Malfunction
=
L~
_—
"

ILCL: ¢ -2V =1047-241047=400 |2 ¢ T © A
LCL: ¢ -3¢ =1047-31047 =0.761 | e

In control 1 23 456 7 8 9 101112131415

Week

Fall 2008 Martin Huard 26



Math 510 Review Exercises - Solutions

31.In a study on work ethics, an “ethics scale” was administered to a group of 73 randomly
selected employees of a large corporation. The “ethics scale” has scores ranging from 101 to
201. The mean score for the “ethics scale” was 178.70 with a sample standard deviation of
7.81.
a) Construct a 95% confidence interval for the mean score of the employees.
Step 1  Assumptions: n=732>30
Step2 c¢) Test statistic: z
d) Level of confidence: 1—a =0.95 or o =0.05
Step 3 Point estimate: X =178.70
Step4  d) z, =z,,, =196
¢) E=z,+=1962=179
f) X-E<u<x+E
178.70-1.79 < u < 178.70+1.79

176.91 < 11 <180.49

Step 5 The 95% confidence interval for the mean score of psychology students on
the “need for closure scale” is 176.9 to 180.5.

b) How large a sample is needed if we wish to be 99% confident that the sample mean
score is within 2 points of the population score for employees?
1-=099 «a=0.01

Z% = Zy 005 = 2.98

2
z,8 . 2
n :{ g J :(%j =101.5 Thus 102 students.
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c) If, in the general population, the mean score is 175.32, can we conclude that the

Fall 2008

employees at the corporation rate higher on the “ethics scale” then the general
population? Use a 2% level of significance. Try with both approaches, the classical
and the p-value.
Classical approach
Step 1  Assumptions: n =732>30
Step2  H,: u=175.32
H,: u>17532
Step3 a) Test statistic: z
b) Right-tailed test with o = 0.02
C) z,=2,,=2.05
Step 4 Xx—pu 178.70-175.32
1

s 7.8

=3.70 6 2053707

n J73
Step5 a) zis in the critical region
b) Reject H,.
. There is sufficient evidence at the 2% level of significance to
conclude that that the employees at the corporation rate higher on the
“ethics scale” then the general population.
p-value approach
Step 1  Assumptions: n =732 30
Step2  H,: u=175.32
H,: u>17532

Step3 a) Test statistic: z
b) Right-tailed test with o = 0.02
Step 4 X - 70-175.
ep 2) Z:xvu:17870 17532:3'70

7.81

I 7
b) p-value = P(z>3.70)=1-1.000 = 0.000

Step S a) p-value =0.000 < o= 0.02
b) Reject H,.
. There is sufficient evidence at the 2% level of significance to
conclude that that the employees at the corporation rate higher on the
“ethics scale” then the general population.
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32. During a television miniseries, what is the average length of time between commercial
breaks? A random sample of 20 such periods was selected from miniseries that were aired
on commercial television stations last year. The times between commercial breaks were (to
the nearest minute)
5 7 8 14 13 10 9 8 11 12
14 11 9 10 6 8 12 5 11 8

Assume that the length of time between commercial breaks is normally distributed.

a) Find a 95% confidence interval for the mean length of time between commercial
breaks.
Step1  Assumptions: The sampled population is normally distributed
Step2  ¢) Test statistic: t with df =n—-1=19
d) Level of confidence: 1—a =0.95 or « =0.05

Step 3 Point estimate: X =9.55 minutes
Step4  d) lars ) =2.093

) = L(19,0.025

e) E= t(df"%) = 2.09332=0.28

f) X—-E<u<x+E
9.55-1.27< u<9.55-1.27
8.28 < 1 <10.82

Step 5  The 95% confidence interval for the mean length of time between
commercial breaks is 8.28 minutes to 10.82 minutes.

b) At the 5% level of significance, can you conclude that the average time between
commercial breaks is less than 10 minutes? Use the classical approach.
Step 1  Assumptions: Population is normally distributed
Step2  H,: x =10 minutes
H,: p <10 minutes
Step3 a) Test statistic: £ with df = 19
b) Left-tailed test with o = 0.05
©) lgria) = Liooos) = ~1.729

Step4 _F-pu_9.55-10

T~ -0.74
= 22 17290740 t

Step 5 a) ¢isnot in the critical region
b) Fail to reject H,,.
.. There is not sufficient evidence at the 5% level of significance to
conclude that that the average time between commercial breaks is less
than 10 minutes.
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c) Use the p-value approach.

Step 1
Step 2

Step 3

Step 4

Step 5

Assumptions: Population is normally distributed
H,: p =10 minutes
H,: p <10 minutes

a) Test statistic: # with df =19
b) Left-tailed test with o = 0.05
x;,u _ 9.5;10 __074
Jn V20
b) 0.216 < p-value < 0.246
a) p-value >0.216 > a.=0.05
b) Fail to reject H,.
.. There is not sufficient evidence at the 5% level of significance to
conclude that that the average time between commercial breaks is less
than 10 minutes.

a) t=

33. In order to estimate the dropout rate, a random sample of 193 Quebecers in the age group 16
— 19 years old were selected and it was found that 32 were high-school dropouts.
a) Construct a 98% confidence interval for the proportion of high school dropouts.

Step 1
Step 2

Step 3
Step 4

Step 5

Fall 2008

Assumptions: n=193>20 np=32>5 and ng=161>5

c) Test statistic: z
d) Level of confidence: 1 —a =0.98 or o =0.02

Point estimate: p =< =-2=0.1658

n

d z,=z,=233

¢) E=z,/2 =2.33%% = 00623
f) X-E<p<X+E
0.1658 —0.0623 < p < 0.1658 +0.0623

0.1035 < p <0.2281

The 98% confidence interval for the proportion of high-school dropout is
10.35% to 22.81%
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b) If the proportion of high school dropouts was 22.1% in 1990, does this indicate that
the proportion of dropouts has decreased? Use the classical approach with a 2% level

of significance.

Step 1  Assumptions: n =193>20 np=32>5 and ng=161>5
Step2  H,: p=0221

H, : p<0.221
Step 3 a) Test statistic: z

b) Left-tailed test with o = 0.02

c) z,, 220982—205 :
Step 4 p P 150221 185 |

\/E \/022111200221 -20% 1850 <

Step 5 a) zis not in the critical region.

b) Fail to reject H,,.
.. There is not sufficient evidence at the 2% level of significance to
conclude that the proportion of high-school dropouts has decreased.

c) With the p-value approach.

Step 1
Step 2

Step 3

Step 4

Step 5

Fall 2008

Assumptions: n=193>20 np=32>5 and ng=161>5
H, : p=0.221
H, : p<0.221
a) Test statistic: z

b) Left-tailed test with a = 0.02
P—pP_ i%—0221 _

a) z= =
\/? \/o 22111200 221)

b) p-value = P(z<-1.85)=0.0322

a) p-value =0.0322 > o =0.02

b) Fail to reject H,.

.. There is not sufficient evidence at the 2% level of significance to
conclude that the proportion of high-school dropouts has decreased.

185 0
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34. A comparison is made between two bus lines that run from Quebec to Toronto to determine
if arrival times are off schedule by the same amount of time. For 81 randomly selected runs,
bus line A was observed to be off schedule an average time of 53 min with standard
deviation 19 min. For 100 randomly selected runs, bus line B was observed to be off
schedule an average of 62 min with standard deviation 15 min.

a) Construct a 98% confidence interval for the difference in off-schedule times.
Step 1 Assumptions: n, =81>30, n, =100> 30
The samples are independent.
Step 2 a) Test statistic: z
b) Level of confidence: 1-a =0.98 or o =0.02
Step 3 Point estimate: X, — X, = 62 — 53 = 9 minutes
Step4 a) z,=z,,=2.33

2 2 2 2
b) E=z, |SeySa_p33 1 19 o
*Nn, n, 100 81

C) (fw_fm)_E<luw_lum <(fw_fm)+E
9-6.02< p, — pt, <9+6.02

2.98< 1, —u, <15.02

Step 5 The 98% confidence interval for the mean difference in off-schedule times is
2.98 minutes to 15.02 minutes.

b) Does the data indicate a significant difference in off-schedule times? Use a 2% level
of significance and the classical approach.
Step I Assumptions: n, =81>30, n, =100> 30
The samples are independent
Step2  Hy: py—p,=0
Hy:py—p, #0
Step 3 a) Test statistic: z
b) Two-tailed test with oo = 0.05

C) z, =2y =2.33 233 0 233348 2
Step 4 Z:()TB—)_CA)Z—(uf—,uA): 622—532 348
Sy Sa 157 197
ng n, 100 81
Step 5 a) zis in the critical region
b) reject H,.

.. There is sufficient evidence at the 2% level of significance to conclude that
there is a difference in the off-schedule times.
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c) Use the p-value approach.
Step I  Assumptions: n, =81>30, n, =100> 30
The samples are independent
Step2  Hy: py—p, =0
Hy:py—p, #0
Step 3  a) Test statistic: z
b) Two-tailed test with oo = 0.05

Step 4 2 Lo (FBoX)-(—p)  62-53 o
Sy, Sh 157 19
ng n, 100 81

b) p-value = 2P(z >3.48) = 2(1-0.9997) = 0.006

Step 5 a) p-value = 0.006 < a. = 0.05
b) reject H,.
.. There is sufficient evidence at the 2% level of significance to conclude that
there is a difference in the off-schedule times.

35. A researcher wants to determine the proportion of Canadians who own a car.
a) How large a sample is required to be 95% sure that the sample proportion is off by no
more than 4%?
l-=095 «a=0.05

Zy = Zos = 1.96

—(Zg)zz 196" _ (00,25

n= 2 2
4E 4 (0.04)
Thus 601 Canadians.
b) How large a sample is required to be 95% sure that the sample proportion is off by no
more than 4% if a preliminary sample gave a proportion of 37%?

2

(z%) P4 196(0.37)(1-0.37)
E> 0.04°

Thus 560 Canadians.

=559.7

n=
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36. The manager of a sporting goods store offered a bonus commission to his salespeople when
they sold more goods. A new manager dropped the bonus system. For a random sample of
six sales people, the weekly sales (in thousands of dollars) are shown in the following table

with and without the bonus system:

Salesperson 1 2 3 4 5

With Bonus 2.9 3.0 5.8 4.4 53
Without Bonus 2.8 2.5 59 3.5 4.6
d = With - Without -0.1 0.5 -0.1 0.9 0.7

Assume the weekly sales are normally distributed.

a) Construct the 95% confidence interval for the mean difference in the weekly sales.

Step 1
Step 2

Step 3
Step 4

Step 5

Assumptions: The sampled populations are normally distributed
a) Test statistic: t with df =n—1=5

b) Level of confidence: 1-a =0.95 or a =0.05

Point estimate: d =0.517 thousand dollars

a) t(df%) =I5 005 = 2.571

_ Sa_ __ 0.440 __
b) E_t(df,%)ﬁ_2'5717_0'462
9) d-E<u,<d+E

0.517-0.462 < u, <0.517+0.462

0.055< u, <0.979

The 95% confidence interval for the mean difference in the weekly sales is
$55 to $979.

b) Use a 5% level of significance to test the claim that the average weekly sales dropped
when the bonus system was discontinued. Use the classical approach.

Step 1
Step 2

Step 3

Step 4

Step 5

Fall 2008

Assumptions: The populations are normally distributed
Hy: p,=0

H,: u,>0

a) Test statistic: t with df =n—-1=5
b) Right-tailed test with oo = 0.05

c) Ui ) = Yso0s) = 2-015

d-u, 0517 0 2015232
t=——"=— =2.88
I Js

a) t1is in the critical region

b) Reject H,,.

.. There is sufficient evidence at the 5% level of significance to conclude
that the average weekly sales dropped when the bonus system was
discontinued.
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¢) Same as (b) but using the p-value approach.
Step1  Assumptions: The populations are normally distributed
Step2 H,:u,=0
H,: u,>0
Step3  a) Test statistic: r with df =n—-1=5
c¢) Right-tailed test with o = 0.05

Step 4 d—u, 0517
a) 1=—Fl=—"""=288
n s

b) 0.017 < p-value <0.019

Step5S  a) p-value <0.019 <a=0.05
b) Reject H,.
.. There is sufficient evidence at the 5% level of significance to conclude
that the average weekly sales dropped when the bonus system was
discontinued.

37. Does life insurance matter if you are male or female? The following is based on information
from Consumer Reports. For similar benefits (male and female), the annual premiums paid
by a person 45 years old for a $250 000 annual renewable term life insurance policy were as
follows:

Males: In a sample of 22 males, the average annual premium was $483.43 with
standard deviation $126.62.
Females: In a sample of 31 females, the average annual premium was $414.43
with standard deviation $105.99.
Assume the annual premiums by both groups are normally distributed.
a) Construct the 90% confidence interval for the mean difference in annual premiums.
Step 1  Assumptions: Populations are normally distributed
The samples are independent, Variances are equal.
Step 2 a) Test statistic: ¢ with df = 51
b) Level of confidence: 1-a =0.90 or « =0.10
Step 3 Point estimate: X, —X, =483.43-414.43=69.00$

Step 4 a) { df%)zt(51’0_05):1.676

n —1 S2+ n,—1)s% . 2 : 2
b s, ) (n,=1)s; \/21 126.62° +30:105.99° _ .\, o
n,+n,=2

I—+— =1.676-114. 93‘/—+— =53.70

d) (xm—xf)—E<,um My < ( xf)+E
69.00-53.70 < g1, — p4, < 69.00+53.70

1530 < g, — 1, <122.70

Step 5 The 90% confidence interval for the mean difference in annual premiums is
$15.30 to $122.70.
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b) Use a 10% level of significance to test the claim that the annual premiums between
male and female are different. Use the classical approach.

Step 1

Step 2

Step 3

Step 4

Step 5

Assumptions: Populations are normally distributed
The samples are independent.
Variances are equal.

Hy:p, —p,=0
Hyp,—p, #0
a) Test statistic: t with df =51 ;

©) 1) = listons = 1676
(%, -5 ) (. —11) _ 483.43-414.43

s, i+i 114.93\/1+1
n, n; 22 31

m

=2.15

t=

a) tis in the critical region

b) Reject H,,.

.. There is sufficient evidence at the 10% level of significance to conclude
that the annual premiums between male and female are different.

c) Same as (b) but using the p-value approach.

Fall 2008

Step 1

Step 2

Step 3

Step 4

Step 5

Assumptions: Populations are normally distributed
The samples are independent.
Variances are equal.

a) Test statistic: ¢ with df =51
b) Two-tailed test with o =0.10
c) t(dﬂ%) =l(51,005 = 1.676
X —x,)— - U, _
%) mny)  4s343-41443
s i+L 114.93 i+i
"\\n, n, 22 31

m

2(0.016) < p-value < 2(0.021)

0.032 < p-value < 0.042
a) p-value <0.042 <o =0.10
b) Reject H,.
.. There is sufficient evidence at the 10% level of significance to conclude
that the annual premiums between male and female are different.
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38. A random sample of 378 hotel guests was taken one year ago, and it was found that 178
requested nonsmoking rooms. Recently, a random sample of 516 hotel guests showed that
320 requested nonsmoking rooms.

a) Construct the 98% confidence interval for the difference in the two proportions of
guests who requested nonsmoking rooms.
Step I Assumptions: n, =378 > 20 np,=178>5 n,q,=200>5
n,=516>20 n,p, =320>5 n,g,=196>5
The samples are independent.
Step 2 a) Test statistic: z
b) Level of confidence: 1—a =0.98 or @ =0.02

Step 3
P Point estimate : p, — p, = _ 178320 =0.1493

’ 378 516
Step4  a) z, =z,,,=2.33
AT A 320196 178200
b) E=z, pnqn+pq — 033 [3l6516 | 388 _ () 0777
\ n n, 516 378
o (p.~P)-E<p,~p,<(D,~D,)+E
0.1493-0.0777< p, — p, <0.1493+0.0777
0.0726 < p, — p, <0.2270

Step 5 The 98% confidence interval for the difference in the proportions of guests
who requested nonsmoking rooms now and one year ago is 7.3% to 22.7%.
b) Use a 2% level of significance to test the claim that the proportion of customers
requesting nonsmoking rooms is different now from one year ago. Use the classical
approach.
Step I Assumptions: n, =378 > 20 np,=178>5 n,q,=200>5

n,=516>20 n,p, =320>5 n,g,=196>5
The samples are independent.
Step2 H,:p,-p,=0
H,:p,—p,#0
Step 3  a) Test statistic: z

b) Two-tailed test with o = 0.02
C) z, =2y =2.33

178+320 398

333 0 233 444 Z
Step 4

a) p, = = =0.5570
) P 378+516 894
320 _ 178
b) z= AU E =4.44
\/ pd, (- \/0 557-0.443 (5 + )
Step5  a)zisinthe crltlcal region
b) Reject H,,.

". There is sufficient evidence at the 2% level of significance to conclude
that the proportion of customers requesting nonsmoking rooms is different
now from one year ago.
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¢) Same as (b) but using the p-value approach.

Step 1

Step 2

Step 3

Step 4

Step 5

Fall 2008

Assumptions: n, =378 > 20 n,p,=178>5 n,g, =200>5
n,=516>20 n,p,=320>5 n,g,=196>5
The samples are independent.
H,:p,-p,=0
H,:p,—p,#0

a) Test statistic: z
b) Two-tailed test with o = 0.02
by p = 178+320 398 —0.5570

Pr =378+ 516 894

320 178

P, — P, _ 516 — 378 —4.43
Jbd, () 05570443 (g + k)
d) p-value =2P(z>4.43)

c) z=

=2 (1 —1.000)

= 0.000 443 0 443
a) p-value = 0.000 < a0 = 0.02
b) Reject H,.
.. There is sufficient evidence at the 2% level of significance to conclude
that the proportion of customers requesting nonsmoking rooms is different
now from one year ago.
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39. As part of a marketing research, a random sample of adults was selected to taste three
different kinds of frozen dinners (Fish, Chicken and Pasta) from the same company, and rate
them as either Good or Not Good. The following table gives the results of the survey.

Fish Chicken Pasta Total
Good 17 24 29 70
R N = R 233 233 |
Not Good 33 26 21 80
26.67 26.67 26.67
Total 50 50 50 150

Test at the 5% significance level if the rating is independent of the kind of frozen dinner. Try

both approaches.
Classical approach

Step 1  Assumptions: The classes are all inclusive and mutually exclusive
Step2  H,: Rating is independent of the kind of frozen dinner
Ha: Rating is dependent of the kind of frozen dinner
Step 3 a) Test statistic: y*> with df=(1)(2) =2
b) Right-tailed test with oo = 0.05
C)  Xara) = X (2005) =5.99
Step 4 e Z (O—E)2
E 0 584 5.99 X
(17-23.33)" (24-23.33)’ (21-26.67)°
T 333 2333 T 2667
=5.84
Step5 a) z? is not in the critical region

b) Fail to reject H,,.
.. There is not sufficient evidence at the 5% level of significance to conclude
that rating is independent of the kind of frozen dinner.

p-value approach

Step 1  Assumptions: The classes are all inclusive and mutually exclusive
Step2 H,: Rating is independent of the kind of frozen dinner
Ha: Rating is dependent of the kind of frozen dinner
Step 3 a) Test statistic: y* with df=(1)(2) =2
b) Right-tailed test with o = 0.05
Step 4 . (0-E) _(17-2333) N (24-23.33)’ e -26.67)° a
E 23.33 23.33 26.67
b) 0.05< p-value <0.10
Step 5 a) p-value > o =0.05

Fall 2008

b) Fail to reject H,.
.. There is not sufficient evidence at the 5% level of significance to conclude
that rating is independent of the kind of frozen dinner.
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40. The owner of an online sports store wants to compare the sales with the geographical
distribution of the population. According to Statistics Canada, 7.2% of the population lives
in the Maritimes, 23.9% in Quebec, 38.6% in Ontario, 17.2% in the Prairies and 13.1% in
British Columbia. Here is the breakdown in a random sample of orders.

Maritimes Quebec Ontario Prairies B.C.
22 105 185 55 36
28.2 95.6 154.4 68.8 52.4

At the 1% level of significance, is the distribution of destination of the orders shipped
reflective of that of the population? Try both approaches.
Classical approach
Step 1  Assumptions: The classes are all inclusive and mutually exclusive
Step2 H,: Distribution of destination reflective of that of the population
Ha: Distribution of destination not reflective of that of the population
Step3  d) Test statistic: y> with df= 4
e) Right-tailed test with oo = 0.01
d) ;(z(dm) = ;(2(3’001) =13.28
2
Step 4 ZZ:Z(O_E) P
£ 0 1328 1536
(22-282)" (105-95.6)° (36-52.4)’
= + +o+
28.2 95.6 52.4
=15.36
Step5 a) x? is in the critical region
b) Reject H,.
.. There is sufficient evidence at the 1% level of significance to conclude that
the distribution of destination is not reflective of that of the population.
p-value approach
Step 1  Assumptions: The classes are all inclusive and mutually exclusive
Step2  H,: The proportion of all babies born is equal for each season.
Ha: The proportion of all babies born is not equal for each season.
Step 3 a) Test statistic: y* with df=3
b) Right-tailed test with o = 0.05
© (22-282) (105-95.6)° (36-52.4)

2 (O_E)
_ _ L2075 s
=2 282 956 T 504

Step 4

b) p-value <0.005

Step 5 a) p-value <0.005 < a=0.01
b) Reject H,.
.. There is sufficient evidence at the 1% level of significance to conclude that
the distribution of destination is not reflective of that of the population.
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41. A random sample of seven SLC students produced the following data on their heights (cm).
174 179 185 196 165 178 171

a) Construct a 95% confidence interval for the standard deviation of heights for SLC
students.
Step 1  Assumptions: The population is normally distributed

Step 2 a) Test statistic: y> with df=7-1=6
b) Level of confidence: 1—a =0.95 or & =0.05
Step 3 Point estimate: s> =101.24 cm?
2 2 .
Step 4 a) Xipro) =X =1.24

(6,0.975)
Xy o) = Xooos) = 1445

n—1)s* n—1)s*
(15 e (1)

Harg) ar.1-9)
6-101.24 , 6-101.24
— <o <——
1.24 14.45
42.04 < o < 490.91
648 <0 <22.16
Step 5 The 95% confidence interval for standard deviation of the heights of SLC
students is 6.48 cm to 22.16 cm.
b) Test at the 5% level of significance that the standard deviation is less then 20 cm. Use

the classical approach.
Step 1 Assumptions: The population is normally distributed

Step2  H,: o° =400 cm’
Ha: 0 <400 cm’

Step 3 a) Test statistic: y*> with df= 7-1=6
b) Left-tailed test with o = 0.05
©) Xy 12 = Xsasy = 1-64

Step4  , (n-1)s° 9.101.24

b)

A 20 12 164152 X
Step 5 a) 47 is in the critical region
b) Reject H,,.

.. There is sufficient evidence at the 5% level of significance to conclude that
the standard deviation is less then 20 cm.

Fall 2008 Martin Huard 41



Math 510 Review Exercises - Solutions

c) Test at the 5% level of significance that the standard deviation is less then 20 cm. Use

the p-value approach.
Step 1  Assumptions: The population is normally distributed
Step2  H,: o =400 cm’

Ha: o2 <400 cm?
Step 3 a) Test statistic: y*> with df= 7-1=6

b) Left-tailed test with a = 0.05
Step 4 e (n—lz)sz _9-101.24

log 20
0.025 < p-value < 0.05

Step 5 a) p-value <a =0.05
b) Reject H,,.

.. There is sufficient evidence at the 5% level of significance to conclude that

the standard deviation is less then 20 cm.

42. Sherlock Holmes thought that he could determine the height of an individual based on the
shoe size of the person. To observe this relationship, the shoe size of 40 randomly selected
men was noted, along with their heights in centimeters. The following information was

obtained.

SS,=297.77 S§§,=3029.1 SS,, =842.95 x=8.425 y=171.65

a) Find the equation of the least-squares line.
SS, 84295
SS. 297.77
y-intercept : a=y —bx =171.65-2.831-8.425=147.80

Thus the least-squares line is given by y =147.80+2.831x.

Slope : b= 2.831

b) Find a 90% confidence interval for the y-intercept « of the regression line.

Step 1 Assumptions: y, ~ N (a + ﬂxl.,aj)

Step2 a) Test statistic: t with df =n—-2=40-2=38
b) Level of confidence: 1—a =0.90 or a =0.10

Step 3  Point estimate: a = 147.80

Step4  a) t(df,%) = 35.005) = 1.686

SS

S, ) .
S 3029.1— 825 R
n—2 38
—2 2
©) E=t s, l+x—:1.686-4.113,/i+8‘425 ~3.559
@5\ SS 40 297.77

X

d) a-E<a<a+E
147.80-3.56 < ¢ <147.80+3.56
142.24 < <151.36
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Step 5 The 90% confidence interval for the regression coefficient o is 142.24

to 151.36.
c) Find a 90% confidence interval for the slope S of the regression line.

Step 1 Assumptions: y, ~ N(a + ﬂxl.,aj)

Step2 a) Test statistic: t with df =n—-2=40-2=38
b) Level of confidence: 1—a =0.90 or  =0.10

Step3  Point estimate: b = 2.831

Step4  a) o) = laso0s) = 1.686

(s5,) s
b) Se = SSy — ;Sx — 3029';g 824927'.9757 — 4'1 13

s 4113
©) E=t , ——=1686———=0.402
(%) [SS. \297.77

d) b—E<p<b+FE

2.831-0.402< £ <2.831-0.402

2429 < [ <3.233
Step 5 The 90% confidence interval for the regression coefficient # is 2.429 to

3.233.
d) Determine if the y-intercept ¢ of the regression line is less than 150 at the 5% level of
significance. Try with both approaches, the classical and the p-value.
Classical approach
Step 1 Assumptions: y, ~ N (a + ,[)’xl.,of)

Step2  H,: a=150

H, : a<150
Step3 a) Test statistic: ¢ with df = 38
b) Left-tailed test with oo = 0.10 0.1 ‘
C) t(a.lf,l—a) = t(38,0.9) =-1.304 -1-3d4 (') t
-1.04

(85, )

y S8 3029'1_82‘1'927..97572 =4.113
n—2 \ 38

~a | nSS, _147.80—150\/ 40-197.77

Step 4

a) S, =

b) t=2 =-1.04

S, \SS,+n¥’ 4113 297.77+40(8.425)

e

Step5 a) tis not in the critical region
b) Fail to reject H,,.
.. There is not sufficient evidence at the 10% level of significance to
conclude that the y-intercept  of the regression line is less than 150.
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p-value approach

Step 1
Step 2

Step 3

Step 4

Step 5

Assumptions: y, ~ N (a + ,[)’xl.,of)
H, :a=150
H,: a<l150

a) Test statistic: # with df = 38
b) Left-tailed test with oo =0.10

ss U)o s

a) S, = ¥ . 917 _ 4113
n—2 38
b) ,_a-a nSsS, 147 80-150 40-197.77 =104
S, \SS, +nx? 4.113 297.77+40(8.425)

c) 0.139 < p-value <0.162

a) p-value>0.139>a=0.10

b) Fail to reject H,.

.. There is not sufficient evidence at the 10% level of significance to
conclude that the y-intercept ¢ of the regression line is less than 150.

e) Determine if the slope [ of the regression line is greater than 2 at the 10% level of

significance. Try with both approaches, the classical and the p-value.
Classical approach

Step 1
Step 2

Step 3

Step 4

Step 5
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Assumptions: y, ~ N (a + ,[)’xl.,of)

H, : p=2
H,: p>2
a) Test statistic: ¢ with df = 38 o1
b) Right-tailed test with oo = 0.10 . '
- t

c) t(df,a) = t(38,0.10) =1.304 o1 ':’Etg

(SSxy)Z 2
a) S, = SSJ’ ~ s 3015 43

-2 38

b) t——ﬂ‘/ . 2.831- 2\/2977 =3.49

a) tisin the critical region

b) Reject H,.

.. There is sufficient evidence at the 5% level of significance to conclude
that the slope / of the regression line is greater than two.
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p-value approach
Step 1 Assumptions: y, ~ N (a + ,[)’xl.,of)
Step2  H,: =2
H,: p>2
Step 3 a) Test statistic: ¢ with df = 38
b) Right-tailed test with oo = 0.10

(85, ) .
MPE s oy —t 3029';;8592739757 —4.113

b) z——ﬂw/ S 5311132\/2977 =3.49

C) p-Value =0.001

Step5  a) p-value =0.001 <o =0.05
b) Reject H,.
.. There is sufficient evidence at the 5% level of significance to conclude
that the slope £ of the regression line is greater than two.

f) If the a person has a shoe size of 11, find a 90% confidence interval for the predicted
height.

Step 1 Assumptions: y, ~ N (a + ,Bxl.,af)
Step2 d) Test statistic: ¢ with df =38

e) Level of confidence: 1-a =0.90 or ¢ =0.10
Step 3 Point estimate: y =147.80+2.813-11=178.94

Step4  d) t £(38,005) =1.686

e) S, \/ s ot 8;927797572 =4.113

1 x—)?
f) E—t(dﬂg)se\/l+;+ S

1 (11-8.425)
=1.686-4.113\[14+—+~——/

=7.096
40 297.77

f) y-E<y<y+E
178.94-7.10< y<178.94+7.10
171.84 < y <186.04

Step 5 The 90% confidence interval for the predicted height of a person with a
shoe size of 11 1s 171.84 cm to 186.04 cm.
g) Find the coefficient of correlation and the coefficient of determination.

SS
v B gs76

/88,88, /297.77-3029.1
r* =0.8876" =0.7878 = 78.78%

Fall 2008 Martin Huard 45



Math 510 Review Exercises - Solutions

h) Construct a 90% confidence interval for the population correlation.
Step 1  Assumptions: Bivariate normal population
Step2 a) Test statistic: z
b) Level of confidence: 1—a =0.90 or o =0.10
Step 3  Point estimate: » = 0.8876
Step4 ¢) z, =1.645

1, 1+ 1, 1.8876

d) Z=—=In =—In =1.4105
2 1-r 2 0.1124
Zl Zl
L——=<u <Z+—+=
n-3 n-3
1.4105—ﬂ<,u2 <1.4105+ﬂ

V37
1.1401 < 1, <1.6809

e2(1.1404) - 62(1.6809) 1
<p< ez(1.6809)

37

+1

S201404)

0.814 < p<0.933
Step 5 The 90% confidence interval for the population coefficient of correlation is
0.814 to 0.933.
1) Determine if the correlation is significant at the 10% level of significance. Try with
both approaches, the classical and the p-value.
Classical approach
Step 1  Assumptions: Bivariate normal population

Step 2 Ho :p=0
H,: p#0

Step 3 a) Test statistic: ¢ with df = 38
b) Two-tailed test with o= 0.10
c) t(df’%) =1l(30005) = 1686

Step 4 _rfn-2_ 0887638 o 1686 0 1686

a) t= = o
I iosse 1458
Step5 a) tisin the critical region
b) Reject H,.
.. There is sufficient evidence at the 5% level of significance to conclude
that there is a correlation between the shoe size and the height of a person.
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p-value approach

Step 1
Step 2

Step 3

Step 4

Step 5

Assumptions: Bivariate normal population
H,: p=0

H, : p#0

a) Test statistic: # with df = 38

b) Two-tailed test with o = 0.10

2t -2 0.8876y38
V-2 \1-0.8876°
b) p-value < 2(0.001)=0.002

a) p-value =0.002 <a=0.10
b) Reject H,.

=11.88

.. There is sufficient evidence at the 10% level of significance to conclude that

there is a correlation between the shoe size and the height of a person.
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