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XXIII – Taylor and Maclaurin Series 
 

1. Find the Maclaurin Series for ( )f x  using the definition.  Give the radius of convergence. 

a) ( ) cosf x x=  b) ( ) sin 2f x x=   

c) ( ) ( )ln 1f x x= +  d) ( ) ( ) 4
1f x x

−
= +   

e) ( ) 4 1f x x= +  f) ( )
2

x xe e
f x

−+
=  

 

2. Find the Taylor series for ( )f x  at x a= . 

a) ( ) 3 3 2f x x x= − +       a = 5 b) ( )f x x=      a = 9 

c) ( ) sinf x x=      
2

a π=  d) ( ) cosf x x=      
4

a π= −  

e) ( ) lnf x x=       a = 3 f) ( )
3

1
f x

x
=        1a =  

 

3. Approximate f by a Taylor polynomial with degree n at the number a.  Use this 

approximation to estimate the given number, and estimate the accuracy of that 

approximation. 

a) ( ) 1f x x= +  1n =  0a =   1.1  

b) ( )
3

1

2
f x

x
=

+
 3n =    6a =  3

1

7.9
 

c) ( ) 3cosf x x=  2n =    
6

a π=    3cos 31°  

d) ( ) lnf x x=   5n =    1a =    ln1.5  

e) ( )
2xf x e=   3n =     0a =     0.01e  

 

4. Using the Maclaurin series for xe , find the Maclaurin for the given functions. 

a) ( ) 4xf x e=  b) ( ) 3 xf x x e−=   

c) ( )
2xf x e=  d) ( )

2

x xe e
f x

−+
=    

 

5. Using the Maclaurin series for sin x  or cos x  , find the Maclaurin for the given functions. 

a) ( ) sin 3f x x x=  b) ( ) ( )2cos xf x =  
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6. Use multiplication or division of known power series to find the first three nonzero terms in 

the Maclaurin series for each function. 

a) ( )
2

cosxf x e x−=  b) ( ) secf x x=  

 

7. Using the Maclaurin series for sin , cos  or xx x e , evaluate the indefinite integral as an infinite 

series. 

a) sin 2x
x
dx∫  b) 

22 xx e dx−∫  c) ( )4sin x dx∫  

 

8. Using the Maclaurin series for sin , cos  or xx x e , approximate the definite integral to within 

five decimal places. 

a) ( )
1
2 2

0
cos x dx∫  b) 

1
sin

0

x
x
dx∫  c) ( )1

3

0
sin x dx∫  

 

9. Consider the function ( ) 3 3 1f x x= + . 

a) Find the Maclaurin series for ( )f x . 

b) Use the answer from (a) to approximate the definite integral 
1
3 3

0
3 1x +∫  to within five 

decimal places. 

 

10. Find the sum of the series. 

a) 2

7 !
0

n

n n
n

∞

=
∑  b) 

( )
( )

2

2

1

6 2 !
0

n n

n n
n

π
∞

−

=
∑  c) 

( ) ( )2 3
ln 2 ln 2

2! 3!
1 ln 2− + − +⋯  

 

 

 

 

 
 

 

 

 

 

 

 

 

 

Answers 

1. a) 
( )
( )

22 4 6 1

2! 4! 6! 2 !
0

cos 1 ...
n nxx x x
n

n

x
∞

−

=

= − + − + =∑  R = ∞  

b) 
( )

( )

2 1 2 13 5 1 28 32
3! 5! 2 1 !

0

sin 2 2 ...
n n nxx x
n

n

x x
+ +∞

−

+
=

= − + − =∑      R = ∞  

c) ( ) ( ) 1
2 3 4 1

2 3 4

1

ln 1 ...
n nxx x x
n

n

x x
+∞

−

=

+ = − + − + =∑        1R =  
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d) ( ) ( )( )( ) 1
2 3 4 44 1 2 1 34 5 4 5 6 4 5 6 7 4 5 6 7 8

2! 3! 4! 5! 6

3

1 1 4 ...
n

n n n nx x x x

n

x x x
−∞

− − − − −⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

=

+ = − + − + − + =∑         1R =  

e)  
( ) ( )1

2 3 4

1 3 7 11 4 52 3 44 3 3 7 3 7 111 1
4 44 2! 4 3! 4 4! 4 !

2

1 1 1
n n

n

n x

n
n

x x x x x x
+∞

− ⋅ ⋅ ⋅ ⋅ −⋅ ⋅ ⋅

=

+ = + − + − + = + +∑ ⋯

⋯       1R =  

f) ( )
2 4 6 2

2 2! 4! 6! 2 !
0

1 ...
x x ne e x x x x

n
n

−
∞

+

=

= + + + + =∑       R = ∞  

2. a) ( ) ( ) ( )2 33 3 2 112 72 5 15 5 5x x x x x− + = + − + − + −  

b) ( ) ( ) ( ) ( ) ( ) ( ) ( )
1

2 1 2

2 3 1 1 3 5 2 31 1 1 1
6 216 3888 6 3 2 !

2

3 9 9 9 ... 3 9 9
n

n n

nn

n
n

x x x x x x
−

− +

∞
− ⋅ ⋅ −

=

= + − − − + − − = + − + −∑ ⋯

 

c) ( ) ( ) ( )
( ) ( )2 4 211 1

2 2 4! 2 22 !
0

sin 1 ...
n n

n
n

x x x xπ π π
∞

−

=

= − − + − − = −∑  

d) ( ) ( ) ( ) ( )2 3 42 2 2 2 2

2 2 4 2 2! 4 2 3! 4 2 4! 4
cos ...x x x x xπ π π π

⋅ ⋅ ⋅= + + − + − + + + +  

e) ( ) ( ) ( ) ( ) ( )1
2 3 1 31 1 1

3 9 2 27 3 3
1

ln ln 3 3 3 3 ... ln 3
n n

n

x

n
n

x x x x
+∞

− −

⋅ ⋅
=

= + − − − + − − = +∑  

f)  ( ) ( ) ( ) ( ) ( ) ( )( )
2 3 43

2 3 4 1 1 4 7 10 3 2 14 7 4 7 101 1 4
3 3 2! 3 3! 3 4! 3 !

1

1 1 1 1 1 1
n n

n

n x

x n
n

x x x x
∞

− ⋅ ⋅ ⋅ ⋅ ⋅ − −⋅ ⋅ ⋅
⋅

=

= − − + − − − + − − = +∑ ⋯

⋯  

3. a) 1
2

1 1x x+ ≈ +  21
20

1.1 1.05≈ =  ( )1 0.0011R x <  

b) ( ) ( ) ( )3

2 371 1 1 1
2 48 576 414722

6 6 6
x

x x x
+
= − − + − − −        

      3

208231271
41472007.9

0.5021009≈ ≃            ( )3 0.000000002R x <  

c) ( ) ( )23 3 3 3 39
8 8 6 16 6

cos x x xπ π≈ − − − −  3cos 31 0.629785° ≈    ( )2 0.000024R x <  

d) ( ) ( ) ( ) ( ) ( ) ( )2 3 4 51 1 1 1
2 3 4 5

ln 1 1 1 1 1x x x x x x≈ − − − + − − − + −  

           ( ) 391
960

ln 2 0.407292≈ ≃  ( ) 1
5 6

0.167R x ≤ ≃  

e) 
2 21xe x≈ +  0.01 101

100
1.01e ≈ =  ( ) 1

3 20000
0.00005R x ≤ =  

4. a) 4 4
!

0

n nx x
n

n

e
∞

=

=∑  b) 
( ) 313

!

0

n nxx

n

n

x e
+∞

−−

=

=∑  c) 
2 2

!

0

nx x
n

n

e
∞

=

=∑      d) ( )
2

2 2 !
0

x x ne e x

n
n

−
∞

+

=

=∑   

5. a) 
( )

( )

2 1 2 21 3

2 1 !
0

sin 3
n n nx

n
n

x x
+ +∞

−

+
=

=∑  b) ( ) ( )
( )

21

2 4 2 !
0

cos
n n

n

xx

n
n

∞
−

=

=∑  

6. a) 
2 2 43 25

2 24
cos 1xe x x x− = − + −⋯  b) 2 451

2 24
sec 1x x x= + + +⋯  

7. a) 
( )
( )( )

2 1 2 11 2

2 1 2 1 !
0

n n nx

n n
n

C
+ +∞

−

+ +
=

+∑  b) 
( )
( )

2 31

2 3 !
0

n nx

n n
n

C
+∞

−

+
=

+∑  c) 
( )

( )( )

8 51

8 5 2 1 !
0

n nx

n n
n

C
+∞

−

+ +
=

+∑  

8. a) 0.49688 b) 0. 94608 c)  0.23385 

9. a) 
( ) ( )

( )
1 2 5 8 3 12 3 4 13 2 5 2 5 82

2! 3! 4! 1 !
1

3 1 1 ... 1
n

n n

n
n

x x x x x x x
∞

− ⋅ ⋅ − +⋅ ⋅ ⋅
+

=

+ = + − + − + = + +∑ ⋯

  b) 0.37996 

10. a) 
2
7e  b) 3

2
 c) 1

2
 


