MATHEMATICS 201-203-RE
Integral Calculus

Martin Huard

Winter 2009

Review Exercises

1. Evaluate using the definition of the definite integral as a Riemann Sum. Does the answer
represent an area?

a) [ (Gx=5)dx b) |

c) Ij1(6+x)(1—x)dx d) J:l x3—1 dx

x—xl

2. Find f’(x) using the Fundamental Theorem of Calculus.

a) f(x)= I:z sint” dt

xsint
. Evaluate — I

. Evaluate the integral.

b) f(x)=].

—dt+ I [1+x }dx+—j e dx

a) J-(%Jrﬁ/x_z—%]dx b) J- 5\/_-”

d) [(7+ (2x-1) ) ax

xt 4+ +1dx
g)j X +4x

2x° —8x* +9x+1
Ll

m) I arcsin x dx

P) I\/ex —1dx

)J- x+1
).[3)6 +x7 +9x+1

(x +1)

y) Jé cos’ x dx

dx

dx

) .[ sin x

1+ cos? x

2x+5
h
) J-x —6x+8

k) J-tem3 xsec’ x dx

n) I e’ cos 2x dx

J- x+1 dr

(x> +2x+10)

secxtanx
£) j

\/3+4secx

.[ xt+5
x+3x*=10x

3x+4
2) [
2 x2—4x+20

1

—dt
2x Int

o) [ (x* +24x ) ax
f) j sin’(5x) cos*(5x) dx
) j . :x3 dx

1) [cosx d

0) Ixze"3"dx
) J-ln(lnx

)dx

I 2x-5
—dx
x* +6x+34

X) Icsc“ x+/cot’ x dx

lnx




Math 203 Review Exercises

5. It is estimated that # months from now the population of a certain town will be changing at a
rate of < =2+t +1 people per month. The current population is 5000. What will be the
population 9 months from now?

6. After ¢ hours on the job, a factory worker can produce units at a rate of ”;—? = tln(lO - t) units

per hour. How many units does a work who arrives at 8:00 am. produce during the first 3
hours?

7. Find the average value of each function over the given interval.
a) f(x)=xInx [Le]

X

b) f(x)z\/m [8,24]
O f() = [46]

8. Suppose the number of items a new worker on an assembly line produces daily after ¢ days
on the job is given by /(¢)=35In(z+1). Find the average number of items produced daily

by this employee after 10 days.

9. Determine whether the following improper integral converges or diverges.

® 1 3 x+1
d b d.
X J-7 (x+2)% ’ )I—wx2+1 *

dx

3x
2_

®© X 6
) I-2(x—1)2 @ ! Yx -9

10. Estimate I 19 ln(l + x)dx to 6 decimal places with n =4 using

a) right endpoint approximation

b) left endpoint approximation

¢) midpoint rule

d) trapezoidal rule

e) Simpson’s rule

f) Find the maximum error of estimate for the midpoint rule.
g) Find the maximum error of estimate for the trapezoidal rule.
h) Find the maximum error of estimate for the Simpson’s rule.

1) Find the exact value of J. 19 In (1 + x) dx.
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11. Find the area of the region R if

a)
b)
©)
d)

R is bounded by the curves y = (x - 1)2 and y=1-x".

R is bounded by the curves y = x> —4x, the x-axis, x=—-2 and x=2.
R is bounded by the curves x =3—3* and x—y =1.

R is bounded by the curve y =x’ —x and y =3x.

12. Consider the region R bounded by y=¢*, y=e¢ andx=2.

a)
b)
¢)
d)

e)

Find the volume of the solid obtained by rotating the region about the x-axis. Sketch
the region and a typical disk, washer of shell.

Find the volume of the solid obtained by rotating the region about the linex=2.
Sketch the region and a typical disk, washer of shell.

Find the volume of the solid obtained by rotating the region about the line y=9.
Sketch the region and a typical disk, washer of shell.

Find the volume of the solid whose cross-sections perpendicular to the x-axis are
squares.

Find the volume of the solid whose cross-sections perpendicular to the x-axis are
equilateral triangles.

13. Consider the region R in the first quadrant bounded by the curves y = x°, y = 2x —x°.

a)
b)

c)

Sketch the region R and find the area.

Find the volume obtained by rotating R about the x-axis. Sketch the region and a
typical disk, washer of shell.

Find the volume obtained by rotating R about the y-axis. Sketch the region and a
typical disk, washer of shell.

14. Consider the region R bounded by y=6x—x* and y=x. Find the volume of the solid if
cross-sections perpendicular to the x-axis are

a)
b)

©)
d)

e)

Winter 2009

Find the volume of the solid obtained by rotating the region about the linex=6.
Sketch the region and a typical disk, washer of shell.

Find the volume of the solid obtained by rotating the region about the line y=9.
Sketch the region and a typical disk, washer of shell.

Find the volume of the solid whose base is R and cross-sections perpendicular to the
x-axis are squares

Find the volume of the solid whose base is R and cross-sections perpendicular to the
x-axis are semi-circles.

Find the volume of the solid whose base is R and cross-sections perpendicular to the
x-axis are isosceles right triangles with the hypotenuse as the base.
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15. Consider the region R bounded by y=5-x* and y = —4x.
a) Find the volume obtained by rotating R about the line y =5. Sketch the region and a

typical disk, washer of shell.

b) Find the volume obtained by rotating R about the line x = —2. Sketch the region and a
typical disk, washer of shell.

¢) Find the volume of the solid whose base is R and if cross-sections perpendicular to
the x-axis are quarter circles, whose radius is on the base.

16. Consider the region R bounded by x =3y -3 and y =—x.
a) Find the volume obtained by rotating R about the line y =5. Sketch the region and a

typical disk, washer of shell.
b) Find the volume obtained by rotating R about the line x =4 . Sketch the region and a
typical disk, washer of shell.

17. Find the volume of a frustum of a pyramid with square base of side b, square top of side a,
and height 4.

18. Find the length of the curve given by y = %(x2 - 1)5 between x =1 and x=3.

19. Find the length of the curve given by x =1’ + 5 between (1) and (i§.3).

20. Find the arc length function for the curve y =In (x2 —~ 1) starting at the point P, (2, In (3)) .

1000
x+1

21. The demand function for an Iphone is pzD(x)z and the supply function is

p=S(x)=(x+ 1)2 where x in the number of units (in thousands) and p the price per unit (in

$). Find the consumes’ and producers’ surplus at the equilibrium point.

22. A company estimates that the revenue produced by a machine at time ¢ will be f (t) =50+7t

thousand dollars per year. Find the total revenue, the present value and the future value of
the machine over the next 5 years, if money is worth 5% compounded continuously. Also,
find the capital value.

23. Find the Gini index for the Lorenz curve L(x)=-4xarctan(x).

24. Solve the following differential equations.

¥ +1)(y? +1
a) ﬂ: ( Z)(y ) b) Q:secyarctanx
dx x -1 dx
¢) X’ydx+e‘lnydy =0 d)%:ysinzx y(5)=2
x
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25.If a new product becomes known both by word of mouth and by advertising, then p, the
proportion of people who have heard of the new product after  weeks, satisfies a differential
equation and initial condition of the form

%: 0.1(1- p)+0.1p(1- p)

If initially 30% of the population have heard of the new product, what will be the proportion

of have heard of it  weeks from now?

26. Determine if the following sequences are monotonic, bounded and convergent.

Jn

a) a, = b <5— -3 n>
) 4 3" +1 ) ()
o () & a,=—"—
' In(n+1)
27. Determine if the following series converge. If so, find the sum.
42n+l 4 8 o0 2
a) 233;’11 b) 3 § 27 81+ C);I’l(l’l+2)
_ 1\ antl 1 5 9 3)
(G P
9 Z;‘T ) __EJFE_WJF D Z“1 4.7 2)

28. Determine whether the following series are convergent or divergent.

= 2n+1 2”+1 =,
a) D (1+n2) >Z C)ZM

n=t 1 n=2
d) Z e) i n’ h i n+2
- 3 = (1)
g Z(afw)zn h) iarctann
n=l1 =0

29. Determine whether the series converges absolutely, converges conditionally or diverges.

1 = (_1Y
DR X

30. Find the radius and interval of convergence for the following power series.

- (3x—4) = (7-2x)"
DX » 5 72 )
(x+4) & y%zx 1)’

: - (3n)! (x4 1)
D2 Jn );3m17(m 4) :DZ yzn

n=l1
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31. Find the Maclaurin Series for f(x) using the definition.

2) f(x)=—

1+2x

b) f(x)=cos(4x) c) IYx+8

32. Find the Taylor series for f(x) at x=a.
a) f(x)=sin3x a=% b) f(x)=
o) f(x)=Ux a=32

33. Use the known Maclaurin series for e*, sinx, cosx or - to obtain the Maclaurin series for

1 -1
P

(6-5x

the given function. Give the radius of convergence.
_l-cos2x

a) f(x)=sin3x b) f(x)—T ) f(x)=

1+ x?

X

34. Use multiplication or division of power series to find the first three nonzero terms in the
Maclaurin series for each function.

a) f(x)=sinxcosx b) f(x)=

X —X

e —e

e +e”

35. Approximate f* by a Taylor polynomial with degree »n at the number a. Use this
approximation to estimate the given number, and estimate the accuracy of that
approximation.

a) f(x)=+V1+2x n=

3
b) f(x)=secx n=2 a=% sec(43°)

36. Using the Maclaurin series for e*, sinx, cosx or - to approximate the definite integral to
within five decimal places.

) [ xesin(x*)dx b) [ et dx O [

0 1+x*

37. Consider the function f(x)=1In(2x+1).

a) Find the Maclaurin series for f (x) using the definition.

b) Use differentiation, as well as your answer in (a) to find the Maclaurin series for
2

2x+1

c) Use the answer from (a) to approximate the definite integral .[ OTO ln(l + 2x)dx to

within five decimal places.
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Answers

1. ) 133 No b) 935 Yes
2. a) 2xsin(x ) b) 25—
4. a) — +12x%—2—65x%+c

7x7 5
4.3 8.3
C) 53X +7X +C

e) —arctan (cosx)+C

i) In|x|—4In(x+1)+C

K) tan4x+tan6x+c

4 6
m) xarcsinx ++1-x> +C
0) —ix’e ™ —2xe ¥ —Ze N +C
-1

+C

Q) ——
VX2 +2x+10

s) X+3x +6x +6In

x%—1‘+c
u) 111‘)62 + 6x+34‘—‘—51arctanXT”+C

w) lx2—3x—i-181n|x+5|—

c) =% No d) =2 No
3. snBryp
b) In —L+C
2x*
72x—1 g

d +L+(2x-1) +C

1 1 7
f) — 55 C0s 5x+35cos Sx+C
h) 2In|x—4|-%In|x-2[+C

1) xz—ﬁ+ln|x—2|+C

1) 2cosvx + 2/x sinvx + C

n)%e3x cos2x + %eh sin2x + C

p) 2Ve' —1 —2arctanve* —1+C

r) InxIn(lnx)-Inx+C

t) $v3+4secx +C

V)%ln‘x2 +1‘+arctanx— +C

x*+1

Lln|x|+2In|x-2|+C

)—cot2 Tzlcot%erC y) L4240
z) 3In2+3% aa)1; —
5. 5124 6. 9 units
7. £ b) Z c) 3In3-3In5
8. 57.3 items
9. a) 2 b) Div ¢) Div d) &
10.a) 15.120161 b) 11.901285 c) 13.702370 d) 13.510723
e) 13.628130 ) + g) 2 h) &+
1) 10In10-2In2-8=13.639557
11.a) 4 b) 16 ¢) 2 d) 8
12.2) 7($+55-1) b 27(-L-4) o) m(B-h+18¢" —Let -35)
d) fe'—4--L ) Let—3-L
13.2) 3 b) 4z c) Bz
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14.a) &= b) = )
15. a) 3%z b) 2887

16.a) 64rx b) 148z

17. 4h(a’ +ab+b*) 18. £

20. s(x):x+ln|x—1|—ln|x+l|—2+ln3
21.CS =§1 402 585 PS =§567 000

22. TR =$337 500 P =13295 396

23. £2=0.273

24. a) arctany=x+1n|x—1|—ln|x+1|+C

25.
26.

27.
28.

29.
30.

31.

32.

33.

34.

.a) VI+2x z3+%(x_4)_5_14

35

C) (ln y)2 =2x’¢ " +4xe " +4e +C

lI
13¢5 -7
p\t)==7
( ) 136; +7
a) decreasing, 0 <a, <+, conv to 0
¢) nonmonotonic, —1<a, <4, conv to 0
192 3
a) ¢ b) 5 c) 3

a) Converges
e) Converges

b) Converges
f) Converges

Review Exercises

d) 6257r e) 625

c) 4=

19 373

480

A=238379 297 CV'=3$3 800 000

b) siny = xarctanx—%ln(x2 +1)+C

1 . T
——sin 2x—
4

d) y= Ze%x i

41<a <

, 5 S ,convto5

b) nonmonotonic
d) increasing, 0 <a, not bounded above, div
d) % e) 1
c) Diverges

g) Converges

f) Diverges

d) Converges
h) Diverges

a) Converges conditionally b) Converges conditionally
a) R=2, I=(-22) b) R=1%, 1=(—§,3)
¢) R=1, 1=[34] d R=1, I=[-5-3)
¢) R=w0, I=R f) R=0, 1= {}

& N & 16" x 2 (~1)""2-5-8--(3n—4)x"
a) ;(—1) 2" x b) ;(—1) ) c) 2+%x+; TR

® (_l)n 32n,1(x_%)2n—1 © )

b 1)5" (x—1
D 2 (2n-1)! ) 2 (n+1)5" (1)
= (1) 4-9-14---(5n-6)(x—32)"

SRR < 1=6)(s-32)

© (_1)" 32n+1x2n+l "+1 22n 2n-1 n 2 y

R=w0 b R= " R=1

0 S ke 36 L R=0 ) D)
a) x—2x+Zx’ b) x—1ix+2x0 -

(x—4) +3(x—4) fz3.0331502 IR (

(x) \ <0.000000031

b) secx V2 +4/2 (x—2)+32 (x—2) sec(43°) ~1.36743 R, (x) < 0.00013
36. a)OOO624 b) 0.19867 ¢) 0.33252
n+l ap -
37.a)z ) 2 x" b) > (-1)"2""x"  ¢)0.00939
n=0
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