MATHEMATICS 201-203-RE
Integral Calculus

Martin Huard
Winter 2009
Review Exercises
SOLUTIONS
1. Evaluate using the definition of the definite integral as a Riemann Sum. Does the answer

represent an area?
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No, the answer represents the negative of the area.
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Yes since the function f'(x)=2x*—x—1 is positive on the interval [—6,—1]



Math 203 Review Exercises - Solutions
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No, the answer represents the difference in the area above and below the x-axis.
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No, the answer represents the difference in the area above and below the x-axis.
2. Find f'(x) using the Fundamental Theorem of Calculus.

x2
a) L sint’ dt

f(x)=] sin()ar  f(x) =%sz sin(tz)dt}

:%Ujsin(z‘z)dt}% u=x’
= sin(uz)Zx
= 2xsin(x4)
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[
f(x) - L T dt
= [} i+ [k

2x ! 3x .
:—L mdl'i‘j mdf

oy d d [, u=2x
7)== e [ | e o
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3. Evaluate —Ig Smtd J.dx[\/l+x }dx+—J‘ e dx

_stmtd j [1+x }dx+—j e Py =— Dusmt } [m}
smu( ) \/— \/—

u
_ 8sin8x
-~ 8x
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4. Evaluate the integral.

a) J’[%+43/x_2—¢jdx :J‘(6x*8 +4x° —%xfé)dx

:ﬁ+?x —Ex“+C
b) J'x —5\/;+1d J-(x_3 5x2 %de
X
=I( 5x7 4 x )dx
:1n|x|—5(‘72)x?3+( )x_2+C
I NISLLNL IS
3x2 2x
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9) j(‘/;(xz +2x/;)dx=j(x% +2x%)dx

4 78 3
=5X +7X+C

2x-1
d) j(72“+(2x—1)7)dx:271 7+%(2x—1)8+C
n
sin x -1 u=Ccosx
e) J.l_'_coszxdx:J-l_i_uzdu du:_Sin.de
=—arctanu + C

= —arctan (cosx)+ C

f) jsin3 (5x)cos* (5x)dx = Isin(Sx)(l —cos’ (Sx))cos4 (5x)dx U = COoSSx
du = —5sin5x dx

x4+x2+1_A B C Dx+FE

_sz(xz+4)+Bx(x2+4)x+C(x2+4)+(Dx+E)x3
x3(x2+4)
.'.x4+x2+1=Ax2(x2+4)+Bx(x2+4)x+C(x2+4)-|—(Dx—i—E)x3
=(A+D)x"+(B+E)x’+(44+C)x* +4Bx+4C

Thus x*:1=4+D D=L
x’:0=B+E =E=0
x’:1=44+C = A=23
x:0=4B =B=0
:1=4C =C=1
4 2 13
jx:r—xtldxﬂ( 5, 13+ 16> jdx
x +4x 16x 4x° x +4 )
—iln|x|_L+£ idu u=x+d
16 8x2 16° u du=2xdx
Ldu=xdx
-2 |x|—%+£1nx2+4‘+c .
16 8x
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Math 203

h) I 2x+5 dx

x> —6x+8
2x+5 _ 2x+5 _ A N B
x'—6x+8 (x—4)(x-2) x-4 x-2
_ A(x-2)+B(x-4)
- (x—4)(x—2)

2x+5=(A4+B)x—-24-4B

2=A+B 4=24+2B
5=-24-4B 5=-24-4B
9=-2B
3_4 A=1

1
) Ix+x3dx
1 4 Bx+C A(x2+1)+(Bx+C)x
=4 =
x(1+x2) x  x*+1 x(x2+1)
2 1=A(x*+1)+(Bx+C)x
=(A+B)x>+Cx+4
Thus x*:0=A4+B = B=-1
x:0=C
1=4 = A4=1
j ! dx:j(l— al jdx
x+x° x x*+1
| %d
—n|x|—.[;u

:1n|x|—%ln|u|+C

= ln|x| —%ln‘xz + 1‘+ C
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u=x>+1
du =2xdx
1

ydu = xdx



Math 203 Review Exercises - Solutions

dx

) 2x° —8x* +9x +1
| 2

2x

x2 —4x+4>2x3—8x2 +9x+1

2x° —8x% +8x

x+1
2x° —8x* +9x +1 x+1
2 saXxtT—5
(x—2) (x—Z)

(-2 ¥-2 (x-2f  (x-2)
Sox+1=Ax-2A4A+B
Thus x:1=4

1=-24+B =B=3

x+1 A4, B _A(x-2)+B

I2x3—8x2 +9x+1

> dx:I{Zx—k ! + 2de
(x—2) x=2 (x—2)

+C

=x’ +1n|x—2|—
y—

k) .[tan3 xsec' xdx = .[tan3 x(l + tan? )c)sec2 xdx
u=tanx

= u3(1+u2)du du = sec” x dx

) J.cos\/;dx=J-2vcosvdv v=dx

2 _
:2vsinv—IZSinvdv v.=2x
B ) 2vdv = dx
=2vsinv+2cosv+C U=V V —sinv
=2/xsinv/x +2cosvx + C du=2dx  dV =cosvdv
u = arcsin x V=X
m) j arcsinxdx:xarcsinx—J. al dx
1—x? 1 dv =dx
du = dx
) 5 NI
:xarcsmx—J.—du ,
\/; u=1-x
:xarcsinx+\/;+C du=-2xdx
=xarcsinx +vV1—-x> +C 5 du=xdx
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Math 203

n) Ie3xcos2xdx—1e3"sm2x I3xsin2xdx

=Lle™sin2x +3e™ cos2x—%je3x cos 2x dx

13
4
.[ 3 3x

0) Ixze"3xdx =—1xle™ +%Ixe"3xdx

__142,3x 2 “3x , 2
=—3xe 9

_ _142,3x 2 =3x _ 2 ,3x
=—3xe 5 xe e +C

p) IJZ_:_dx jv +1
:I(z_v22+ljdv

=2v—-2arctanv+C

=24/e* —1—-2arctanve' —1+C

q) Ix—ﬂldxzj‘ L
(x> +2x+10)? 2u’
:j%ufdx
:%(—2)u?‘+C
-1
=—+C
Ju
-1
=4 C
VX2 +2x+10
In(In x)
d Inud
r) J. ; X = .[nu u
:ulnu—J-du
=ulnu—-u+C

zlnxln(lnx)—lnerC
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u=e" v =4sin2x
du=3e*dx  dv=cos2xdx

u=e" v=-:lcos2x
du=3e*dx  dv=sin2xdx

e cos2xdx =Lesin2x +2 ¢ cos2x+C

e cos2xdx =2 e sin2x + 4 e cos2x+C

U=x v=-ge
du =2xdx dv =e " dx
u=x v==sle™
du = dx dv=e"dx
y=+/e" —1 2
V=e —1 v +1)2v
Vitl=e" 212 +2
1n(v2+1):x -2
dv =dx
vi+1
u=x*+2x+10
du=(2x+2)dx
%duz(x—kl)dx
u=Inx
du =-Ldx
U=Inu v =udu
dU=1du  dv=du
7



Math 203

S) J. x+1d =J-vt13v2dv

J'3V +3v

—J-(?,v +6v+6+—

V-

:v3+3v2+6v+61n|v—1|+c

—x+3x +6x +61n

J- secxtanx

1
dx = du
J3+4secx J-4\/;
:%\/;+C

=1v3+4secx +C

2x5

u) J- : 2x-5

X +6x+34

o=
I u+25

J'2u 11
du
u +25

2u 1
:Iu2+25du_llj 2
= Ildv—‘—slarctan%JrC

v

= 1n|v| —Larctan4+C

= ln‘u2 + 25‘ —Larctan4+C

dx
x+3 +25

Review Exercises - Solutions

v=3x 3y’ +6v+6
Vvi=x v—l& 3y’ + 3y
3vidv = dx 3% _ 32
6v’
6V’ —6v
6v
6v—=6

u=3+4secx

du = 4secxtan x dx

X +6x+34=x"+6x+(% ) +34- (%)

=(x+3)" +25
u=x+3
du = dx
v=u’+25
dv=2udu
Tdv=udu

= ln‘x2 +6x+34‘—‘—51arctan"T*3+C

300+ X7 +9x+1
V) I

> dx
(x2+1)
3x° +x7 +9x+1 _ Ax+B+ Cx+D
(xz +1)2 X’ +1 (x2 +1)2
(Ax+B)(x*+1)+Cx+D
- 2
(x2+1)

3%+ 27 +9x+1=(Ax+B)(x* +1)+ Cx+ D

3x* +x* +9x+1=Ax’ + Bx’ +(4+C)x+B+D

Winter 2009
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Math 203 Review Exercises - Solutions

x:3=4

x’:1=B

x:9=4+C =C=6
cst:1=B+D = D=0

I3x +x? +9x+1 _J-{3x+1Jr 6x 2de

(x +1) X+l (x2+1)

_'[x +1
3 3
:J-idu+arctanx+.[u—2du

:%ln|u|+arctanx—§+C
u

:%ln‘x2+1‘+arctanx— —+C
x +1
x*+5
w) J’x3+3x2—10x
x=3
x3+3x2—10x>x4+5
x* +3x° —10x°
-3x’ +10x* +5
—3x’ —9x” +30x
19x% —30x+5
x'+5 e +19x2—30x+5:x_ N 19x° —30x+5
¥’ +3x> —10x x’ +3x> —10x x(x+5)(x—2)
19x* —30x+5 A, B C _A(x+5)(x=2)+ Bx(x—2)+Cx(x+5)
x(x+5)(x—2) x x+5 x-2 x(x+5)(x—2)
19x2—30x+5=A(x+5)(x—2)+Bx(x—2)+Cx(x+5)
If x=0, A=
If x=-5, B=18
If x=2,C=3
4
jﬁdxzj(x—3—%%+;—g+%ﬁ)dx

=1x*=3x—1In|x|+18In|x+5|+iIn|x-2[+C
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X) jcsc4 xv/cot’ xdx = I(l +cot’ x)\/ cot® x csc” xdx u=cotx

du =—csc” xd
=I—(1+u2)u%du ! e

=—j(u% +u%)du

u —=u? S 4C

1

<o

—Zcot’ x—2cot’ x+C

z

y) J. cos’ xdx = j (1+1 cos2x) dx

= ( +3€0s 2x + oS 2x)dx

\a »L

H »‘R

= | (4+Lcos2x+++Lcos4x)dx
4

—[—x ++sin2x + 5 sin 4xI

3 64
2 _ .2 _
2 Ié 3x+4 dx:jé 3x+;4 I X —4x+20=x"—-4x+4+20-4
Px-Ax+200 2 (x-2) +16 = (x=2)"+16
_J-43(u+2)+4du u=x-2 x=2,u=0
o u’+16 du = dx x=6,u=4
:J-4 2314 +.[4 210 du
Ou”+16 Ou”+16 v=u’+16 u=0,v=16
_s (2l . dv=d =4,v=32
—%le;dv+[%arctanz:E v=du u=4a,v

2
(In32-In16)+3£
(

=3
=2(5ln2-4In 2) s
=3In2+3
elnx —Inx e —1 u=Inx v:4f—x{1dx
aa 2 e — _
: '[1 X’ a [4)5 } ' 4yt dx du = dx dv=-"dx

-1 { 1 }
=—F1+0+ Z
4e l6x™ |,
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5. It is estimated that # months from now the population of a certain town will be changing at a
rate of < =2 +¢+/t+1 people per month. The current population is 5000. What will be the
population 9 months from now?

P(t)=[(2+nr+1)ar v=it+l

:2t+'[(v2—1)v2vdv v =t+]
2vdv = dt
=2t+'[(2v4 —2v2)dv

=21+23v' -2V +C

(t+1) —%(Hl)% +C
P(O):l—2+C 5000

— 75004
C= 15

L P(t)=2t+2(t+1) ——(t+1) + 13004
P(9) =222 4 1000 = 5124

6. After ¢ hours on the job, a factory worker can produce units at a rate of % =tln (10 — t) units
per hour. How many units does a work who arrives at 8:00 am. produce during the first 3
hours?

jtln(lO—t)dt_[ £ 1n(10- t] 41 j u=In(10-1) v=

lOt

du=—=Ldt dv = tdt
:%ln7+%'[0 (—1—10+2)dr
=2In7+[ 27 ~5-50In[10-1] 10 t_f_lo
=3In7-3-15-50In7+50In10 5
o o =10z
:5011’110—7—711’17 10¢
=93
10z-100
100

Hence a worker produces 9 units.
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Review Exercises - Solutions

7. Find the average value of each function over the given interval.

a) f(x)=xlnx [1e]
Song = llj-lexlnxdx

e—

= %([%xz In x}f - Le%xdx)

e_
IR B SR SRR
=l L)

1
_ 1,2 _ 1,21
—(56 —ge +Z)

Ce—1
_ e’ +1
4(e-1)
X
b) /( ):m [8,24]
1 24 x
= d
favg 24—8'[8 \/)C+1 X
:ijs(vz_l)zvdv
1673 %

:% [[(2v*-2)av

——[3v-»]

=L(8-10-18+6)
%
6
5
C) f(X):m [4,6]

1 o 5
= dx
Jo 6—4L x*—4x+3
L o OO S R PN
274 (x-3 x-1
— 1 21 -3-2infx 1]
212 2
=2In3-3In5+3In3

=3In3-2In5

6

4

Winter 2009

2
u=Inx v=1x

du=~Ldx  dv=xdx

v=+x+1

vi=x+1
2vdv = dx

x=8,v=3
x=24,v=>5

5 5 A B

Martin Huard

X —4x+3 (x=3)(x-1) x-3 +x—1
_A(x-1)+B(x-3)
(=301
 5=(4+B)x—-A-3B
x:0=4+8B
:5=-A4-3B

12



Math 203 Review Exercises - Solutions

8. Suppose the number of items a new worker on an assembly line produces daily after # days
on the job is given by /(¢)=35In(7+1). Find the average number of items produced daily

by this employee after 10 days.

_ _ 1,2
1, = ["35I(r+1)ar u=lx  v=qgx

" 10-0 du=~dx  dv=xdx

35 10 10 ¢
—E([tln|t+l|:|0 - o mdij

_7 101n11—j‘°(1—ijdt
2 0 t+1

=3(10m11-[r=tm[+1]))

2%(101n11—10+1n11)
=ZInl1-35
=57.3 items

9. Determine whether the following improper integral converges or diverges.
0 1 t =
dx=lim| (x+2)° dx
a 5
) -[ 7 ( X+ 2)2 t—o0 &7 ( )

St

:lim[‘%(x+2)7}

—w

) -2 2
—lim| ———+=
Hf"’{?a()CJr2)2 81}

81
x+1 . x+1
[ S—=dx=lim [ S—d
= x"+1 oot x 1] ,
. 3y 301 u=x"+1
:}E}}o It 2 +1dx+ t x? _,_ldxj du =2xdx

= lim (J-F}idu + [arctan x]jj

x=t u

Lin M]S +arctan 3 — arctan t)

3
B In ‘xz +1 } +arctan 3 —arctan t)

t

Il
1=
|
8
e e

=1i %lnIO—%ln‘tz +1‘+arctan3—arctant)

t——0

=—00

Thus ’ x2+1

-0 x°+1

dx diverges.
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Math 203

—hm(ln|t 1|—t—11—1n1+1

= 00

Thus .[ w%)zdx diverges

3x L[ 3x d
1\/—2—9xj3mx

3 3x t  3x
J- dx=lim| ———dx
L7 P (-3 J1 3/x2_9
lim [ g
=lim —=du
t—3 Jx=l1 Q/;
, Jx=t
=11m[%u3}
1—3" x=1

Winter 2009 Martin Huard
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X A N B
) a1 Gy
A(x—1)+B
C(x-1)
x=Ax—A+B
A=1
B=1
14
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10. Estimate I 19 ln(l + x)dx to 6 decimal places with n =4 using
a) right endpomt approximation

R, Zf ( xl)+f(x2)+f(x3)+f(x4))Ax Ax=Ee=7

=2(ln(4)+ln(6)+ln(8)+ln(10)) X, =a+ibc=1+2i

~15.120161

b) left endpomt approximation

L, Zf Ax=(f (x0)+ f(x)+ f (3)+ f () Ax
=2(1n(2)+1n(4)+1n(6)+1n(8))
~11.901285

c) midpoint rule

y i x_ +x, 1+2(i—1)+1+2i
M4=;f( ) Ax L ( 2)
=(f(@)+F(®)+ (7)) +(3)) Ax =2i
=2(In(3)+In(5)+1n(7)+1n(9))
~13.702370

d) trapezoidal rule
T, =;(f(x,.4)+f(x,.))%
=(f ()27 (0)+2f (52) +27 () + 1 () ¥
=(In(2)+2In(4)+2In(6)+21n(8)+In(10))

~13.510723
e) Slmpson s rule

S, Z( xz ) +4f Xy 1)+f(x2 ))AT

—(f(x0)+4f(xl)+2f(x2)+4f(x3)+f(x4))%
=(In(2)+4In(4)+2In(6)+4In(8)+1n(10))
~13.628130
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Math 203 Review Exercises - Solutions

f) Find the maximum error of estimate for the midpoint rule.

f(x)=In(1+x)

24n’ 2447 3

g) Find the maximum error of estimate for the trapezoidal rule.
(b-a) 48" 2

12n° 12-4> 3

h) Find the maximum error of estimate for the Simpson’s rule.

£, |< 2

fm(x) — ﬁ
(iv) -
f (x) N (x+?)4
Thus| /™ (x)| < on [1,9]

K(b-a) 38 4
|ES|S 1(80 4) ==
n 180-4" 15
i) Find the exact value of I lgln(1+x)dx.

Ilgln(1+x)dx:[xln(l+x)]?—J‘lgidx u=In(1+x) v=2x

1+x

1+x

9
:91“10‘1‘12‘L (1—1—
+ X

=9In10-In2-[x~Infx+1]
=9In10-In2-9+In10+1-1n2

=10In10-2In2-8
=13.639557

Winter 2009 Martin Huard
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Math 203 Review Exercises - Solutions

11. Find the area of the region R if
a) R is bounded by the curves y=(x—1) and y=1-x".

Y Points of intersection: (1 - x)2 =1-x
2
yz(l—x) ] 1-2x+x*=1-x7
2x°=2x=0

y=1-x %‘[\\ . 2x(x-1)=0
--""/h, )CZO,I

b) R is bounded by the curves y = x> —4x, the x-axis, x =-2 and x=2.

y:x2—4x\' 12_1“" Azj-_oz(xz—4x)dx+_|-02(—x2+4x)dx

IZ =1x —2x2}: +[—§x3 +2x2]2
6 =-3_8-5+8
4 =16
21 )

2 -1 1 >
-2
4] -

¢) R is bounded by the curves x =3—3” and x—y =1.

Points of intersection: 3—y*=y+1
x=3-y" x=y=1 Y +y-2=0
1
; (yv+2)(y-1)=0
- =-2,1

Winter 2009 Martin Huard 17



Math 203 Review Exercises - Solutions

d) R isbounded by the curve y =x’ —x and y =3x.

2 a0 Points of intersection: ~ x° —x =3x
] ¥ —4x=0
x(x2 - 4) =0
x=-2,0,2

Az'[o (x3 —x—3x)dx+J-02(3x—x3 +x)dx

-2

ENE

0 2
x* —2x2] +[—%x4 +2x2]
-2 0

0—-(4-8)+(-4+8)
8

12. Consider the region R bounded by y=¢*, y=e¢ andx=2.

a) Find the volume of the solid obtained by rotating the region about the x-axis. Sketch
the region and a typical disk, washer of shell.

&Y F

I:T/‘H\

/-\"._".'

Winter 2009 Martin Huard 18



Math 203 Review Exercises - Solutions

b) Find the volume of the solid obtained by rotating the region about the linex=2.
Sketch the region and a typical disk, washer of shell.

F vy

x p——
T - e —— ____f
2 2 4
VS:joz2ﬂ(2—x)(e"—e’x)dx U= x
2 —X X —X =
:27[]0(28 —2e z—x(e —e ))dx2 2 du dxv:eere )
= 27;([26‘ + 2e”‘]0 —[x(e" +e " )]O +J0 (e’“ +e")dx) dv = (ex —e’“‘)dx

= 27?(262 +2e7 —4-2e" -2¢7 +[e" —e“‘}z)

= 272'(62 —e” —4)
¢) Find the volume of the solid obtained by rotating the region about the line y=9.
Sketch the region and a typical disk, washer of shell.
&

x
»
-

¥

Vy :joz(ﬂ(9—e")2 —ﬂ(9—e")2)dx

=7zj02(81—18e-x re —8l+18¢" —e*)dx

= ﬂjj(—] e ' +e 7 +18e" —e™ ) dx
= 72'(1 8¢  —Le +18e" —Le™ )]2

= (L +18e* et -35)

Winter 2009 Martin Huard 19



Math 203 Review Exercises - Solutions

d) Find the volume of the solid whose cross-sections perpendicular to the x-axis are

squares.
Vz'[ozA(x)dx A(x)zl2
:r e —e " 2dx :(ex_eﬁ)z
'[ —2+e 2‘)dx
=[$e" 204> ],
=let—4-

26

e) Find the volume of the solid whose cross-sections perpendicular to the x-axis are
equilateral triangles.

V:IOZA(x)dx A(x)=1bh l l
= OT3(ex—e ‘)zdx :%ﬁlfl ' h
:%joz(ez“‘—2+e“)dx ;z(er_ex)z /
=31 2x—1e*2“‘}§ : tan 60° = 4
SN ho i1

13. Consider the region R in the first quadrant bounded by the curves y = x*, y = 2x —x”.
a) Sketch the region R and find the area.

¥ Points of intersection: X =2x-x*

X Hx?-2x=0
y=2x-x

x(x2+x—2):0
X x(x+2)(x-1)=0
x=-2,0,1
A Iol(Zx X —x )dx
=x2—%x3—%x41
“1-4-
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Math 203 Review Exercises - Solutions

b) Find the volume obtained by rotating R about the x-axis. Sketch the region and a
typical disk, washer of shell.
1 2 2 3 2
& v, = O(ﬂ(2x—x ) —ﬂ(x ) )dx
]

¢) Find the volume obtained by rotating R about the y-axis. Sketch the region and a
typical disk, washer of shell.

o VSZ'[:27rx(2x—x2—x3)dx
:272'.[01(2)62—)63—)64)01)6

1
_ 2.3 _1,4_ 1.5
—27r[3x T X Sx]()

14. Consider the region R bounded by y=6x—x" and y=x. Find the volume of the solid if

cross-sections perpendicular to the x-axis are
a) Find the volume of the solid obtained by rotating the region about the linex=26.
Sketch the region and a typical disk, washer of shell.

&F L gJ_ILJ’
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Points of int tion: 5

(6):1_8; :mxersec ion V.27 .[0 (6—x)( 6x— 1 — x) e
¥ _5x=0 :27;]05(6—x)(5x—x2)dx
x(x=5)=0 :27r'[5 x3—11x2+30x)dx

x=0,5

[ %x3+15x215)

2
20 (625 1375+375)

b) Find the volume of the solid obtained by rotating the region about the line y=9.
Sketch the region and a typical disk, washer of shell.

¥.

((9—x)2—(9—(6x—x2))2)dx
=7zj5(x2—18x+81—x4+12x3—54x+108x—81)dx
(—x* +12x" = 53x” +90x ) dx
= x| 30 +3x* - 30 +45¢° ]O

= (—625+1875 -2 +1125)

c) Find the volume of the solid whose base is R and cross-sections perpendicular to the
X-axis are squares.

V=f05(5x—x2)2 dx A(x)="P
=j05(x4—10x3+25x2)dx
Tiv-perse]
=625—%+L325

_ 625
G
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d) Find the volume of the solid whose base is R and cross-sections perpendicular to the

x-axis are semi-circles.

V= [ g (se-x) av A(x) =4
2_, 2
SR ctrfe
=£ %xs—%x4+2—35x315) =%(5x—x2)
= 2(625 2125 4. 21)

e) Find the volume of the solid whose base is R and cross-sections perpendicular to the

x-axis are isosceles right triangles with the hypotenuse as the base.

A(x)=Loh 218147
! 5 2%(6x—x2—x)
—1(5x-x*Y
: i)
b V=J‘O%(5x—x2) dx
5
122\/b2+h2 :\/2])2 Zij.o(x4—10x3+25x2)dx
1=~2b =4[ix - xt e 2]
b=L2] =1(625 -3 4 3)

15. Consider the region R bounded by y=5-x* and y = —4x.

a) Find the volume obtained by rotating R about the line y =5. Sketch the region and a

typical disk, washer of shell.
Points of intersection:

AaF
Tj\ """""" C’ 5—x* =—4x
| R x*—4x—-5=0
-1 I (x=5)(x+1)=0
x=-1,5
_0

Winter 2009 Martin Huard
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Vy = J-_S (7[(5—(—4x))2 —7[(5—(5—x2))2)dx
_j (25+40x +16x" — x*) dx
_ﬂ[25x+20x +16 57 %xST

=7z(125+500+ 200 —625+25- 20+——%)

3384z
5

-0 4
b) Find the volume obtained by rotating R about the line x =-2. Sketch the region and
a typical disk, washer of shell.

Ly &F
p x
i T |"
/—Iz -1 3

—204

Vo= 27(x+2)(5- % +4x)dx
= [ 27 (~x + 26> + 132 +10) dx
=27t + 3 + B a7 4100 ]
=27 (ZE+ 20 4+385450+4+2-L+10)

=2887
¢) Find the volume of the solid whose base is R and if cross-sections perpendicular to

the x-axis are quarter circles, whose radius is on the base.
2
A(x)=4mr V= j 5 x’ +4x * dx

=2(5-x*+4x)

j 2(x* =8x7 +6x° +40x+25) dx

&

INE

1

[%xs —2x* +2x7 +20x° +25xT_l

%( 25—1250+250+500+125+§+2+2—20+25)
4

— 324rx
5
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16. Consider the region R bounded by x =3y -3 and y=—x.
a) Find the volume obtained by rotating R about the line y =5. Sketch the region and a
typical disk, washer of shell.

Y B G L

4

L

_'4 /’TJ
. _—
4 0 225
Pts of T ion: N
tso nterszectlon Vs=27ff0 (5—y)(3y—y2—(—y))dy
3y-y ==y \
4y—1* =0 :Zﬂj-o(y3—9y2+2()y)dy
y(4-y)=0 :27r[%y4—3y3+10y2]2
y=0.4 =27(64-192+160)
=64r

b) Find the volume obtained by rotating R about the line x =4 . Sketch the region and a
typical disk, washer of shell.

aF &5

2] C’ N

¥
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5

+2yt—18y° +16y2}
—1024 384 — 124 4 256

0
ﬂj:(—y4 +6)° —16y° +32y)dy

4
0

(@) (4 (v )
<

¥ =8y +16-y* +6y’ —17y” +24y—16)dy

Review Exercises - Solutions

17. Find the volume of a frustum of a pyramid with square base of side b, square top of side a,

and height 4.

Using rectangular cross sections,

Winter 2009

a

<1

e,

b

A

v

_h(a—b)(a* +ab+b’)

3(a—b)

=1h(a’+ab+1b’)

Martin Huard
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Review Exercises - Solutions

18. Find the length of the curve given by y = %(x2 - 1)7 between x =1 and x=3.

szdS:L3w/1+(%)2dx
:.[13\/1+(2x\/x2—1)2dx
:.[13\/1+4x4—4x2dx

= J?./(sz —l)zdx

= I:(sz —l)dx

=35 =]
=18-3-2+1
_ 46

3

ﬁ—gz(xz —1)%2)c=2x\/x2 -1

dy 32

19. Find the length of the curve given by x =13’ +— between (,1) and (42,%).

L=[ds=[\1+(8) @
2

:J‘;\/l+(y4—4;4j dy
1

Winter 2009

12

d_ .

dyy 4y

4
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Math 203 Review Exercises - Solutions

20. Find the arc length function for the curve y = ln(x2 —1) starting at the point F, (2, ln(3)) .

9=[a=[ (&) o o2
:E\/%‘” dy x*-1
:L’”\/%dt
=L\/@dr

=
:I( tzz—l)dt
I 1+——m dt

=[t+ln|t—1|—ln|t+1|]z

=x+In|x—1|-In|x+1]-2+In3

1000
x+1

21. The demand function for an Iphone is pzD(x)z and the supply function is

p==S (x) = (x + l)2 where x in the number of units (in thousands) and p the price (in $). Find

the consumes’ and producers’ surplus at the equilibrium point.

1000 :(x+1)2 )i:9 Equilibrium point: (9,100)
x+1 p=D(9)=100 :
1000 = (x+1)°
10=x+1
x=9
cs= (1000 jdx P ={(100-(x-+1)")ax
=[10001n|x+1/~100x] =[100x—§(x+1)2]9
0 0
=10001n10-900 =900 120 1.1
=1402.585 =567

Hence the consumer’s surplus is $1 402 585 and the producer’s surplus $567 000.
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22. A company estimates that the revenue produced by a machine at time ¢ will be f (t) =50+7t

thousand dollars per year. Find the total revenue, the present value and the future value of
the machine over the next 5 years, if money is worth 5% compounded continuously. Also,
find the capital value.

5
Total Revenue = '[0 (50+7¢)dt
=[50t +3¢ ]
=250+1E
— €5 — 337500

5
0

P= '[05 (50 + 7t) e " dt U=50+Tt v=-20e"%
d = 7d — —0.05¢
— [_20(504‘71‘)670‘05’}2 +J‘:140e*005tdt u t dv=e dt
= ~1700¢* +1000 [ 2800¢ " |
0

— _1700e* +1000—2800e" + 2800
—3800—4500e"
~$295396

A= "0 j: (50+7)e ™" dt U=504TF v=—20e"05
; 1 du =7dt _ ,0.051
= e [-20(50+70) e | + ¢ [ 140e 07 ds dv=e di
0 0
= ~1700+1000¢* — ¢*[ 2800¢** ]z

— 1700 +1000¢* — 2800 + 2800¢"

—3800e' — 4500
~$379297

CV = (50+7t)e " dt

=lim [ (50+7¢)e " dt

b—0 0

= 1im([—2o(50 +71)e }'0’ + j:140e0~°5fdt)

b—w

= lim(—1700e23 +1000-[ 2800 | )

b—w

- Il}im(—1700e%3 +1000—2800¢™ +2800)

. u=50+7t v=-20e""
= lim (3800 - 4500¢ dimdi oy ety

b—w

=3800
=$3800000
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Review Exercises - Solutions

23. Find the Gini index for the Lorenz curve L(x)=-4xarctan(x).

j —-4 xarctan x ) dx

(x
[ } —%j;xarctanxdx

dx

1 1
l—ﬁ[xz arctan x] +§J‘ -
0 0x"+1

! 1
1-2z424) | 1- dx
T 4 77.[0( x2+1j

[x —arctan x]lo

Il
SN ISR IS
—~~
[
|
In
N—

I

e
N
N =
W

24. Solve the following differential equations.
dy (x2 +1)(y2 +1)

) x* -1
2
21 dy:x2+1dx
yo+1 x =1
X +1
X —1

arctan y = I(l-‘r 21jdx
x_

arctany:J‘(1+L— ! jdx

arctan y :x+ln|x—1|—ln|x+l|+C

b) 4 = sec y arctan x
dx
cos y dy = arctan x dx

j cosydy = .[ arctan x dx

dx

siny = xarctanx—J-
x’ +1

siny = xarctanx—j%idu

sin y = xarctanx—1In

siny:xarctamx—%ln‘x2 +1‘+C

Winter 2009 Martin Huard

u = arctan x V =%x2
i — lzdx dv = xdx
1+x
1
x2+lp
x’+1
-1
|
X =1)x* +1
x’—1
2
2 4 B

-1 x—1 x+1
2=A(x+1)+B(x—1)

x=1:2=24 = A4=1
x=-1:2=-2B = B=-1
u = arctanx V=X
du = 1 2dx dv =dx
1+x
u=1+x*
du =2xdx
+du=xdx

30



Math 203

¢) X’ydx+e'lnydy =0
e'Inydy=—x"ydx

1n—ydy = —x’e dx
y

jmTydy = J-—xze”‘dx
judu =x'e " - J-2xe_xdx

Lu? =x%e " +2xe™” —j2e_xdx
%(ln|y|)2 =x’e " +2xe " +2e " +C

In® |y| =2x’¢ " +4xe* +4e +D

d .
d)d—izysmzx y(%)=2

Ldy =sin’ xdx
[+dy=[(4+4cos2x)dx
ln|y| =1x+4sin2x+C
y = Be%er%sian

Loy =2e?

Lgi _Z
x+4sm2x T

Review Exercises - Solutions

u=Iny
du =-+dy
u=-x y=—e"

du=-2xdx dv=e"dx
u=-2x v=—e
du=-2dx dv=e"dx

v(5)=2
2= Be'
B=2e"

25. If a new product becomes known both by word of mouth and by advertising, then p, the
proportion of people who have heard of the new product after  weeks, satisfies a differential

equation and initial condition of the form
dp
dt

===0.1(1-p)+0.1p(1- p)

If initially 30% of the population have heard of the new product, what will be the proportion

of have heard of it # weeks from now?

d—p:O.l(l—p)-i-O.lp(l—p)
dt
dp
—=0.1(1- 1
= 010=p)(1+p)
————dp=dt
(1-p)(1+p)
Winter 2009 Martin Huard
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dp = [ dt

J- 10
(1-p)(1+p)
j(iJrinp:z%C

l-p 1+p
—5In|l- p|+5In|l+ p|=t+C

lnl+—p =+t+B
I-p
—1+p:Aeét
I-p
Since p(0)=0.3, then 1+0§ = Ae’, thatis, 4=L.
Solving for p,
I+p 13 v
I-p 7

7+7p=13¢" 13 pe”
p(7+13e%f)=13e? 7

13¢5 -7
P(l i vE—
13¢™ +7

26. Determine if the following sequences are monotonic, bounded and convergent.

Jn
a) a, =
3" +1
- x (37 +1)-x3"In3
f(x)—3x+1 f'(x)= Gy
3" +1-2x3"In3
2Jx (37 +1)
:3>¥(1+31*_2XI?3)<0 ifx>1
2/x (3" +1)

Thus a, is decreasing.
Itis bounded: 0<a, <+

1
. . n . . 1
It converges: lima, =lim = lim=2— =1

- =lim—————=0
n—w n—o 3" 4] H;T n>03"In3  now 2\/;3}1 In3

3
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b) (5-(~3)')
a,:5+2,5-4,5+%,...
a, 1s nonmonotonic (alternates between >5 and <5)

Since lima, :lim(S—(‘—) ) 5

3
n—»o n—»o

wro

then it is bounded: 5—4<a, <5+
a,

1

IN
I/\
~

@

9
AL
9

It converges: lima, = lim (5 —(

n—0 n—»0

|
@l

y)=3

a, is nonmonotonic (alternates between + and -)
It is bounded: —1<a, <+

It converges: 1im|an| =lim-;=0  thus lima, =0
n—o0 n—x0

n—»o0

n
Nag =——
)= )
1 1)—xi 1 1)-1
f(x)zL f'(x)= n(x+ ) xz”‘ = n(x+ ) ->0 forx>e-1
In(x+1) (In(x+1))  (In(x+1))
Thus a, is increasing (for n>2)
It is only bounded below: 0<aq,
It diverges: lgrzloa _EEWIZU ?wlgizlﬁ(n+l):w

27. Determine if the following series converge. If so, find the sum.
2n+1
2) z 4 64 1024 1024

:;3n -1 N :ZZLE
= Z%(%)H geometric series with |r| =<1
n=1
64
— 9
T1_16
27
192
11
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b) 12,4 8, i%(—%)m geometric series with [r|=2<1

2 A B A(n+2)+Bn

n(n+2) non+2 n(n+2)
2=A(n+2)+Bn
n=0 2=24 = A4=1

> 2 (1 1 . .
;n (n2) = ;(;— - +2j (telescopic series)
1Al A=) =l
=1+ o573
s=lims, =lim(1+4- sk~ ) =4
z 2 3
Hence ,,Z_:‘n(n+2) )
d) i(fl),:fm =3i (7,33” =3¢” since €' = 3 L
n=0 n=0 n=0
) §- St gt = 2 —sins -1 since sinx =

n=0 n=0

1:5-9-+-(4n-3)(4n+1)

1-4-7---(3n-2)(3n+1)
1-5-9--(4n-3) ‘_Hw
1-4-7---(3n-2)

© 1.5.9...(4n—
Hence z o i ' 2 - 232 - z; diverges by the ratio test

an+l

lim =lim

n—>0 a n—>0
n

28. Determine whether the following series are convergent or divergent.

a) z 1 Let b, _ L
n=l1

2%—1 n
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1

1
a 1 . n’
lim— = lim 2L = |lim—
n—w b n—w % n>03p3 ]

3

2ot =L
)12

3
= | w\— —

Since Zb = Z diverges (p-series with p =1 <1) then Z ! diverges
n=l1 n=l 1’ n=l1 2\3/; _1

by the limit comparison test.

& 24/n+1 Jno 1

Let b, =— =—
zl (1+n ) } n?
i1 ot an L 24+
lim—* = lim*— = lim = S L =lim——2—=2
n—w n—w % n—» n+n n—o p’4+n % n—so | 4L
715 "

5 n+1
Since Zb = Z— converges (p-series with p=2>1)then ) ———~
n=1 n=l 1’ n=1 l’l(1+”l )

converges by the limit comparison test.

J— eﬁl

= lim——=*=lim}e
n— 4\/_ n—wo 4 ﬁ s 4

HRZ

-

e

e

=4n
1)'Vn - Jn
1 n+1

21x(x+1)_\/;= 1-x
(x+1) 2/x (x+1)

Thus

diverges by the divergence test.

-PMS

I
o

03O

(i) f(x)= Jfl S'(x)=

Thus b, is decreasing

(ii) limb, = lim Jn

n—>0 n—0 n +

<0 for x>1

:lim;zo

n—w 1
Vl+\/;

Sl

0 _1 n
Thus ZM converges by the alternating series test.

n=l1 n
e) z
3n+l
(}'t+l)3 3 Antl 3
. . 2 . +1) 3 . 1y1 .. 1
lim 21| — Jim || = lim ("3n+2)k3 —li (”* j—_hm(1+§)3§‘— <1
n—o an n—o 375” n—o n—o n n—o
Thus z converges by the Ratio Test
35

Winter 2009 Martin Huard



Math 203 Review Exercises - Solutions

> n+2
S (n+1)
n+3 |
fim %21 = [im 2] lim (”+3)(”T1)' - tim nt3
ol a, | el (n+2) (n+ 1) (n+2)| | (n42)
—fim|—"t3
>op? +4n+4

14 1
n n?

=0<«l1

=lim
ool ] 444

n

o0

Thus Z n+2 converges by the Ratio Test.
(n + 1)!

n=1

o0

9 (%)

n=1
lim g, = limy(s37)" = lim (%) =0<1
.

Thus Z(i)zn converges by the root test.

3+5n
n=1

h) z arctan n

n=0

lima, =limarctann =%

n—>0 n—>0

Thus Z arctann diverges by the divergence test.
n=0

29. Determine whether the series converges absolutely, converges conditionally or diverges.

= (-1)" Inn
a);—n
= |(=1)"tnn| &mn Inx
; . ‘—; . Let f(x)= .

1. f(x)=0 on [I,)

, Ix—=Inx 1-Inx
2. f'(x)= ER <0 for x >3

thus /'is decreasing on [3,00).
3. f is continuous on [l,oo) (quotient of two continuous functions,

logarithmic and polynomial)
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J-ln_xd Mim Ilnx

—0

u=Inx

—lim[" udu du =~ dx

t—o0 o x=1

il L2 T
= hm[;u ] )
t—0 x=1

= lim| 4(Inx)’ |

—0

=lim+ (lnt)

t—00

t

1

=0
Z— diverges by the integral test.

n=1

2 (-1)'1
sEbo
n= n

<0 forx>3

Inx , Ix—Inx 1-Inx
X)= =
f( ) x2 xZ

(i) f(x)=

Hence b, is decreasing

(i) limb, = ~ lim 2

n—w n—wo g T

n=1 n
Hence i(_l) Inn converges conditionally
n=l1 n
S (=)'n
b)
; n+4
d |(—1)nn| S n 1
= Let b, = =—
; n3+4‘ nz—ll\/l’l3+4 ! \/n_3 n’
then lim<~ = lim s hmn—E = lim ! =1
n—>0 bn n—>w i% n—> ’n3(1+i3) n—>w 1+%

Since z - diverges (p-series with p =4 <1), then z

diverges
n=1 ”2 1V l’l +4

by the limit comparison test.

Winter 2009 Martin Huard 37



Math 203 Review Exercises - Solutions

N+ 4 ’ n+4
. X
() f(x)=
X +4
Nx'+4 —x 3 : 88— x°
f(x)= 2 = ~<0 for x>2
X+ 4 (x3 + 4)
Hence b, is decreasing
o g . n . n . 1
(1) limb, = lim ———— =lim— = lim— =0
n—om n—>o0 /n3 +4 n—»ow ni ’1 +n;43 n—>0 ni 1+ ;
Thus z \/— converges by the alternating series test.
Hence Z converges conditionally.
\/n +4
30. Find the radius and interval of convergence for the following power series.
(7
a) Z (
n=1
. al v (nTi)Zl . | 2x"2r | . | xn® & | x | x
lim|—~ lim —|=lim —| =lim|——2| = .
n—)w‘ a, n—eo| (n=1)x n—)oo‘(n+1)(n_1)x"2" n—>oo‘2n -2 % ‘2_% 2
n2" n n
By the ration test, the power series converges for M
[x|<2 ~R=2
-2<x<2

P (G | PR D | O
n—>o0 n n—>o0 n
n—»00 n

Hence iw diverges by the divergence test.
n
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= (n-1)2"  &n-1
At x=2 =
e = n2" ; n
lim——=lim(1-1)=1
fim == =lim (1)
Hence i -1 diverges by the divergence test.
n=1 n
Hence /=(-2,2) and R=2.
- (3x—4)n
571
(3x—4)”*“ A\ gn B B
lim 221 = fim || = | (ESR) pim 24 [P
n—)oo‘ a, n—»o0 (3"5;4) n—»m 5’”’1 (3x_4) n—)oo| 5 | | 5 |

. . 3x—-4
By the ration test, the power series converges for ‘T‘ <1

3Bx—4|<5
—5<3x-4<5

-1<3x<9

F<x<3

Hence Zl diverges by the divergence test.

n=1

Hence /=(-%,3) and R=3%.

Martin Huard
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0

(7—2x)
© ,,Z::‘ n(n+1

(7-2x)"" ntl (9
4|y b | 0=20" () | (7-20)(18)]
i = lim\ 02| (n2+3n+2)(7—2x)"‘_"1—>°°‘ 14242 =724

By the ration test, the power series converges for |7 - 2x| <1

-1<7-2x<1
-1<2x-7<1
6<2x<8
3<x<4
7 2. 3 =1 1
At x=3, = Let b, =—
; n(n+1) ;n2+n "o
7 2 1
then lim %2 = lim 22 = lim - =1im =1
n—wo bn n—0 - n—opn° 4+n % n~>ool+l
Since Zi converges (p-series with p =2>1), then Z converges
“n*+n

by the limit comparison test.

(7-2-4)" & (-1)
At 4, =
e ~ n n+1) ;n2+n

Since Z%

nll/l +n

‘ = nz:‘ 3 1+n converges (see above) then ;15 i)n

converges absolutely, thus converges.
Hence /=[3,4] and R=1.
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d) 3
2
(x+4)""! | (x+4)n+l\/; |
lim | = lim F =lim =lim|(x +4)
e, | ool ”"‘”‘\/n+1 x+4)| o \/_«/1+1
1
=l +4 =|x+4
lim (x +4) o [ + 4]
By the ration test, the power series converges for |x + 4| <1
-l<x+4<l1
-S5<x<-3
= (=5+4) & (-1) 1
Atx:_sa Letb——
SR T
0 f(x)=— F()=—L <0 forx21

(ii) limb, = lim——

n—>0

Thus

Jx
Hence b, is decreasing
1

2x

=0
n—om

n

converges by the Alternating Series Test.

i

At x=-3, Z = Z ! which diverges (p-series with p=1<1)
n=1 n n= n
Hence /=[-5,-3) and R=1.
> 5"(2x-1)"
= 3-10-17-- (7n 4)
5" (2x-1)""
lim [Gest a, —1im 3:10-17-++(7n— 4)ﬂ(7n+3)
n—>00 a Nn—>0 5" (2x l)
3-10-17~-~(7n—4)

=lim

n—>0

=lim

n—»0

57 (2x-1)"'3:1017--(Tn-4) |

5" (2x-1)"3-10-17-(Tn—4)(7n+3)|
5(2x—1) B

Tn+3 |

By the ration test, the power series converges for all values of x.

Ergo, R=o0

Winter 2009
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n=l1
(3n+3)(x+d)"
. |a . 3" (2n+2)!
lim|—+ = lim ( ])
| 1
n—o an n—w| (3n)! x+2)
3"(2n)!

(3n+3)(x+1)" 3" (2n)]
7| (3n)(x+1) 3 (20 +2)
(3n+3)(3n+2)(3n+1)(3n)!(x+1)(2n)!]

=lim

e (3n)!(2n+2)(2n+1)(2n)! |
. 3(3n+2)(3n+1)(x+1)|
e 2(2n+1) |
(27" +27n+6)(x+1) 1
=lim £
e 4n+2 1
im (27n+27+%)(x+%)|
n— 4+2 ‘
| ifx=5
10 ifx ==

By the ration test, the power series converges only when x =3'.
Ergo, R=0 and / = {‘7‘}

31. Find the Maclaurin Series for f (x) using the definition.

a) f(x):ﬁ:(l+2x)l f(0)=1
f'(x)=-2(1+2x)" f'(0)=-2
fr(x)=2-2*(1+2x)" f"(0)=2-22
£"(x)=-3-2:2* (1+2x)" /7(0)=-3-2:2°
I (x)=4-3-2.2* (1+2x)" /"(0)=43-2.2°

£ (x)=(=1) n12" (1+2x) ™" £U(0)=(=1)" n12’

Winter 2009 Martin Huard
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Math 203
b) /() = cos(4x) 7(0)=1
f'(x)=—4sin4x 7'(0)=0
f"(x)=-16cos4x 17(0)=—4*=—16
" (x)=64sin4x "(0)=0
" (x)=256c0s 4x f(0)=4* =16*
< f(")(o)xn - _42x2 44y o o (_15"16}1)(:271
f(x)—; TR YR Y _; &)

c) f(x)=3x+8=(x+8)% f(0)=2
f'(x)z%(x+8)72 f’(x):ﬁ
f(x)=3(x+8)" () =55
S (x)=2(x+8)" S (x) =55
fiv (x): ,23.45.8 (x+8)% f (x): ;f;%

f(x)—if(n)(o)xn gy X 250 258¢
& p T3k 322021 302831 3t.0lg
xS (=) 258 (3n-4)x"
_2+12+; 32 !
32. Find the Taylor series for f(x) at x=a.

a) f(x)=sin3x a=% f(%)=0
f'(x)=3cos3x f(£)=-3
f"(x)=-3sin3x /"(z)=0
f"(x)=-3"cos3x fm(=)=3
/™ (x)=3"sin3x (£)=0

= f(0)(x—a)' _ 3(x-%) F(x-3) F(x-3)
f(X):nZ(; o TR T

)2n+1

(_1)n+1 32n+1 (x _%
(2n+1)!
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Math 203
b) f(x)= 7‘x)2:(6—5x)_2 a=1 f(1)=1
f'(x)= 2-5(6—5x)73 f(1)=25
f(x)=3-2-5(6-5x)" f"(1)=3-2-5
f"(x)=4-3-2.5(6-5x)" fr(1)=4-3-2.5
1"(x)=5:4:3:2:5*(6-5x) /h(1)=5-4-3-2.5°
f(")(x):(n+1)!5" (6—5x)7"72 f(n)(l):(n"'l)!sn
o () (x=1)" & (ne)I5(x=1)" &
7= 3O S IS5y ooy
o) f(x)=x=x" a=32 f(32)=2
S'(x)=4x7 (32)=<%
()=t 1"(32) =%
1= 1(32)= 5
() =g 1 (32) -
., o) 32)(x-32)" '(32)(x-32 "(32)(x-32)"
- $ Ly SO SOA

x-32 4(x-32) 4.9(x-32)" 4.9-14(x-32)'

0 5221 s2em sova
n+l n
:2+x—32+z( 1)""4-9-14. 5(51n—6)(x—32)

= 525 )

33. Use known Maclaurin series to obtain the Maclaurin series for the given function. Give the

=2+

radius of convergence.

a) f(x)=sin3x

” 2n+1
sinx = R=o0
Z 2n + 1
32n+1x2n+1
sin3x = Z ) R=w
= (2n+1)!
Martin Huard
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b) f(x):ﬂ
oSS e
l—coszxzzzz’!62 2;!4 26‘6_ Zi )"szn 2

n=1

l-cos2x 2°x' 2% 26 5_ i _ )"szn 2n-1 o
x 21 4 2n))! =

n=1

X

O f()=172
i:1+x+x2+x3+---:§x” R=1
1_(1_x2)=1+(_x2)+(_x2)2+(_x2)3+ =g(_x2)"
1+1x2 =1-x"+x" —x°+---:§(—l)" x>
1+xx2=x—x3+x5—x7+~~-=ni;(—l)nx2"” R=1

Solutions

34. Use multiplication or division of power series to find the first three nonzero terms in the

Maclaurin series for each function.
a) f(x)=sinxcosx

+—+ +
3t 21 50 3121 41
=x—2x +2Zx -
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b) f(x)==

- x2 x3 x4 xz x3 x4
e—e =|l+x+—+—+—+ ||l -x+———+——--
21 31 4! 21 31 4!

— 13,145
=2X 43X Fgg X e
i . 28 ¥ 2 8 ¥
e+e =|1+x+—+—+—+ [+|]1-x+—-—F——-
21 31 41 ! !
=2+4x" +5xt oo

3 5
x—1ix +%x

2+x7 +5xt 4 >2x+ X+ X+

2x+x0 +5 x4+

|
kw
|
ol
>‘<Lh
T+

v
w

W wo

=
|
W=
=

[ Sl
W ><Lh
+ o+

=

eX _ e—x

—— =x—1x+2x -
e +e”

35. Approximate f by a Taylor polynomial with degree » at the number a. Use this
approximation to estimate the given number, and estimate the accuracy of that

approximation.
a)f(x)zm n=3 a=4 9.2
f(x)=(1+2x) f(4):3
f'(x):(1+2x) f'(4)=4
77(x) =~ (14 20)° /"(4)=3
£7(x)=3(1+2x)° )=
()= (@) L gy T g Sy

:3+§(x—4)—§(x—4) +m(x 4)
Ergo, \/1+2x~3+i(x—4)——(x 4) 486( _4)3

At x=4.1,\92~3+L -+ 486000~30331502

Since " (x)=—L~, then £ (x)=—L< -<0.0074 on |x—4|< 5,

(1 12x ) (1+2x)2 (1+239)
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<o.oo74(%) <0.000000031 on |x—4| <.

b) f(x)=secx n=2 a=2% sec(43°)

f(x)=secx f(%):\/z
f'(x)=secxtanx 7 (%):\/E
f"(x)=secxtan® x+sec’ x f1(5)=3 32

L )
=x/5+x/§(x——)+ 38 (y—zY
Ergo, secx~\/§+\/_(x——) ( —%)

At x =435 =4 sec43°—sec%z\/_—\/§9—’g+”—(9l) =1.36743

180 180 »

(Z)( )2

Since " (x)=sectan’ x +5sec’ tan x,
then f"(x)=secxtan’ x+5sec’ x tan x

<sec4Ztan’ 422 + Ssec’ x tan 422 <188  on [x—Z[ <&

Ergo ‘Rz(x)‘ﬁ%h—%r <%(9&0) <0.00013 on |x—%| <&

36. Use series to approximate the definite integral to within five decimal places.

a)J. xsm dx
© "’ 2n+l
sinx = Z
n=0 2n+1
o (_ )" 6n+3
Sln =
,,Z;‘ 2n+1
] w0 )" x()n+4
xXSim x z
n=0 2n+l
1 1
jz)CSln(x )dx:j2(x4 —%xlo+ﬁx16—---)dx
0 0
1
e R 17T
I: X x +2040 ]0

-1l 4+ 1 ..
160 135168 534773760

Since w7k = 0.0000000019 < 0.000005, then

J.jxsm( )dx'“m == =0.00624
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+ - + -
2 2721 2°31 244

I 1 1 1
5 750 125000 26250000

Since m = 0.00000004 < 0.000005, then
[Fetan L, 1 703 10867
5 750 125000 375000

J’% 1 d
0 1+x*
%—1+x+x +x0+ :ix"
n=0
e R R SR R Ve
1 _ _ _ 2 1) Lan
o l-x"+x"—x"+ —;( 1)
jjl+lx4dxzjj(l—x4+x8—x12+---)dx
:[x %x5+%x°—%xl3+--~]i
T TS B B

3 1215 177147 20726199

Since 3573555 = 0.00000005 < 0.000 005, then
11
jo 14+ dx =3 =[5+ 7 = ggg;isl 0.33252
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37. Consider the function f(x)=1In(2x+1).
a) Find the Maclaurin series for f (x) using the definition.

f(x)=In(2x+1) 7(0)=0

()= =2(241) /(0)=2
f"(x)=-2%(2x+1)" 77(0)=—2"
fM(x)=27(2)(2x+1)” f"(0)=2%(2)
Y (x)=-2*(2-3)(2x+1)" fr(0)=-2%(2-3)
f(x)=2°(2-3-4)(2x+1) 17(0)=2°(2-3-4)

b) Use differentiation, as well as your answer in (a) to find the Maclaurin series for

2
2x+1"

d 2
Si — | In(2x+1) |=
ince dx[n( X+ ):I T

n+l ~p
Then 2 d{z(_l) 2 x"}

x4l de|= n

(_1)n+1 2 !

Il
M

=
1l
—_

(_1)” 2n+1xn

Il
M

I
(=}

n

c) Use the answer from (a) to approximate the definite integral j ; In (1 + 2x) dx to

within five decimal places.
J-:Oln(2x+1)dx = J‘%(2x—2x2 +8x7 —4xt 2y —~--)dx

0
L

10

—y2 2434244 _4,5,16,6_ |
—[x X HIX =X 2 X l)

1

=1 __1 1 _ lL___ ...
100 1500 + 15000 125000 + 937500

=0.000001 < 0.000005, then

1
10 ___1 L1 587 _
IO 11'1(2)C+1)dx 100 1500 + 15000 125000 — 62500 — 000939

1 1
SIHCC 937500
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