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XIII - Planes in  3

 
1. Find, if possible, an equation for the plane in 

i) vector form 
ii) point-normal form 
iii) general form 

a) Passing through P(5,-1,2) and parallel to the vectors ( )2,7, 4u = −  and ( )5,1,2 −=v . 
b) Passing through the points P(-2,1,5), Q(-2,1,-3) and R(1,1,4). 
c) Passing through the points P(1,0,6), Q(-3,4,7) and R(2,0,12). 
d) Passing through the point P(2,-5,5) and having ( )1,2,1−=n . 
e) Passing through the point P(3,-1,8) and containing the line 

( ) ( ) ( ): , , 1,2,5 1,1, 2     L x y z t t= − + − ∈ . 

f) Containing the lines 1
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g) Containing the lines ( ) ( ) ( )1 : , , 1,2,4 4, 1,3 ,  L x y z t t= − + − ∈  and 
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2:2 −=
−

=
− zyxL . 

h) Containing the lines ( ) ( )1 : 1,2,2 2,1, 3     L t t− + − ∈  and 
3

21
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2:2
zyxL −

=−=
− . 

i) Passing through the point P(3,-2,5) and perpendicular to the line 
( ) ( ) ( ): , , 1,2,2 3,2,1     L x y z t t= − + ∈ . 

j) Containing the line 1
3: 5

2
x 2L y z+

= + =  and perpendicular to the plane 

0142: =−+− zyxπ . 
k) Passing through P(2,-1,4) and parallel to the plane 0543: =−+− zyxπ  
l) Passing through P(2,-3,5) and parallel to the xz-plane. 
m) Passing through P(-1,1,5) and containing the intersection of the planes 

1 :15 9 62x y zπ + + =  and 2
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n) Parallel to the yz-plane and passing through the point P of intersection between the 
line ( ) ( ) ( ): , , 1,3,3 3,1,5 , L x y z t t= − + ∈  and the plane 01042: =−+− zyxπ . 

 



Math 105  XIII – Planes in R3 

2.  Consider the following planes. 
042:1 =−−− zyxπ  

( ) ( ) ( ) ( )2 : , , 0,2, 1 1,3,3 1,1,0      ,x y z r t s tπ = − + − + ∈  
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( ) ( ) ( ) 0145312:4 =+−−+− zyxπ  
a) Find the angle between the planes 1π  and 2π , the planes 1π  and 3π  and the planes 

1π  and 4π . 
b) Find which planes are parallel or perpendicular with 1π . 
c) Find, if possible, the intersection of the planes 1π  and 2π , the planes 1π  and 3π  and 

the planes 1π  and 4π . 
d) Determine the distance from each plane to the point P(1,2,-3). 
e) Determine the distance between the pair of planes 1π  and 3π . 
f) For each of the points A(1,7,2), B(15,9,-7) and C(1,1,1), determine to which plane (if 

any) they belong. 
g) Find the point on each plane that is closest to the point P(1,4,2). 
h) For each plane, find the equation of the line passing through the point P(1,2,-3) and 

perpendicular to the plane. 
 
3.  Prove that the distance from the origin to the plane 0: =+++ dczbyaxπ  is given by 

( )
222

,0
cba

d
d

++
=π  

 
4. Prove that the distance from to the plane ( 0000 ,, zyxP ) 0: =+++ dczbyaxπ  is given by 

( )
222
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0 ,
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5. Prove that the distance between the parallel planes 0: 11 =+++ dczbyaxπ  and 

0: 22 =+++ dczbyaxπ  is given by 

( )
222

21
21,

cba

dd
d

++
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6. Consider the line 1 2: 1
3 2

x yL z− −
= = +  

a) Find the equation of the plane perpendicular to L passing through . ( )2, 1,3P −
b) Find the intersection between L and the plane found in (a). 
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7. Consider the plane : 2 3 3 0x y zπ − + − = . 
a) Find the equation of the line passing through the point ( )3, 1,5P −  and perpendicular 

to the plane π . 
b) Find the point Q on the plane π  that is closest to the point ( )3, 1,5P − . 
c) Find the distance between P and the plane π . 
d) Find the equation for the line passing through the point ( )3, 1,5P −  and parallel to the 

planes π  and 2 : 3 5x y z 0π − + − = . 
e) Find the equation of the plane parallel to π and passing through the point . ( )3, 1,5P −

 
 
 
 
 
 
 
 
Answers  
 
1. a) (i) ( ) ( ) ( ) ( ), , 5, 1,2 2,7, 4 2, 1,5      ,x y z s t s t= − + − + − ∈  

   (ii) ( ) ( ) ( ) 0216118531 =−−+−− zyx    (iii) 0141161831 =−−− zyx  
     b) (i) ( ) ( ) ( ) ( ), , 2,1,5 0,0, 8 3,0, 1      ,x y z s t s t= − + − + − ∈    
         (ii)         (iii) ( ) 0124 =−− y 01 =−y  
     c) (i) ( ) ( ) ( ) ( ), , 1,0,6 4,4,1 1,0,6      ,x y z s t s t= + − + ∈   
         (ii)     (iii)( ) ( ) 06425124 =−−+− zyx 042524 =−+ zyx  
     d) (ii)    (iii) 2( ) ( ) ( ) 05522 =−++−− zyx 017 =−+− zyx   
         (i) ( ) ( ) ( ) ( ), , 2, 5,5 2,1,0 1,0,1      ,x y z s t s t= − + + − ∈  

     e) (i) ( ) ( ) ( ) ( ), , 3, 1,8 1,1, 2 4,3, 3      ,x y z s t s t= − + − + − − ∈    
         (ii) ( ) ( ) ( ) 08711133 =−+++− zyx     (iii)3 054811  =−++ zyx
     f)  and  intersect at P(2,3,1)       (i) 1L 2L ( ) ( ) ( ) ( ), , 2,3,1 4, 1,3 3, 2,1      ,x y z s t s t= + − − ∈  
        (ii)      (iii)( ) ( ) ( 552515 −−−++ zyx ) 04 =−−+ zyx  
     g)  and  do not intersect, thus there are no planes containing the lines  and . 1L 2L 1L 2L
     h)  (i) ( ) ( ) ( ) ( ), , 1,2,2 3, 1,0 2,1, 3      ,x y z s t s t= − + − + − ∈    
         (ii) ( ) ( ) ( ) 0252913 =−+−++ zyx     (iii)3 02559  =−++ zyx

=−+++− zyx =−     i) (ii) 3    iii) 3( ) ( ) ( ) 05223 0102 ++ zyx   
         (iii) ( ) ( ) ( ) ( ), , 3, 2,5 2,3,0 1,0,3      ,x y z s t s t= − + − + − ∈    

     j) (i) ( ) ( ) ( ) ( )1
2, , 3, 5,0 2,1, 2, 4,1      ,x y z s t s t= − − + + − ∈  

        (ii)      (iii)3( ) ( ) 010533 =−+−+ zyx 0410 =+−− zx y  
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     k) (ii) ( ) ( ) ( ) 041423 =−++−− zyx    (iii) 01443 =−+− zyx   
         (i) ( ) ( ) ( ) ( ), , 2, 1,4 4,3,0 1,0,3      ,x y z s t s t= − + + − ∈  

     l) (i) ( ) ( ) ( ) ( ), , 2, 1,4 1,0,0 0,0,1      ,x y z s t s t= − + + ∈   
        (ii)     (iii) ( ) ( ) ( ) 040120 =−++−− zyx 1−=y  
     m) ( ) ( ) ( 1,6,10,2,4,,:21 )−+=∩ tzyxππ , thus taking the points (4,2,0) and (3,8,1) from 

21 ππ ∩  we have (i) ( ) ( ) ( ) ( ), , 1,1,5 5,1, 5 4,7, 4      ,x y z s t s t= − + − + − ∈    
          (ii)             (iii)( ) ( ) 0531131 =−++ zx 04 =−+ zx  
     l) ({ 18,6,8=∩ L )}π  (i) ( ) ( ) ( ) ( ), , 8,6,18 0,1,0 0,0,1      ,x y z s t s t= + + ∈  
        (ii) ( ) ( ) ( ) 01806081 =−+−+− zyx    (iii) 8=x  
 
2.  a)    °5.69 °0 °90
     b) 31 //ππ  and 41 ππ ⊥ . 
     c) ( ) ( ) ( )32 722 11

1 2 3 3 3 3: , , , ,0 , ,1     x y z t tπ π∩ = − − + − − ∈    ∅∩ :31 ππ  

        ( ) ( ) ( )30 29 11 2
1 4 7 7 7 7: , , , ,0 , ,1     x y z t tπ π∩ = − − + ∈  

     d) 3
62  34

345  6
67  29

29  

     e) 6
611  

     f) 2π∈A   1π∈B  and 2π∈B   C is not on any of the planes 
     g) ( )6

1
3
1

6
19 ,, −−  ( )17

16
34

163
34
7 ,,  ( )3

5
3

10
3
4 ,,  ( )29

2
29

161
29
59 ,, −  

     h) 2
21 3yx z−− = = − −  21 3

3 3 4
yx z−− −= = −  2

21 3yx z−− = − −  21 3
2 3 4

yx z−− −= = −

)
 

3.  We have ( cban ,,= .  Let us take ( )0,0,a
dR − . 

  ( ) ( ) ( )
2 2 2 2 2 2

, ,
0,

d
a

RP n a b c d
d

n a b c a b c
π

• − •
= = =

+ + + +
)

 

4. We have ( cban ,,= .  Let us take ( )0,0,a
dR − . 

( ) ( ) ( )0 0 0 0 0 0 0
0 2 2 2 2 2 2

, , , ,
,

d
a

RP n x y z a b c ax by cz d
d P

n a b c a b c
π

• + • + + +
= = =

+ + + +
 

5. We have ( cban ,,= ).  Let us take ( )0,0,1
1 a

dP −  and ( )0,0,2
2 a

dP − . 

( )
( ) ( )

222

21

222

21

21

,,0,0,
,

12

cba

dd

cba

cba

n

nPP
d a

d
a
d

++

−
=

++

•+−
=

•
=ππ  

6.  a) 3 2   b) 11x y z− + − = 0 ( )53 1 1
14 7 14, , −  

7.  a) 3 1 5
2 3

x y z− − −
= = −   b) ( )10 19 59

7 14 14, ,   c) 11 14
14  

     d) 3 1 5
8 5

x y z− − −
= = − 0  e) 2 3 14x y z− + − =  
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