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Linear Algebra

Martin Huard

Thursday April 27, 2006

TEST #4
SOLUTIONS

Question 1 (5 points)
Rather than use the standard definitions of addition and scalar multiplication in R?, suppose that
we define these two operations as follows.

(Uy, U, )@ (v, V, ) = (U +Vy, U, +V,)
ko(uy,u,)=(k,2k)

With these new definitions, is R?a vector space? Justify your answer.
No, this is not a vector space.

Axiom 10 fails. If G =(3,4), then
100=(1,2)=(3,4)=0 (Axiom 5, 8, 9 also fail)

Question 2 (13 points)
LetW ={(a,b,a-2b):a,beR}.

a) Show that W is a subspace of R®.
W is nonempty since 0=(0,0,0)eW
Let G=(a,b,a—2b) and V=(c,d,c—2d) beinW
1. G+V=(a+cb+d,a-2b+c—-2d)=(a+c,b+d,(a+c)-2(b+d))ewW
2. ki =(ka,kb,k(a—2b))=(ka,kb,ka—2kb)eW

Hence W is a subspace.
b) Find a basis for W.

Since (a,b,a—2b)=a(1,0,1)+b(0,1,-2)
Then if S ={(1,0,1),(0,1,-2)}, then W =span(S).

Since S is linearly independent (the two vectors are nonparallel) then S is a basis
for W.
c) What is the dimension of W ? dim(W)=2

d) Find the coordinate vector of 0 =(3,-2,7) relative to the basis found in (b).
¢,(10,1)+c,(0,1,-2)=(3,-2,7)

1 0| 3 1 0| 3 10| 3 _a
0 1|-2|R,»>R,-R|0 1|-2|R,>R,+2R,|0 1|-2 CZ__ )
1 2| 7 0 2| 4 0 0| O e

(@)s =(3-2)
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Question 3 (5 points)

. 1 21 3||1 1
Consider the set S = , , . DoesSspan M, ,?
3 1|3 1|4 2

a b
LetA:L d}é'\/‘z,z

12 1 3 1 1] [a b]
c, +¢, +c, -
3 1] 723 1] *l4 2| |c d]
11 1]a 11 1] a] 1
R, >R, ~2R,
2 3 1|b 0 1 -1|b-2a 0
R, >R, ~3R R, >R, ~R,
38 4fc| o 00 1|c-3al“=>"""20
11 2]d|B 2R Rg 0 1] d-a 0

Since there are is no solution if 2a—c+d =0, then S does not span M, ,.

Question 4 (10 points)
Avre the following sets W bases for the vector space V? Support your answer.

a) $={(1,23),(-3,-5-9),(28,7)}, vV =R®

¢, (1,2,3)+c,(-3,-5,-9)+c,(2,8,7)=(0,0,0)

1 -3 2|0 1 -3 2[0] ¢=0
R, >R, 2R

2 -5 8|0 140/ =0
R, > R,—3R

3 9 7|0[2"=""20 0 1|0| =0

O O - B
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1 a
-1 b-2a
1 c—3a
0|2a-c+d

Since S is linearly independent and n(S)=3= dim(R3), then S is a basis for R®

b) W ={1+2x,x+2x* 1-4x*},V =P,
¢, (1+2x)+¢, (x+2x°) + ¢, (1-4%*) =0

10 1]0 10 110
2 1 0|0R,>R,-2R|0 1 -2|0
0 2 4]0 0 2 410

10 10 c, =t

R, >R,—2R,|0 1 -20 c, =2t

00 00 c, =t

Since W is linearly dependent, then W is not a basis for P, .
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Question 5 (10 points)
Consider the set S ={(1,3,0),(2,7,-2),(2,-114)}.

a) Find a basis for Span(S).
¢ (13,0)+¢,(2,7,-2)+¢,(2,-114)=(0,0,0)

1 2 20 1 2 210 12 210
3 7 -1|0|R,>R,-3R|0 1 -7|0|R,>R,+2R,[0 1 -7]0
0 -2 140 0 -2 140 00 010

c,=t, c,=7t and c, =-16t
If t=1,then (2,-1,14)=16(13,0)-7(2,7,-2)
By the +/- theorem, if S'={(1,3,0),(2,7,2)} then Span(S)=Span(S’).
Since S’ is linearly independent (the two vectors are not multiples of each other)
then S’ is a basis for Span(S).
b) What is the dimension for Span(S)? dim(Span(S))=2
c) Give a geometrical description for S.
i j ok
A=1 3 0[=(-6,21) Span($S) is the plane 6x—2y—-z=0
2 7 -2

Question 6 (7 points)
Maximize z = 2x + 3y
subjectto  x+y<8

-X+y<2
X<5
x>0,y>0
0¥
y=8-x ]
N //=x+2 At A(0,0), =0
: B(0,2), z=6
2 C(35), z=21
1 c(35) D(5,3), z=19
4]
] D(5,3) E(5,0), z=10
B(0,2) 2 .
/ Thus the maximum value
] y for zis 21 when x=3 and
A(o,o')'”;""'z""A""'a""a'\"TE y=5.
E(5,0)
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