MATHEMATICS 201-009-50

Precalculus
Martin Huard
Fall 2007
Semester Review
SOLUTIONS
1. Simplify each expression.
62 X3 y—3 36X3+2 3X5
a) 2. w3 4
12x°y 12y y
4a%bc -2 42375202 p2+8 b0
b) a b’ = a’b® = 4234762 = 16a°c2
2x2y‘1 3 X—9ye -3 23X6y—3 Xsy—z gxtr3974  gyles
C) 3 S22 = = : o~ = y2+3 = y5

0 18 JisVx? _ 32
Ve \/F v
e) V18x% — x?/8x* = 3J2x* — x?*24/2x% =~/2x*
f) Q/t3n+1 s/t2n-1 _ E/t3n+1+2n—1 — 5/t —t
0) (3x—2)2 —(2x-5)=9x* 12X +4-2x+5=9x" —14x +9

h)
1, 1-x X x+14(1-x)(x=1) P x+1-xP+2x-1 3x
x-1 x*+x+1 (x—l)(x2+x+1) (x—l)(x2+x+1) (x—l)(x2+x+1)
N x* -8 _(X—Z)(X2+2X+4)_x2+2x+4
x*-5x+6  (x-3)(x-2)  x-3
p I 45 3 4 -5 3x(2x-1)-(4x*-5)

x+2 2C+3x-2 x+2 (2x-1)(x+2)  (2x-1)(x+2)
_6x°—3x—4x*+5  2x*-3x+5

- (2x-1)(x+2)  (2x-1)(x+2)

1 1
- - 2x+3-(2x-3)
k) 2X=3_ 2x+3 _ (oo _ 6 2x(2x+3) _ 4x
1 1 Do (2x=3)(2x+3) 3 2x -3
2X  2X+3

X—4  x+2  (¥-4)(¥+2) 1
- 242

) x*—2x* -8 x? xz(x2—4)(x
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4x-6  2x*-3x  2(2x-3) (x+3)(x-1) 2(x+3)

(x-1) ¥+2x-3  (x-1f  x(2x-3)  x(x-1)

n)E+ 1 s 3 :§+ 1 . 3 5(x+2)(x—1)+x(x—1)+3x
X X+2 xX*4+x-2 x x+2 (x+2)(x- 1) X(x+2)(x-1)
5% +5x—10+ x> -x+3x _ 6x’+7x-10 _(6x-5)(x+2)
B x(x+2)(x-1) _x(x+2)(x—1)_x(x+2)(x—1)
_ 6x-5
_x(x—l)
0 (x+3) - 12x(x+3)31_()““9’)31(()”3)2_12X):x2+6x+9—12x= x> —6x+9
x* -9 (x=3)(x+3) (x=3)(x+3)"  (x=3)(x+3)’
_ (x-3)° _ x-3
(x=3)(x+3)"  (x+3)°

2. Rationalize the denominator.
1 2+43 2+\/__
& 2— \/_ 2+3 23
J7 445 \/_+\/_ 7+2\/_\/_+5 12+2\/_
) T VT 7S ~635

3. Factor completely.
a) X —12x+36=(x-6)’
b) 8x° +27 = (2x+3)(4x* —6x+9)
) 12x} +7x* +x = x(12x +7x+1) X(3x+1)(4x+1)
2x+2  2(x+1)
x+2)}  (x+2)!
e) x3+3x2—4x—12:xz(x+3)—4(x+3):(x+3)(x2—4):(x+3)(x—2)(x+2)
f) 6(2x-1)° (x+5)° +2(2x-1)*(x+5)" = 2(2x-1)" (x+5)" (3(x+5)+(2x~1))

5)
(2x-1)° (x+5)" (5x+14)

1

= x+2 2(x+ 1):(

1
2

d) x(x+2) +(x+2)

2
=2
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>\m

0) 8x2(x—1) (x+2)

4. Find all real solutions of each equation.

4x — 3 X IV

4

8x—6+3x
12

11x-6=12x—-24
x=18

a)

=X-2

c) x*-13x+30=0
(x-10)(x-3)=0
x=3,10

) X _E 2X—2
X+2 X X+2X

X*—5(x+2)  2x-2

X(x+2) N X(x+2)
X* —5x-10=2x-2
x> -7x-8=0
(x—8)(x+1)=0
x=-1,8
g) Vx—2-8=0
Jx-2=8
Xx-2=8
X =66
i) 5x*-12x*=0
x*(5x—12) =0

—0 12
x=0,%

Fall 2007
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—ax(x=1)" (x+2)F =ax(x=1)" (x+2)7 (2x(x-1) - (x+2)’)

- 4x(2x2 —2x—X? —4x—4)
(x=1)" (x+2)*
_ 4x(x2 —6x—4)
(x=1)* (x+2)*

5 13
X—2 2x-3
5(2x-3)=13(x-2)
10x-15=13x-26
3x=11

x=%
d) x*+6x-3=0
x> +6X+9=3+9
(x+3)° =12
x:—3i\/ﬁ
=-3+23

f) (x+4) +5x(x+4)' =0
(x+4)* (L+5%(x+4))=0

b)

(x+4)* (5x* +20x+1)=0

—20+,/20* — 4(5)(1)

X=-4 or X=

2(5)

=24+ _ 94

“fa

h) x*—5x>+6=0

(x*-3)(x*~2)=0
X = +/3,+/2
i) |2x-5|=

2X-5=9 or 2x-5=-9
X=7 X=-2
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5. A rectangular garden is to be twice as long as it is wide. What should be its dimension if it is

to have a total area of 80 m??
A=Dbh

80 = x(2x)
40 = x?

2

x = 2410 meters

6. Solve each inequality. Give your answer in interval notation.

a) 9X—8<7x+16 b) [2x-3/<5
2x <24 -5<2x-3<5
x<12 —2<2x<8

X € (—o0,12] ~l<x<4
e(—1,4)

) x*-2x-3>0
(x—=3)(x+1)=0
(—o0,—1) test number: -3 —12
(-1,3)  test number: 0 — -3
(3,0)  testnumber: 4—5
Thus (=0, —1]U[3,)

0 2 _3

X+1 x-1

v

2 3

— - <
Xx+1 x-1
2(x-1)-3(x+1)

T

CECE

—0,-5) test number: -6 — &

v

(
(-5,-1)  test number: -2 —-1
(-11)  testnumber: 0 —»5
(Loo)  test number: 1—

Thus [-5,-1)U(L,)

Fall 2007 Martin Huard
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7. A car radiator contains 10 liters of a 30% antifreeze solution. How many liters will have to
be replaced with pure antifreeze if the resulting solution is to be 50% antifreeze.
Let x be the number of liters of pure antifreeze.

(0.5)10 = (0.3)(10 - x) + X
5=3+0.7x
X=3 =2 liters

8. Let A(-2,5) and B(1,3) be points in the plane.
a) Find the length and midpoint of the segment AB.

d :\/(1—(—2))2 +(3-5) =3 +22 =13
M= (3 5)=(3.4)
b) Find an equation for the line passing through the points A and B.
mzﬁz-—g y=mx+b Thus y=2x+4
5==2(-2)+b
b=4

c) Find an equation for the line perpendicular to the segment AB and passing through the
midpoint of the segment AB.

m=3 y=mx+b Thus y=3x+2
4=3(2)+b
b=%
d) Find the equation for the circle having A and B as the endpoints of a diameter.
Radius: Y2 (x+2) +(y—4) =2

Center: (3,4)

9. Find the radius and center for the circle x* +6x+ y*—10y+18=0 and sketch the graph.
X* +6x+Yy>-10y+18=0
X +6X+9+Yy*—10y+25=-18+9+25
(x+3)" +(y-5)" =16
Radius: 4 Center: (-3,5)

10. Find the domain of the following functions and determine whether they are even or odd.

2 —
a) f (x)= x2X—4 X _;";32 Domain: R/{-2,2}
f(-x)= X __ X =—f(x) hence f is odd
N
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b) f(x)=—‘x_210+5 X—2>0 x-10=0  Domain: [2,10)U(10,)
- X=>2 x=10
f(—x):—“_x_zl0+5¢if (x) thus f in neither odd nor even
_X_
c) f(x)=vx*-9 X*-9>0

(x—=3)(x+3)=0

(—o0,—3) test number: -4 —7

M - |+
(-3,3)  test number: 0 —-9 3 : R
(3,0)  testnumber: 4 —7

Thus the domain is (—o0,—-3]U[3,0)

f (—x):J(—x)2 —9=+x*-9=f(x) thus f is even
d) f(x)=v6+x-x 6+Xx—x>>0

—(x2 —x—6)20
—(x=3)(x+2)=0
(—0,—2) test number: —-3— -6

v

(-2,3)  test number: 0 —6 - P 3
(3,0)  test number: 4 — -6
Thus the domain is [-2,3]

f(-x) =4/6—x—(—x2) =V6-x-x* =+ f(X) thus f in neither odd nor even

11. Let f(x)=x?+x-1. Find
a) f(2t+1)=(2t+1)" +(2t+1)-1=4t> +4t+1+2t+1-1=4t° +6t+1

b) f(i)z(ijz - :X2+X(X+1)_(X+1)2:X2+x2+x—x2—2x—1
U x+1) x+1 (x+1)° (x+1)
_xP-x-1
(x+1)2
0 f(x+h)—f(x)_(x+h)2+(x+h)—1—(x2+x—1)
h - h
X2 +2xh+h? +x+h-1-x* —x+1
B h
:h(Z%thl)zszthrl
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X+2

12. Let f(x)=——. Find
X+4
X*-1+2 x*+1
a) f(x’-1)= =
) ( ) x*—-1+4 Xx*+3

2 P 9y18 x+3  2(x+4)  x+4

X+3

fi — X+3 — = = -
b) f(5%) Z+d ZOS x4 3 Ax+14 2(2x+7)  2X+7

x+3 i3
0 f (x+h)—f(x) e e+ A (x+h+2)(x+4)-(x+2)(x+h+4) 1
h h (x+h+4)(x+4) h
~ X®+hx+2x+4x+4h+8-x* —xh—4x—2x-2h-8
h(x+h+4)(x+4)
2h 2

h(x+h+4)(x+4) (x+h+4)(x+4)

13. Find the x and y intercepts of the given function and sketch the graph.

a) f(x)=ﬁ—2

x-int: J/x+1-2=0  y-int; f(0)=+v0+1-2
X+1=2 =-1
X+1=4
X=3

b) f(x)=x+8
x-int: xX*+8=0 y-int: f(0)=8

c) f(x)=3|x-2+5
x-int: 3]x—2|+5=0  y-int: f(0)=3/0-2/+5

3|x—2|=-5 =11 :

x-2== :

No solutions e
TI'I'I'I'FHIE'I'I'I'I'I'I'ITI'I'I'I'I'I'I'I'I'I'IHK
19 1 2 3 4

Fall 2007 Martin Huard 7



Math 009

d) f(x)=—4-x+2
x-int: —/4—x+2=0  y-int: f(0)=—/4+2
Ja-x=2 =
4-x=4
x=0

0 1:(x):{xz—l ifx<2

3x-1 ifx>2
x-int; x> —=1=0 3x-1=0
X=11<?2

Hence the x-ints are x =1
y-int: f(0)=0°-1

=1
f) f(x)z{g—x2 if x <2
X+3 ifx=-2
x-int: 9—x*=0 JX+3=0
x> =9 x=-3%-2
X=-3<-2
orx=34£-2

Hence the x-int. is x=-3are x==+1
y-int: f(0)=+v0+3
-3

Fall 2007 Martin Huard
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14. For the given function,
i) find the vertex;
i) find the intercepts;
iii) find maximum or minimum value that f takes;
iv) find the domain and range;
v) sketch the graph.

a) f(x)=x*—4x+3

(i) f(x)=x*-4x+3 Vertex: (2,-1)
=x*—4x+4+3-4
:(x—2)2—1
(i) x-int: ~ x*—4x+3=0
(x-3)(x-1)=0
x=13
y-int: f(0)=3
(iii) Minimum value of -1 when x=2
(iv) Domain: R
Range: [-1,»)

b) f(x)=-2x"+12x+14
(i) f(x)=-2x*+12x+14
=-2(X* —6x+9)+14+2(9)
=-2(x-3)"+32
Vertex: (3,32)
(i) x-int: —2x* +12x+14=0
X*—6x—-7=0
(x=7)(x+1)=0
x=-17

y-int: f(0)=14
(iii) Maximum value of 32 when x=3
(iv) Domain: R
Range: (—,32]

Fall 2007 Martin Huard 9
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15. A sports center has 25 skidoos to rent. The owner finds that if he charges $60 per day, all of
his skidoos will be rented. However, for each $4 increase in the price, he will rent one
skidoo less. What price should he charge to maximize his revenue?

Let x be the number of $4 increase in the price.

P = (# skidoos rented ) x ( price)
=(25-x)(60+4x)
= —4x? + 40X +1500
=—4(x* —10x+ 25)+1500 + 4(25)
= —4(x—5)" +1600
The profit will be a maximum of $1600 when x =4, that is, when the price is $80 per
day.

16. Let f (x) =x*+x-2 and g(x) =/x +1. Find the following function, and state the domain

of each.
a) (f+9)(x)= f(X)+g(X)=x2+x=2+/x+1=x* +x++/x 1

b) (f-9)(x)= f(x)g(x)=(x2+x—2)(\/§+1)=x%+x2+x%+x—2\/;—2

c) (fog)(x)=1f(g(x))= f(\/;+1):(\/;+1)2+(\/;+1)—2:x+2\/;+1+\/;+1—2
=Xx+3/x-1

d) (go f)(x):g(f(x))=g(x2+x—2)=x/mu

&) (fof)(x)="f(f(x))= f(x2+x—2):(x2+x—2)2+(x2+x—2)—2

=X+ X =2+ XA X 2X—2X2 = 2X+ 4+ XP+ X =22

=x*+2x3—2x* —3x

f) (9°9)(x)=9(g(x))= g(x/;+1)=\/x&+l+1

Fall 2007 Martin Huard 10
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17. For the given function,
i) find the inverse f " of f;

ii) find the domain and range of fand f ;
i) verify that (f %o f )x)=x and (f o f *)x)=x;
iv) sketch the graph of fand f .
a) f(x)=+x-1+3
(i) y=x-1+3
y—-1+3
(x—3)2 =y-1
y= (x—3)2 +1
(i) Domain of f: [L,0) Range of f: [3,0)
Domain of f *: [3,:0) Range of f *: [1,o0)

=(x-3)"+1

(%)

X =

i) (17 1)(0)= (1 (x) (101)(x)
= f‘l(«/ﬁ+3)
:(J;:1+3—3f+1
= (Vx-1) +1
=x-1+1
b) f(x)=( +2f—l X>-2
(i) y:(x+2f—1 f’%x):ini—Z
x:(y+2f—l
x+l:(y+2f
y=+/X+1-2

(i) Domain of f: [-2,00) Range of f: [-1,:0)
Domain of f ' [-1,c0) Range of f ™ [-2,0)

Fall 2007 Martin Huard
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f(f7(x))

— £ (( —3)2+1)
J(x=3)"+1-1+3
= (x—3)2+3
=|x-3+3

=X-3+3
=X

ifx>3

e

11
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18. Assuming that f is invertible, find f(2) if f(3)=2.
f(3)=2 < 3=f"

19. Divide the following.
x* —3x* +x-5
a)

X? 42X
X2 —2x+1
x2+2x>x4 -3x*+x-5
x*+2x°
-2x*=3x*+x-5
—2x% —4x°
X*+Xx-5
X+ 2X
-X-5
Thus X4_32XZ+X_5:XZ—ZX+1— Z(+5
X® +2X X® +2X

Fall 2007 Martin Huard
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X6 —3x°+x*>-2

x*+3x+1
x* —3x*-3x+8
x3+3x+1>x6—3x5 +x* =2
x° +3x* +x°
-3x° -3 - x*+x° -2
-3x° —-9x® - 3x?
-3 +8x° +4x* -2
-3x* —9x* - 3x

8x3 +13x° +3x—2
8x® +24%x+8

13x? —21x—10
6 ny5 2 _ 2 _
Thus X fx + X 2:x3—3x2—3x+8+13x3 21x-10
X°+3x+1 X*+3x+1
x® -1
c
) X" +1
X
X +1)xE —1
X8 + X
-x-1
8
Thus x7 1: B x7+1
X' +1 X' +1

Fall 2007 Martin Huard
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20. Factor the following polynomials.

a) p(x)=x"-4x*+x+6
a,=6—>+142 +3,16
a=1->=1
Possible zeros: +1,+2,+3,16

p(l)=4
p(-1)=0

Thus p(x)=x>—4x*+x+6
= (x+1)(x* —5x+6)

=(x+1)(x—-2)(x-3)

b) p(x)=x*-4x*-11x+30

x> -5x+6
x+1>x3—4x2 +X+6

X3+ x°

—5X*+X+6
—5x? —5X
6X+6

6X+6
0

a, =30 —> +1,+2,+3,£5,+6,+10, +15, +30

a,=1->=1

Semester Review - Solutions

Possible zeros: +1,+2,+3,45,+6,+10,+15,+30

p(1)=16
p(2)=0

Thus p(x)=x>—4x*+x+6
x—2)(x* —2x~15)

(
=(x—2)(x+3)(x-5)

Fall 2007

x* —2x-15
x—2>x3 —4x* —11x+30
x> — 2%

—2x* -11x+30

—2x% +4x
—-15x+30
—15x+30
0

Martin Huard
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c) p(x)=x"-2x*-11x* +12x+36
a, =36 > £1,+2,£3,+6,+9,+12,+18,+36
a,=1->+1
Possible zeros: +1,+2,+3,46,+9,+12,+18,+36

Thus p(x)=x*-2x*-11x* +12x + 36
= (x+2)(x* - 4x* -3x+18)
a, =18 —> +1,+2,+3, +6,+9,+18
a,=1->+1
Possible zeros: +1,+2,+3,+6,+12,+18,+36

p(-2)=0

Ergo p(x)=x*-2x°-11x* +12x + 36
(x+2)(x3—4x 3x+18)

(x+ )2(x2—6x+9)

(x+2) (x-3)

Fall 2007 Martin Huard
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X3 —4x® —3x+18
X+ 2>x4 —2x3 —11x% +12x+ 36

x* +2x°
—4x® —11x* +12x+36
—4x3 —8x?
—3x*+12x+36
—3x%*—6x
18x +36

18x +36
0

X2 —6X+9
x+2>x3—4x2—3x+18

x*+2x°
—6x*—3x+18
—6x* —12x
9x +18

9x+18
0

15
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d) p(x)=2x"+3x*-23x-12
a, =12 — £1,£2,+3,+4,46,£12
a,=1->+1+2
Possible zeros: +3,+1,+3,4+2,+3,£4,£6,£12

p(3)==
p(5)=0

Thus p(x)=2x°+3x*-23x—12
=(x+3)(2%* +2x-24)
= (2x+1)(X* +x-12)
:(2x+1)(x+4)(x—3 )

21. Solve the following equations. (Hint: find all rational zeros.)
a) x*—5x*-4x+20=0
a, =20 > £1,£2,+4,+5,+10,+£20

a=1->=1
Possible zeros: +1,+2,+4,+5,+10,4+20

p(1)=12
p(-1)=18
p(2)=0

Thus  x*-5x*-4x+20=0
(x=2)(x* =3x-10)=0
(x=2)(x=5)(x+2)=0

X=-2,2,5

Fall 2007 Martin Huard
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2x* +2x—24
x+%>2x3 +3x% —23x-12

2x3 + x?
2x* —23x-12
2X% + X
—24x-12
—24x-12
0

x> —3x-10
x—2>x3—5x2 —4x+20

x* —2x°
—3x*—4x+20
—3x* +6X

—-10x+20

—10x+20
0

16
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b) x*+2x*-2x-3=0
a,=3—+1,+3 X*+x-3

x+1>x3‘+2x2 —2x-3

a,=1->+1
Possible zeros: +1,+3 P,
(1)=—2 X% + X
p(1)=-
x?—2x-3
p(-1)=0 )
X% + X
-3x-3
—3Xx—3
0
Thus x*+2x*-2x-3=0
(x+1)(x2+x—3):0
x=-1 or x*+x-3=0
—1+ 12— 4(1)(-3)
X =
2
_
c) 2x° +3x* -8x+3=0
2x° +5x-3

a, =3 +1,43
x—1>2x3 +3x*-8x+3

a,=1->+1+2
Possible zeros: +3,+1,+3,43 23 2%
P(1)=0 5X2 —8X+3
5x* —5X
—-3x+3
—3x+3
0

Thus  2x*+3x*-8x+3=0
(x+1)(2x2 +5x—3) =0

(x+1)(2x-1)(x+3)=0
x=-3,-1%

Fall 2007 Martin Huard
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d) 4x* -7x+3=0

a, =36 — +1,+3
a,=1—>+1,+2,+4
Possible zeros: £4,+%,£3 +1 +

p(1)=0

,13

N

Thus 4x° -7x+3=0

(x—l)(4x2 +4x—3) =0
(x—-1)(2x+3)(2x-1)=0

—_ =3 1
X=3,5,1

Semester Review - Solutions

4x° +4x-3
—7X+3

X—Q4ﬁ
4Ax* —4x?
4> —7x+3
4x% —4x
—-3x+3

—3X+3
0

22. Find the domain, range, intercepts and asymptotes (if any) for the following functions, and

sketch the graph.
a) f(x)=3-9
Domain: R Range: (—9,x)
x-int: 3*-9=0 y-int: f(0)=-8
3*=9
x=log,9=2

Horizontal Asymptote: y =-9

b) f(x)=—e™

Domain: R Range: (—,0)
x-int: —**' =0 y-int: f(0)=-e
No solution

Horizontal Asymptote: y =0

0) f(x)=—(2)"" +4

Fall 2007

Domain: R Range: (—,4)
x-int: —(%)“2+4=0 y-int: f(0)=2
(3)" =4
X+2= Iog% 4

X=—-4
Horizontal Asymptote: y =4

Martin Huard

13

)

T
]
s

18



Math 009 Semester Review - Solutions

d) f(x)=log,(x+1)-2

Domain: (—1,%) Range: R
x-int: log, (x+1)—-2=0 y-int: f(0)=-2
log, (x+1)=2
X+1=3
X=8

Vertical Asymptote: X =-1
e) f(x)=—In(x)+1

Domain: (0,) Range: R
x-int: —Inx+1=0 y-int: f(0) A
Inx=1
x=geg'=¢

Vertical Asymptote: x=0

f) f(x)=log,(4—x)+1

Domain: (—,4) Range: R
x-int: log, (4-x)+1=0 y-int: f(0)=3
log, (4—x)=-1
4—x=2"
X =

Il N~

Vertical Asymptote: x=4

23. Write as a single logarithm.
2

a) 2log, x—5log, y* = log, X* —log, y* = |093X—1o
y

b) 5log, x* —3log, (x+1)+1=log, x™* ~log, (x +1)’ +log, 2 = |092#3
X (x+1)

24. Write the expression as a sum, difference, and/or multiple of logarithms.
a) Iogssyif =log, 3+log, x* —log, y* =1+5log, x—2log, y

b) Inxt=In(x-1)-Inx’ =In(x-1)-3Inx

Fall 2007 Martin Huard 19



Math 009 Semester Review - Solutions

25. Find the solution of the equation.

a) 3¢ =132 b) 31 -4=7 C) e¥-7e*+10=0
e =44 3+ =11 (e*-5)(e"-2)=0

-5x=In44 2x+1=log,11 e =5 or e =2
x=2In4 x=2log,11-3 x=In5.1n2

d) 2In4x=15 e)4log,(x+5)-2=7 f)log x+log(x+1) =log12

Indx =2 41og, (x+5)=9 log(x(x+1))=log12
4x=g* log, (x+5)=% X +x=12
x=1e? X+5=23" x> +x-12=0
x=3'-5 (x+4)(x-3)=0

x=>4,3

26. A culture contains 10 000 bacteria initially. After an hour the bacteria count is 25 000.
a) Find the population after 3 hours.

P=Pe"
P(t)=10000e"
P(1)=10000g" = 25000

t _ 25000
€= 10000

t=In3
Hence P (t)=10000e""
Ergo, P(3)=10000e™" =19531250
b) How long will it take for the population to double?
20000 =10000e""?

2:etln§
tinz=In2
t=102~0.274

InE
Hence it will take 0.274 hours or 16.5 minutes
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27. A man invests $5000 in a mutual fund which pays 8% per year, compounded monthly.
a) How much money will the man have in 5 years?

A=P(1+1)"
A(t)=5000(1+2%)"
A(5)=5000(1+22)" = $7449.23
b) How long would it take for the amount to triple?
15000 = 5000 (1+ %42 )™

3= (1+%)12t
=1In

1+oos

t=5 Inh% 3=13.8 years

28. Find the central angle @ in a circle of radius 4m that subtends an arc of length 5z m. Give
the answer in degrees and in radians.
s=ré
S57=460
0 =22rad or 28 =135°
29. Find the area of a sector with central angle 150° in a circle of radius 4m.
150° & = 52 rad A=1r%0
-1 4 Tzz
= %mz
30. Find the exact value of the following expressions.
a) cos& ==t

b) sec%”:c1 =1 =2

x 1
c) cot&z =cot (¥ —4r)= cot”:%zézﬁzé
2
z_3
tng—tang ¢ 1-F 3-143-1_3+1-243
B

1
d) tanZ =tan(£—%)= _ __ B _
: (:-%) l+tanftanz 1,71 L+

+\/§ 2
=2-43

€) SinZ& =sin(£+%£)=sin£cosZ+siNZ£Cos% =321+
f) 2sinZcos% =sin(25)=sin£=1

g) cos” £ —sin’ £ =cos(2%)=cos % =2

h) sin(arccost)=siné arccost = 5 5212 — 24 - 2.5
— 2% cos@ = %
° a\
21
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Math 009
i) sec(arctan4) =secd arctan4 =0 .
1 tan6 =4
" cos6
_1
Nl
=17
)i csc(arcsin %) =cscd arcsin2 =0
=1 sing=2
cschd =1

k) arccos(cosiz) = arccos (%) =z
1) arctan(tan %) =arctan(tan£) =%
m) sin(arcsin+arccos$)=sin (arcsin2)cos(arccos+)+sin(arccost)cos(arcsin2)

=Z%+singcosg
-2l
_ 2+24/10
9
arccos; =6 3 JE T B2
cosd =41 f I
1
arcsinZ =¢ 3 2
sing=2% f
32 22 =\/§
n) cos(2arctan$)=cos”(arctan4)—sin”(arctan ¢) arctan4 =0
=cos’ @ —sin’ @ tanf =5
= (2 = (&Y
R s
) i
a
3

31. If cotd=—-2 and @ is in quadrant Il, find

a) sinf=¢ 3
b) cos@ =32
c) tand =

__1 _ -5
d) secld=—5==
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e) sin20 =2sinfcosd=2(¢)(2) =&
f) c0s26 = cos® & —sin’ 6’:(?3)2_(%) _

,J
o sing=Fgr == F= =g =2 g<o<n

<8<z = fisinQl
h) cos¢= /1+cosa ) ?3 \/; \/% \f
=24
i) tngg =20 % 24
cos260 L 7
j) cscé = _1 :ﬁ
sing 2
k) sec260 = —_—25
cos20 7
o A5
) cotg- %2 s 2
sing &> 2
32. If secd =% and tand <0, find
a) sing ==t 0 isin QIV .
b) cosd =2 62 5% =11
5 N [ |
C) cotf =0 = ¢ =50 c
d) CSC0 Sln6’ 611:Ll

m\a

e) sin26 = 2sin@cos @ = 2( 1)(§)=—51§1_1

6
f) c0s20 =cos®* @ —sin’ 0 = (g) _(—_11)2:1

g) sing = [t — /1—— \/* s & % <0<

3 4 ..
F<3<rm = @isinQll
h) COS 0 _ /1+cost9

—5«/_1 _
i) tan20 = 3N20 _ 5 _ 5\/1_1

alﬁ

cos260 & 7
j) escl=——=23

sing
K) sec26 = L :g

cos20 7

6 _3®

cote="22_""%¢ _ /11

sing 2
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33.If sine =32 and tan § =2, where « isinquadrant Ill and £ is in quadrant Il, find the
exact value of the trigonometric function.

13 5 V3 +4% =5 3

J132 —5% =12 4

a) sin(a + B) =sinacos f+sin fcosa =(;
b) sin(a -3 (3
c) cos(a+f3)
d) cos(a - p)

(

)=
)

sin ¢ cos f—sin fcosa =

(
(
cos Cos B —sinassin = (52)
cosa cos f+sinasin f=(&)
sin(a+p) 2 -16

V(e v p) s 63
) Csc(a+ﬂ):sin(i+,b’) I
0) sec(a_ﬁ)=m=%
h) cot(a—ﬂ)=M=§=§

sin(a-pB) % 56

34. Write the first expression in terms of the second if the terminal point determined by & is in
the given quadrant.
a) cosd intermsof tané@ if @ in quadrant IlI.

1+tan?@ =sec’ 0

1+tan’@ =

cos’ @
1
1+tan®@
-1
b) siné interms of secd if @ isin quadrant Il.
sin®@+cos’ =1

cos’ @ =

Ccosd =

1 sec’9-1

sin9=1-———= -
sec’d  sec’d
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35. Find the amplitude, period and phase shift and sketch the graph.

a) f(x)=2cos3(x—%)
Amplitude: 2
Period: &

Phase Shift: £
ZyZ=g

One period: [ £, 7 |

b) f(x)=—4sin(3+
Amplitude' 4
Period: 42 =67
Phase Shlft. -3

—3r+67x=37
One period: [-37,37]

) =—4sini(x+3r)

c) f(x)=2sin(zx—%)=2sinz(x—4%)
Amplitude: 2
Period: 2
Phase Shift: +

2+2=23

One perlod [1.2

36. Find the period and phase shift and sketch the graph.

a) f(x)=3csc(x—%)
Period: 27
Phase Shift: Z

Z+ 272 =
One period: (£,%)

b) f(x)=2sec(zx—%)=2secr(x—3)

2
Period: 2£=2
Phase Shift: 5
14+2=23

One period: [4,%]

Fall 2007 Martin Huard
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Math 009

c) f(x)=5seci(x+%)

Period: %;:472

Phase Shift: =%
Z+5r=%¢

One period: [ £, %]

d) f(x)=tan2(x+%)
Period: %

Phase Shift: =%
—r_lz _ -z
3 22 12
_ 17 _ —
F+35=%
One period: (=, )

1 11 _ -1
372l=%
1 11 _5
3tzl=%

H (=1 5
One period: (2,%)

Phase Shift: =-
Z+2r=%

One period: (=£,%)

Fall 2007 Martin Huard
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37. Verify each identity.

wzcoteﬂane
sin@ + cos @
LS_CSCt9+SEC0_ ot COSO+sing 1 3 1
sin@+cos@ sin@+cos@ sin@cos@ sin@+cos@ sinfcosd
H 2 Ho
RS=c0t<9+tan0=C059+S'n‘9—COS 0+sin“ 0 1 B

sind cos®  sin@cos®  sinfcosd

tan® 6 +1
— —— =csch
secdtand
2 2 _1
S_'[an 0+1  sec@ secd 5 1 cosfd 1 —cscH = RS

“secdtand secOtand tand ¢ cosd singd  sind
sing+1  cot’6

C) — =
sin@ cscd -1
2 . 0+1 0-1
R - COU0 _cset0-1_(0sO+)(escO0-L)  op g 1
cscd-1 cscfd-1 cscod -1 sin@
:sm.0+1:|_S
sing
09549+09529 _ cot30
sin46 +sin 260
:cc_)s4¢9+c_0526?:2cgs3ecos¢9:cot39:RS
sin4@+sin268  2sin36cosd
e) csc26 = cscd
2cosd
LS = csc20 = — L _ el _pq

sin 26 - 2sindcosd 2cosf
f) cos* @ —sin* 6 = cos 26
LS =cos* & —sin* 49:(cos2 0 —sin? H)(c032 0 +sin? 0) —c0s26 = RS

2(1—cos0)
sec’ ="/
9 2 sin? @
LS =sec’ ¢ = 12 L2
cos“ ¢ el 14cosé
RS_Z(l—cosH)_Z(l—cose)_ 2(1—cos0) 2 _Ls
~ sin’@ 1-cos’@  (1-cos@)(1+cosd) 1+cosd
h) tana_l—cos&?
sin 28
_ 1-(1-2sin’ @ in2 i
RS:1 _c05249= ( ): ?sm 0 =Sm€=tan6’=LS
sin 260 2sin @ cosd 2sindcos@ cosd
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i) sec(A—B):M
1+cot AcotB
1 1 i Al' B
LS ISEC(A—B): — . . . sin Asin
cos(A—B) cosAcosB+sinAsinB g iig
X _ cscAcscB

sin Asin B

cosAcosB + sin Asin B cot ACOt B +1 -

sin Asin B sin AsinB

i) Cot(A+ Bj_ sin A—sinB
2 cosB-cos A
; _ai A+B gin A-B
RS=smA sinB =2cos 22sin A5 —cot28 = S

cosB—-cosA  2sin#Bsin A2

38. a) Write cos2xsin5x as a sum of trigonometric functions.
C0s 2xsin5x = £(sin(7x)—sin(—3x)) =1sin 7x+sin 3x
b) Write cos2x + cos5x as a product of trigonometric functions.
COS 2X + COS5X = 2C0S2* cos =X = 2cos £ cos &
39. Rewrite the expression as an algebraic function of x.

a) sin(arctanx)=siné arctan x = 6 y
X tan g = x
V1+X°
b) cot(arccos x) = cot & arccos x = 6
X c0s 6 = X 1 N2
B 1_X2 Z [ |
40. Solve each equation on the interval [0,27).
a) tangz_g b)Sin39=—1
9:5%111% 30:37”’77”’117”7
0=5 % 1
c)sec3=-2 d  2cos’@-cosfd-1=0
cos¥ =1 (2cos@+1)(cosf@-1)=0
0 =2z Ar B .. 2c0s60+1=0 cosf-1=0
=48 Lz cosf=-3 cosd =1
0=2 4 0=0
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e) tand =2sind
SN0 _ oing
coséd

sin@ =2sinfcosé
sin@—2sindcosd =0
sinf(1-2cos6)=0
sin@d=0 1-2cosd=0
0=0rx cosd =3
0=5.%
Ergo, 6=0,%,7,%
9) tan’ @ = <secd
sec’@-1=3secd
2sec’@—3secd-2=0
(2secO+1)(secO—-2)=0

Semester Review - Solutions

sin20+sin46 =0
2sin 2242 cos 2242 =
2sin30cos(-6)=0

2sin30cos@ =0
sin36=0

30=0,7x,2x,3r,47,57,...

2secd+1=0 secd-2=0
secld=—% secd =2
cosf =-2 cosf =3

No solution z 3z

Ergo, =% ,3¢

41. Solve the following triangles.
a) A=20°, a=5, b=8.
sinB _sinA
b a
bsin A 8sin20°
a 5
B=33.2°
C=180°-A-B
=180°-20°-33.2°
=126.8°
sinC _sinA
¢ a
asmC 55|n126 8°
sin A sin 20°

=11.7

sinB =

Fall 2007

B, =180°— B =146.8°

C, =180°—
=180°—20°-146.8°
=13.2°

sinC, sinA

C, a
_asinC, 5sin13.2°
* sinA sin20°

=3.23
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b) A=243°, C=546° c=2.6

sinA_sinC
a c
A C%In A _ 2.6_sm 24.3 ~131
sinC sin54.6°
B=180°-A-C
=180°-24.3°-54.6°
=101.1°
sinB _sinC
b C
b CSin B 2.6sin101.1 ~33

sinC  sin54.6°

c) a=55, b=52, ¢c=72

a’ =b*+c”*—2bccos A
b®+c®—a® 52°+72°-55" 1621
2bc  2(52)(72) 2496
A=49.5°
b* =a®+c*—2accosB
a’+c?-b* B5°+72°-52° 367
2ac 2(55)(72) 528
B =46.0°
C=180°-A-B
=180°-49.5° - 46°
=84.5°

COSA=

cosB =

d) A=55°, b=3, c=10

Fall 2007

sinB

a’?=b%+c?>—2bccos A -
=3?+10% -2(3)(10)cos55°
=74.5854

sinB =

a=38.64 B=

C=180°-A-B
=180°-55°-16.5°
=108.5°

Martin Huard
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sin A

Ta

bsin A 3sin55°
a 864

16.5°
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42. From a point A on the ground, the angle of elevation to the top of a skyscraper is 39.2°. From
a point B, 500m from point A, the angle of elevation is 62.5°. Find the height of the
skyscraper.

B

23.3°

39.2° 117.5° 62.5°

500 C

C=180°-62.5°=117.5°
B =180°-A-C =180°-39.2°-117.5°=23.3°
sinC _sinB
c b
oo bsinC  500sin117.5°

sinB sin23.3°

=1121.25

sin A:i
c

H =csin A=1121.25s5in39.2 =708.7m
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